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A 2-EDGE PARTIAL INVERSE PROBLEM FOR
THE STURM-LIOUVILLE OPERATORS WITH
SINGULAR POTENTIALS ON A STAR-SHAPED GRAPH

NATALIA PAVLOVNA BONDARENKO

Abstract. Boundary value problems for Sturm-Liouville operators with potentials from
the class Wz_l on a star-shaped graph are considered. We assume that the potentials
are known on all the edges of the graph except two, and show that the potentials on the
remaining edges can be constructed by fractional parts of two spectra. A uniqueness
theorem is proved, and an algorithm for the constructive solution of the partial inverse
problem is provided. The main ingredient of the proofs is the Riesz-basis property of
specially constructed systems of functions.

1. Introduction

The paper concerns the theory of inverse spectral problems for differential operators on
geometrical graphs. Differential operators on graphs (or so-called quantum graphs) have
been actively studied by mathematicians in recent years and have applications in different
branches of science and engineering (see [1, 2] and the bibliography therein). Inverse spec-
tral problems consist in recovering differential operators from their spectral characteristics.
Nowadays inverse problems for quantum graphs attract much attention of mathematicians.
The reader can find an extensive bibliography on this subject in the survey [3].

In this paper, we consider a star-shaped graph G with edges e;, j = 1, m, of equal length
7. For each edge e;, introduce a parameter x; € [0,7]. The value x; = 0 corresponds to the
boundary vertex, associated with e}, and x; = 7w corresponds to the internal vertex.

Let y = [yj(xj)];”:1 be a vector function on the graph G, and let g;, j = 1,m, be real-
valued functions from Wz_1 0,m),i.e qj= a'j, 0j € L»(0, ), where the derivative is considered
in the sense of distributions. The functions o ; are called the potentials. The Sturm-Liouville
operator

iyi=—yi+aqj(x)y;
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on the edge e; can be understood in the following sense:
— [11yr (1] 2
Ciyj=-0; ) —0oj(x)y;" —o5(x)yj,
where y}l] = y} — 0y} is a quasi-derivative, and

Dom(¢)) = {yj € W, 10,7]: yi' e W} [0,7], €y € Lo (0, m)}.

Properties of Sturm-Liouville operators with singular potentials in the described form
were established in [4]. Inverse spectral problems on a finite interval, consisting in recovering
singular potentials from different types of spectral characteristics, were extensively studied by
R.O. Hryniv and Ya.V. Mykytyuk [5, 6, 7, 8]. However, as far as we know, there is the only paper
[9], concerning an inverse problem for Sturm-Liouville operators with the potentials g; from
WZ_1 on graphs.

In the present paper, we study the system of the Sturm-Liouville equations on the graph
G:

jyj)(xj)=Ayj(xj), x;€(0,m),yj€Dom(¢;), j=1,m. 1

Let L and Lj be the boundary value problems for the system (1) with the standard matching

conditions in the internal vertex
— .0
nw=ym, j=2m, Y ylm=0,

j=1

and the mixed boundary conditions

L yW=0,j=Tp, yj®=0j=p+Lm,

Ly: y}l](O)ZO,]’:Lp+1, yj(()):o,j:p+2,m’

where2<p<m-2.

The asymptotic behavior of the spectrum of the problem L is described by the following
theorem, which can also be applied to the problem Ly. Everywhere below the same symbol

{x 5} is used for different sequences from /.

Theorem 1. The boundary value problem L has a countable set of eigenvalues, which are real

and can be numbered as {Ani} oy —77; (counting with their multiplicities) to satisfy the fol-
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lowing asymptotic formulas

a
On1 =n—14+—+xy,,
b4

a
Pn2 :n—;-ch,

g 2

1
Pk =n=Z+Kn, ke 73,

Pnk =N+Kp, K€€y,

wherep i =/ Ank, @ = arccos ./ %, I3 and .$, are some fixed sets of indices, such that $3U.%y =
3m, $3N Iy =03, |5 =p-1, || = m—p—1. For definiteness, we assume that 3 € %3 and
4e . 9,.

Theorem 1 can be proved similarly to [10, Theorem 1].

