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DEGREE OF APPROXIMATION OF CONJUGATE OF LIP o CLASS
FUNCTION BY K*-SUMMABILITY MEANS OF CONJUGATE SERIES
OF A FOURIER SERIES

SHYAM LAL AND GOPAL KRISHNA SINGH

Abstract. In this paper the degree of approximation of conjugate of a function belonging to
Lip « class by Kx-summability means of conjugate series of its Fourier series has been deter-
mined.

1. Introduction

The method K* was first introduced by Karamata [4]. Lotosky [6] reintroduced the
special case A\ = 1. Only after the paper of Agnew [1], an intensive study of these
and similar methods took place. Vuékovié [14] applied this method for summability of
Fourier series. Kathal [5] extended Vutkovié’s result. Working in the same direction Ojha
[8], Tripathi and Lal [13] have studied K*-summability of Fourier series under different
conditions. For the function f € Lip «, the degree of approximation by Cesaro means
and by Norlund means of the Fourier series of f have been studied by Alexits [2], Sahney
and Goel [12], Chandra [3], Qureshi [9, 10], Qureshi and Neha [11] and many other. But
till now nothing seems to have been done for determining the degree of approximation
of conjugate of Lip a function by K*-summability means of conjugate series of a Fourier
series. In an attempt to make a study in this direction, in this paper, the degree of
approximation of conjugate of Lipschitz function has been determined.

2. Definitions and Notations
Let us define, for n =0,1,2,3, ..., the numbers {:1], for 0 <m < mn, by

v=0 m=0

=z(z+1)(z+2) - (z+n—-1). (2.1)
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The numbers [:1] are known as the absolute value of stirling number of first kind.

Let {S,} be the sequence of partial sums of an infinite series > a, and let us write

n

SA = F()\Fij\—n) W;O [:’1] A" S, (2.2)

to denote the n'® K*-mean of order A > 0. If S} — S asn — oo, where S, is a fixed finite
number then the sequence {S,,} or the series > a, is said to be summable by Karamata
method K* of order A > 0 to the sum S and we can write

S) — s(K?), asn — oo. (2.3)

The method K* is regular for A > 0.
Let f: R — R be 2m-periodic and Lip o, 0 < a < 1, so that

|[fz+1t)— fx)] =0(t"), forall z, t. (2.4)
Then f has its Fourier series, with the conjugate series.

Z(an sin nax — by, cos nx), (2.5)

n=1

where ay,, b, are the Fourier coefficients of f over [—m, 7]. Writing

Ve (t) = fla +1t) — f(x—1t) forall z,t,

f has also its conjugate function f, [15], given by
/ ) (t) cot < > dt. (2.6)
The degree of approximation of a function g : [—m, 7] — R by a trigonometric poly-

nomial T}, of order n is defined by, Zygmund [15]

[T — glloe = sup{|Tn(z) — g(z)| : =7 < 2 < 7}.

We write
U(t) = fle+t) = flz—1)
zn: [:1] A™ cos(m + %)t
bnt) = == (A +n)sin(%)
f(@) = L W?ﬂ(t)cot—dt
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3. Main Theorem

In this paper, the degree of approximation of conjugate function f by K*-summability
means of conjugate series of Fourier series of f is determined in the following form:

Theorem. If f: R — R is 2m-periodic and Lip « then the degree of approzimation
of its conjugate function f by K*-means of the conjugate series of f satisfies.

157 = lloe = O Kl(offi)algf) * (njl)a (1 - F(Ain))} ’

for0<a<1, n=0,1,2,3,...,

where S are K*-means of series (2.5).