In the papers [10, 11], we started to investigate the so-called partial inverse problems on
graphs. Our research was motivated by the paper [12] by C.-E Yang, who has shown, that the
(regular) potential of the Sturm-Liouville operator on one edge of the star-shaped graph is
uniquely specified by a fractional part of the spectrum, if the potentials on all the other edges
are given. In the papers [10, 11], we have developed a constructive method for the solution
of such 1-edge partial inverse problems. The method is based on the Riesz-basis property
of some systems of vector functions, and allows one to establish the local solvability of the
partial inverse problems and the stability for their solutions. Note that the partial inverse

problems on graphs generalize the Hochstadt-Lieberman problem on a finite interval [7, 13].

In this paper, we demonstrate that the approach of [10, 11] can be applied to operators
with singular potentials. Moreover, in contrast to the previous papers, we study a 2-edge in-
verse problem, when the potentials on two edges are unknown. In this case, one spectrum
is not sufficient for recovering the both potentials, so we use a part of the spectrum of the
boundary value problem L and a part of the spectrum of Ly. We prove the uniqueness theo-
rem and provide a constructive algorithm for the solution of the 2-edge inverse problem. The
most challenging part of the research is the analysis of the Riesz-basicity for special systems
of functions (see Appendix A).

Let us proceed to the problem formulation. Denote by C;(x,A), j=1,p+1,and S;j(x;,A),

j = p+1, mthe solutions of equations (1) under the initial conditions

CioN =101 =0, §;0,1=0S501=1 3)
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Consider a sequence {A,k} e k=T of eigenvalues of the problem L, satisfying (2), and a
sequence {U,x}nen, k=1,2 Of eigenvalues of the problem Ly, satisfying the following asymptotic

relations

a
V= n—1+71+1<n,
4)

a
VHn2 =n— — TKn
where a; = arccos 4/ ’%1. Further we suppose, that the following assumptionshold.

(A1) Cj(m,Aup) #0, j=1,p,and S;(m, Apk) 20, j=p+1,m,forallneN, k=1,4.

(A2) Cj(m,punk) 20, j=1,p+1,and S;(m, upx) 70, j=p+1,m, forallneN, k=1,2.

The paper is devoted to the following 2-edge partial inverse problem.

IP. Given the potentials {Uj}j:L_m\{l,p+1} and the eigenvalues Mnk}neN, k=14’ {Unkinen, k=12, find

the potentials 01 and o p+1.

The paper is organized as follows. Section 2 contains some preliminaries. In Section 3, we
prove the uniqueness theorem for IP. In Section 4, the constructive procedure for the solution
of IP is developed. Appendix A is devoted to the main technical part of the paper, where
we investigate the Riesz-basis property for special systems of functions. In Appendix B, we
provide auxiliary results, concerning entire functions, constructed by their zeros.

Throughout the paper, we use the following notation.

p=\/X,Rep20.

B , is the Paley-Wiener class of entire function of exponential type not greater than a,

belonging to L, (R).
Np =NuU {0}.

The symbol C stands for different constants, independent on x, A, etc.

2. Preliminaries

The eigenvalues of the problem L coincide with the zeros of the characteristic function

14 14 m m p m

A=Y clan]cima 1 scmv+ 3 sflan][Cimd [ Semd. ©)
j=1 {;1 k=p+1 j=p+1 i=1 k=p+1

7] k#i
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Let L; be the boundary value problem for the Sturm-Liouville equation (1) for each fixed
j =1, m with the boundary conditions y}l] 0)=0, yjm)=0for j=1,p, and y;(0) = y;(m) =0
for j = p+1, m. Denote by M;(A) the Weyl functions of the problems L ;:

c}.” (G, )

' s, A)
TCima !

M;(A) = “SEh

=1Lp, M;Q):= ,j=p+1,m. (6)

Weyl functions and their generalizations are natural spectral characteristics for different
classes of differential operators (see [9, 14, 15]). For each fixed j = 1, m, the potential o ; can
be uniquely recovered from its Weyl function M;(A) (see [9]).

Using (5) and (6), one can easily derive the relation

mn A(A)
> M) =-— — . @)
J=1 [ICimA) II SjlmA)
j=1 j=p+l
Taking the assumption (A;) into account, we obtain from (7):
m
MyAni) + Mpii(An) == Y MjAni) =: 8nk» neN, k=1,4. (8)
j=2
Jj#p+1
It follows from (6), that A
D (1)
M;(A)+ M, )= ———, 9
1(A) p+1(A) Do) 9

where

Di() = =(C1 @, VS p1 (1, 1) + CLom, DS, (1,4)), - Da(M) = CLm, DSpar (m, ). (10)

Lemma 1. The following relations hold

2 sin2pm 1 27

+— | K@®sinptdt, (11)
2p p Jo P

Dl(A):—(COSan+ N(t)cosptdt), Dy (1) =
0
where N and K are real-valued functions from Ly (0,27).

Proof. Using the transformation operators [8], one can obtain the following relations (see
[5, 6]):

/A
Ci(m,A) =cospn+f Ki(t)cosptdt,
0
/A
M, :—psinpn+pf Ni()sinptdt+Cl(m,0),
0

r (12)
sinpn

1 T
Sp1(m,A) = +—f Ky (f)sinprdt,
pJo

T
Sgil(ﬂ,/l) zcospn+f0 Npi1(t)cosptdt,
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where Kj, Nj € L»(0,7), j € {1, p+ 1}. Substituting these relations into (10), we get

i 1
Di(A) = sin? p7 — cos? prt + Fy (), Da(A) = w +SFalp),

where Fy, F» € By o5, F) is even and F is odd. Therefore they can be represented in the form

2n 2n
Fi(p) = N(f)cosptdt, Fa(p)= K(t)sinptdt, N,Ke Ly(0,2m).
0 0

Thus, we arrive at (11). O

Now let us study the boundary value problem Ly and its eigenvalues {t, i} nen, k=12 In-

Cpiy (1, 2)
troduce the Weyl function M;Xr L) = —m. Similarly to (8), we obtain the following
p+1 T,
relation under the assumption (A):
m
My (i) + My () == ) Mj(uni) =t hly,, neN, k=1,2. (13)
j=2
j#p+l
Denote
My (pni) + Mp+1(/Jnk) =thpk, neN, k=1,2. (14)
Then

Sgil (T, i) Cp1 0T, i) = C;[}L (7T, i) Sp+1 (7T, nk)
Cp+1 (T, pk) Sp+1 (T, tpk)

hnNk - hnk = Mllg\/_;l(ﬂnk) - Mp+1 (an) =

Using (1) and (3), one can easily show that st (x, ) Cpi1(x,A) — cly

p+1 p+1 (xrA)Sp+1(X,A) =1 for

all x € (0,7), A € C. Thus, we get

Cp+1(7r»/vtnk)sp+1(71'»llnk) = y ne N» k = 1»2- (15)

N
hnk — Pk

3. Uniqueness theorem

Together with L and Ly, consider other boundary value problems L and L of the same
form, but with different potentials {7 ;} ;”: ,- The values of m and p remains the same. We agree
that if a certain symbol y denotes an object related to L or Ly, then the corresponding symbol

¥ with tilde denotes the analogous object related to L or L.

Lemma 2. Let the problems L and L satisfy the assumption (A1), and let 0j=0j,j=1,m\{l,p
+1}, Apk = Ak, n €N, k=1,4. Then My(A) + Mps1(A) = My (A) + M4 ().
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Proof. For simplicity, assume that the eigenvalues {7} nen k=12 are distinct and nonzero.
Otherwise some technical changes are required.

The relation (8) implies
Mi(Ani) + Mpa1 (Ani) = MiAnp) + Mpe1(Anr), neEN, k=1,4.
Taking the relation (9) into account, we get

D1 (Ani)Da(Api) = Dy A i) D2(Ayg) =0

Thus, the function
H(A) = D1(A)D2(A) — D1 (M) D2 (A)

has zeros at the points {1}, . r-77- Construct the entire function

PO ﬁf{(l__)

nk

H(A
Obviously, ((/1)) is an entire function of order 5. According to Lemma 1 and Corollary 4 from

H(A
Appendix B, the estimate P(( /1)) ’ < C holds for A = p?, € < argp < 7 — £. Applying Phragmen-
Lindel6f’s theorem [16] and Liouville’s theorem, we conclude that H(A) = CP(A). By virtue of

Lemma 1, the function p H (pz) belongs to the Paley-Wiener class B 45, as a function of p, but
DiA) D

1) _ ~1(/1)’ and the
Dy(A) Do)

pP(p?) & B4z (see (34)). Consequently, C = 0 and H(A) = 0. Thus,

lemma is proved.