4. Lemma

For the proof of our theorem following lemma is required:

Lemma (Vuckovic [14]). Let A >0 and 0 <t < Z,

Then
Im T'(\e i 1 1)sint
m L(he +.n)t = |sinA og.(nj— )Jsint)| O(1), asmn — oo, uniformly in t.
I'(Acost +n)sin(s) sin(3)

5. Proof of the Main Theorem

Following Lal [7] the n*® partial sum S,,(z) of series (2.6) at ¢ = x is given by

Sm(z) — [—% OW w(t)cot%tdt} = %/Oww t)%;%)tdt.
Therefore
F(I):(i)n) mzn_:o {:J AT {S'm(x) - (—% 077 (t) cot —tdt)}
=5 Omm i 2 ]
Si@) - (@) = 2

o /o Y(t)k, (t)dt

{/01/n+1+/1jn+1}|z/;(t)| Ikn(t)|dt]
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Now by (1)

. eit n
Re {em e } b

P(A+n)-sin(t) ~

Re {6“/2 . 71“(6\(3;4;?) }

(A +n)- sin(%)

ky, (t) =

y (2.1)

Re {elt/Q . ﬁ} o [Im F()\e’tt + n):|

=0 L(A+n) -sin($) I'(A+mn)

0[ F()\costJrn))] 0 [F()\costJrn) Im F(/\e“Jrn)}

T(\+n)sin(L T'A+n T'(Acost +n
2

For0<t<%

I'(Acost+mn) —A(1—cost)
FA+n) Oln ]

_ O[ef)\(lfcos t) log n]

=0 |:€7§t2 logn:|

Since, for 0 < t < %, 0<1—cost< %,
therefore,

1/n+1
| = / (1) e ()t

0

1/nt1 Im T'(Ae + n)
-0 —A(1—cost) logn Dldt
A ¢ T'(Acost+n) ()l
1/n+1 67§t2 logn
so| [ S e
0 SIH§

=0(1.1)+O(I1.2), say
1/n+1 Im T'(\e®t +n)
I 1 = —A(1—cost) log(n+1) Oldt
1 /0 ¢ T'(Acost+n) [ (#)]
Applying lemma,

1/n+1 Nz
- / e300+ D) in (N log(n + 1)t sin £)] [10(¢)dt
0

1/n+1 o2 t
—5t*log(n+1) |.: v
+0 /0 e sm(2>‘ |w(t)|dt]
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1/n+1
= / e~ 2 (P =los(nt 1) gin (X log(n + 1)t sint)| |1h(¢)|dt
0

1/n+1
67%t2 log(n+1)
+0 /o t|w(t)|dt]
1/n+1 1/n+1
B = OWlog(n+1)) [ dwtolat+ [ ool
= 0(11,11) + 0(11_12), say (53)
we have
Y(@t) = flz+t)— f(2) + flz) — flz—1)
W) < |f(z+1t) = fl@)|+|f(z—1t) — f(z)]
<O(t*) +O(|t]*) (. f€Lipa)
[ ()] < O(Jt]*)
Now,
1/(n+1)
B = (ogn+ 1) [ oo
1/(n+1)
= Aog(n + 1)/ O([t|*t)dt
at2 |7 og(n
= (Alog(n + 1)) [ ;—H ]0 =0 (%) (5.4)

1/(n+1)
1112 =/ tlp(t)|dt
0

1/(n+1)
= [ ot
0

ta+2 ﬁ
-0(75)
a+2/,
1
O<(n+1>“+2)

o) o (252)

n;“ e—%tz logn
L= / ()t
0

sin(3)
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1 A 42 -
T e 5t logn Alogn nt w(t)d
s t dt = ( ) 2 p2 t
A Sin(i) W}( )| [e }A !

2

By second mean value theorem

2 lo,
2

mly

1
For = <t <,

1) =0 () = (o)
-0 (F(Ain)t)
-0 (F(Ain)t)
At last Igz/ﬂ O(ta)ﬁdt
=0

[, e
rxin)) ( )’T_

n+1

(
O<F n)ln—i—l) ) (56)
1

Collecting the equations (5.1) to (5.6) we have
_ . log(n + 1)e 1
Sy — =
2T =0 (i) +o (s )+O<F(A+n>(n+1>“)
R -
'A+n))]|"

Ao % [
_ og(n+1) 40
157 = F(@)lloo = sup{|S} = f(2)| : =7 <z < 7}

|
Q

n+ 1)o+2

Then
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=sor | (5 ) * e (0 )|

—m < x<T.

Thus we obtain that

152 — F(@)llwe = O [(T’fﬁfﬁf) + (nfna (1 * min))} !

for0<a<1, n=0,12,....

This completes the proof of the theorem.
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