Remark 1. If together with the potentials {0} ; even more eigenvalues of L are

j=1 1,m\{1, p+1}
given, than the collection {A},y y-17 contains, we can not obtain more information, than
the sum of the Weyl functions M; (1) + M p+1(A1). We need some additional data, to “separate”

the potentials 07 and g+ 1.

Theorem 2. Leto; =G, j=1,m\{l,p+1}, A = ink forneN, k= 1,4, and Unk = Ak for
neN, k=1,2. Assume that (A;), (A2) hold for the problems L, Ly, L, Ly. Theno, =6, and
Op+1 = Op+1 in Lp(0,7). Thus, the solution of IP is unique.

Proof. By virtue of Lemma 2
My(A) + Mp41(A) =1\711(7l)+1\71p+1(7l)- (16)

The relations (13), (14) and similar relations for L and Lo imply K, = Ak, h = hN forneN,
k =1,2. Taking (15) into account, we conclude that the entire function functlon

H(A) 1= Cpi1 (1, 1) Spa1 (1, 4) = Cp1 (1, 1) Span (1, 1)
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has zeros {{t,} nen, k=1,2. Similarly to (12), one can derive the relations
T
Cp+1(m,A) =cospm +/0 Tp+1(t)cosprdt,

17)
sinpn

1 VA
Sp+1(m,A) = +—f Ky (t)sinprdt,
p Jo

where Tp+1,Kp+1 € L2(0,7). Hence |[H(A)| < CIpI_1 exp(2[Im p|n) for [p| = p* > 0.
For simplicity, consider the case when the numbers {t,}qen k=12 are distinct and
nonzero. The case of multiple or zero eigenvalues requires minor modifications. Construct

the function

P(d) _]'[ ]'[(1——)

=1n=1 Hnk
In view of the asymptotics (4), one can apply Corollary 3 from Appendix B to P(A). Conse-
H (/1)
orA= e<argp <m-e¢,
PO | = jp] OV AT e <ar8p
lol > p* for some € > 0 and p* > 0. By Phragmen-Lindel6f’s and Liouville’s theorems, we get

H(A) =0. Hence Cp11 (1,A)Sp41(, A) = p+1(n A)Swl(n A).

HQA
quently, the entire function P(( D admits the estimate

The functions Cp+1(m,A) and Sp41 (7, 1) have real zeros {vy}nen, and {05} nen, which in-
terlace [6]:

vo<BO1<vi<bOry<vy<... (18)

The same assertion is valid for C’p+1 (,A) and S p+1(1, A). Consequently, v, = v, for all n € Ny
and 6,, = 0,, for n € N. It has been proved in [6], that the two spectra {v;}en, and {0} nen
determine the potential 0+, uniquely. Hence Mj11(A) = Mp+1(/1). Together with (16), this
yields M;(A) = M;(A). The Weyl function M; (1) determines the potential o; uniquely (see
[9]). Thus, 01 =61 and 041 =G p+1 in L2(0, 7). O

4. Solution of IP

In this section, we develop a constructive algorithm for the solution of IP. First, we show
that, using the eigenvalues {Ai},cy (-7, ON€ can obtain a sequence of coefficients of some
vector function f(#) with respect to the specially constructed Riesz basis. Recovering f(#)
from its coefficients, we can find the sum M; (1) + M1 (A). Then we add the part of the second

spectrum {{,x} nen, k=1,2 and find the potentials 01 and o 4.
Substituting (9) and (11) into (8), we obtain

0 nk 2 2m -
e N(t)cospptdt+ K(t)sinpurtdt= fur, neN, k=14, (19)
nk JO 0
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1
fok = Mcosankn+—Sinpnkn. (20)
8nk 2

For simplicity, we assume that

(A3) the numbers {A,k}, . 2737 are distinct and positive;

(Ag) k720, neN, k=1,4.

These assumptions are not principal. The case of multiple eigenvalues was discussed in

[11], while the other conditions can be easily achieved by a shift g; — g; + C, j =1,m.

Denote
N I3 Pnk COS t
f= () . Upr(t) = | 8 Pnk , neN, k=1,4. 21
K(1) sinp it

Consider the real Hilbert space # := L,(0,2m) @ L»(0,27). The scalar product and the

norm in ./ are defined as follows

21 21
(g;h)Jf:fo (g1 (D) + g (D) ha (D) dt, ||g||J£:\/f0 (gi(n+gi(n)dr,

n
gl], h:[ 1], g he 7.
) h

One can rewrite the relation (19) in the form

(fsvni).ze = fa, MEN, k=14 (22)

In Appendix A, we will prove the following theorem.

Theorem 3. Under the assumptions (A1), (A3), (A4), the system {Vni} e 1 -T7 IS @ Riesz basis
inA.

In view of Theorem 3 and the relation (22), the numbers f,; are the coordinates of the

vector function f with respect to the Riesz basis, biorthonormal to {v,} Given

neN, k=1,4
{Vnitnen k=12 and {fui}nen, k=12, we can recover f uniquely. Consequently, we know N(f)

and K (t), and can find the sum M; (1) + Mp1(A) via (11) and (9).

Now given {t,k}nen, k=1,2, one can find hfjk and hpj via (13) and (14), respectively. Con-
sider the relation (15). It follows from (17), that

sin2pmr 1

2r
Cpi1 (@ A)S i1 (m,A) = + —f T(t)sinptdt, (23)
p+1 p+1 2p 0 Jo p
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where T € L,(0,27). Substituting (23) into (15), we obtain

sin2./fp7m 1 2n
+

Cp1 0, nk) Sp+1 (1, tpk) = T(t)siny/tpctdt =

2v/Hnk vV Hnk JO hizvk -k
for neN, k= 1,2. Then we derive the following system of equations
271 1
f T(W)sin gt dt = —YE"™ 2 sino i, neN, k=1,2. 24)
0 hnNk - hnk 2

Impose an additional assumption:
(As) the numbers {t,k}nen, k=1,2 are distinct and positive.
The following theorem will be proved in Appendix A.

Theorem 4. Under the assumptions (A), (As), the system {sin \/l,i t} nen, k=1,2 1S a Riesz basis
inLy(0,2m).

Thus, one can solve the system (24) uniquely, recovering the function T from its
coefficients with respect to the Riesz basis. Then using (23), one can find the product
Cp+1(m,M)Sp+1(m, 1) and the interlacing zeros {v,}nen, and {0,}nen of the entire functions
Cp+1(r,A) and Sp.1 (7, A), respectively. These data can be used for reconstruction of the po-
tential 0p41.

Summarizing the results of this section, we arrive at the following algorithm for the solu-
tion of IP.

Algorithm. Let the potentials {o;} 1,p+1y and the eigenvalues {Ani},en -1

j=Tm\{
{lnk}nen, k=1,2 be given, and let the assumptions (A;)-(As) be satisfied.

1. Using the potentials {0 ;}
p + 1} via (6).

J=Tm\ (L, p+1p construct the Weyl functions M;(A) for j = 1, m\{1,

2. Construct the numbers g,, f,r and the vector functions v, for n € N, k = 1,4 via (8),
(20) and (21).
N(1)

3. According to (22), recover the vector function f(¢) = [K from its coordinates f;;; with

respect to the Riesz basis.

4. Using N(¢) and K (), recover the sum M;(A) + Mp1(A) via (9), (11).

5. Find the numbers hfjk and hy forneN, k=1,2, using (13) and (14).

6. Construct the system (24) and find the function 7'(¢) from this system, recovering it from
the coordinates with respect to the Riesz basis.

7. Using T (1), construct the product Cp1 (7, A)Sp+1 (1, A) via (23).
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8. Find the zeros of the product Cp+1(m,1)Sp+1(m,A) and divide it into two sequences
{Vinlnen, and {0} nen, interlacing according to (18).
9. Construct the potential 011 by two spectra {v,} nen, and {0} nen (see [6]).
10. Find My, (A) by 0p+1(A), and then M;(A) from the sum M; (1) + Mpi1(A).
11. Construct the potential o; by the Weyl function M (A) (see [9, 15]).
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Appendix A. Riesz bases

The goal of this section is to prove the important Theorems 3 and 4. We start with the
analysis of the auxiliary systems . := {sin(n + ) t},ez and € := {cos(n + B) t} ez in Ly(0,27).
Here f is an arbitrary number from (0, %).

Lemma 3. The systems.¥ and € are completein L,(0,2r).

Proof. Let us prove the assertion of the lemma for the system .%#. The proof for € is similar.

Suppose that, on the contrary, the system .# is not complete. Then there exists a nonzero
function & from L, (0,27), such that

21
h(t)sin(n+ pB)tdt=0, neZ.

Hence the odd entire function
21
H(p):= h(t)sinptdt
0

has zeros {+(n+ B)},ez U{0}, which coincide with the zeros of the function D(p) := p (cos? o7 —

H
cos? Bm). Clearly, the function ) is entire and o) = 0(p™1), as |p| — co. By virtue of
D(p) D(p)
Liouville’s theorem, H(p) = 0 and & = 0. The contradiction proves the lemma. O

Lemma 4. For an arbitrary sequence {c,}nez from I, the following estimates hold

0 0 2 0
(1 —cos2pm) Z cfls Z cpsin(n+ P)t|| <m(1+cos2fm) Z cf,, (25)
n=-o0o n=-o0o 2 n=-o0o
00 0 2 00
n(l-cos2fm) Y. ca<| Y chcos(n+P)t| <m(l+cos2fm) Y. c. (26)
n=-o00 n=-o00 2 n=-oo

Thus, the systems ¥ and € are Riesz bases in L(0,21).
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Proof. Without loss of generality, consider real sequences {c;},cz. Similarly to the proof of
[17, Theorem 3.1], we derive

2

Z cpsin(n+ )t

n=-00

2m 00 00
:f ( Z Z cncksin(n+[3)tsin(k+,6)t)
0 0o

N=—00 fc=—

2r () ()
- l/ ( oy cnck(cos(n—k)t—cos(n+k+2,6)t)) dt
0

2 n=-00 k=-o00
2 _ CnCk

2__
=7 ) c 231n4,6n Z Z i k+2p

n=-—o00 n=-00 k=—oc0
Consider the bilinear form

1
Z Z AnkCnCh, Ank = n+k+2p

Nn=—00 k=—00

Let us calculate its norm (see [18]):

o0 o0
B= 3 Y bijxixj,
i=—00 j=—00
o0 (o) 1
bij _k:Z_:ooa’ka]k Z ' (i+k+2B)(j+k+2B)
1 o 1 1

_ 1 B o isi
j—ik;_oo itk+2B j+k+2pB 17

T S e
i = a:; = = .
e R S n+2p)? sin?2fn
Consequently,
B= 71'2 oo x2 |A|< OZO: Cz
sin?2pm ;= T sin2fm 2 "

Finally, we obtain
oo o 1 oo
(1 —cos2pm) Z cf,sn Z ci——sin4n,6-Asn(1+cosZ,6n) Z cf,,
n=-—o0 n=-o00 2 n=-—oo

so we arrive at (25). The estimate (26) can be proved similarly. a

Proof of Theorem 4. Since the eigenvalues {1} nen, k=1,2 satisfy the asymptotic formulas (4),

we have
. . . . (04
51n\/un1t=51n( —1+—)t+1<,,, sm\/,unzt:sm(n——l)tﬂcn.
T

Thus, the considered system {sin /li;x} nen, k=1,2 is l2-close to the Riesz basis .# for f = % €
(O, %) In order to prove the Riesz-bacisity of {sin \/ti,x} nen, k=1,2, it remains to show that this

system is complete in L, (0, 27).
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Suppose that the contrary holds, i.e. there exists a function & # 0 from L, (0, 27), such that

2n
h(f)siny/uyrtdt=0, neN, k=1,2.

Consequently, the entire function

1 27
HA):=— h(f)sinptdt
p Jo

has zeros {tt,k}nen, k=1,2. Obviously, the estimate |H(A)| < Clp|~'exp(2|Im p|7) holds for |p| =
p* > 0. Further one can repeat the arguments from the proof of Theorem 2, and show that
H(A) =0. Thus, h=0, and we arrive at the contradiction. Hence the system {sin \/,x} nen, k=1,2
is complete in L,(0,27). Oa

Now we proceed to the system {v,;} Denote

neN, k=1,4*

0 (g —%tanZ(xcos(n—1+%)t 0 (1) %tanZacos(n—%)t
v = ’ v = .
" sin(n—1+ )t " sin(n— %)z
V(0= L o= , nen.
sin(n — E)t sinnt

Lemma 5. The sequence {vyy} is lo-close to the sequence {v?l W inge, ie.
Mope = Vol peny, k=17 € Lo-
Proof. Using the relations (2), (8), (9) and (11), we obtain

11 tan2a + Kn -1 1 tan2a + Kn
gnl n n ) gn2 2n n ’

K K
-1_Kn -1_Kn
83 =" 8ma =0 neN.

Substituting these estimates together with (2) into (21), we arrive at the assertion of

the lemma. O

Lemma 6. The system {v(,)l i} nen, k=13 IS a Riesz basis in 7€ .

Proof. Let us construct a linear bounded operator A: # — # with a bounded inverse, such
that the system {Av(r)l k}neN, v is a Riesz basis. Put

v v
! , Aty = ! ,
V,—§

U1

ntg

Av=A

U2
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where
g(1):=2cot2a Z cusin(n+f), =

n=—-00

and {c,} ez are the coordinates of v, with respect to the Riesz basis €:

vi(t) = Z cpcos(n+ P)t.

n=-—0o

Using the estimates (25) and (26), one can easily show that the operators A and Al
bounded in . Furthermore, we have

cos(n—1+pB)t cos(—n+ )t

) (Avnz)(t) _tanz ,

1
(A1) = ~ tan2a

0 0
(Avns)(t) , (Av, )@ =
in(n— —)

sinnt

Since the systems % and {sinnt},en U {sin(n — %) t}nen are Riesz bases in L (0,27), the system
{Avgk}neN' kT4 is a Riesz basis in /2. O

Lemma 7. Under the assumptions (A1), (A3) and (A4), the system {v, .} neN, k=T4 is complete in
.

Proof. Suppose that functions w,, w» € L,(0,27) are such that

2w
/ (wl(t)%cospnkt+wz(t)sinpnkt dt=0, neN, k=1,4. 27)
0 nk

D; (1)

Dy(A)
tions (A3) and (Ag), pux Z0and gur #0forneN, k= 1,4. The assumption (A;) together with

Recall that g, = M1 (Ayk) + Mp+1(An) and M1 (A) + Mp41(A) = . In view of the assump-

(10) implies D2 (A,x) # 0. Consequently, the entire function

sinpt

2n
W) ::f (wl(t)Dz(/l) cospt+ wy(t)Dy(A) dt 28)
0

has zeros at the points Mnk}nel\l, k=T It follows from (11) and (28), that

W) = 0(p| ' expéimp|m)), |pl=p*>0. (29)

Construct the function

W(A

Note that A, # 0 due to (A3). Clearly, the function P((M) is entire. The estimate (29) and
W(A

Corollary 4 from Appendix B yield % =0(1) for A=p? e<argp<m—e. Applying
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Phragmen-Lindel6f’s and Liouville’s theorems [16], we conclude that W (1) = CP(A). Using
(28), one can easily show that pW(pz) € By 45 (as a function of p). However, the expression
(34) implies pP(p?) € B2,4z. Hence C = 0and W(A) = 0.

Let {t,}en be the sequence of zeros of the function D, (A). Using (10), one can easily

check, that Dy (7,) # 0. Consequently, the function
2r 1 t
H(A) = f wa (0 22PL 4y (30)
0 P

has zeros at the points {7} ez (if T, is a multiple zero of D, (A), then it is also a multiple zero

H
of H(A) with the same multiplicity). Thus, the function is entire.

2 (
HW)

D»(A)
CD3(A). However, p H(p?) € By 2, and pD3(p?) € Bz 2,,. Therefore H(A) = 0 and, consequently,

It follows from (30) and (11), that = 0(1) as |A] — oo. By Liouville’s theorem, H(A) =

wo =01in Ly (0,7). Using (28) and the relation W (1) = 0, we conclude that w; = 0. In view of
(27), the system {v,k},,en -17 IS complete in A O

Proof of Theorem 3. The assertion of the theorem immediately follows from Lemmas 5, 6
and 7. O

Appendix B. Entire functions

Here we discuss entire functions, constructed as infinite products by their zeros with a
certain asymptotic behavior. We derive some relations, which can be used for evaluation of

these functions. Our analysis is based on the following result.

Lemma 8 ([19]). Let
Ppn=n+x, ne’z,

be arbitrary complex numbers, and

P(p):=n(p—po) H ‘Dnn_‘oexp(%).

n=—oo
Then P(p) can be represented in the form
T
P(p)=sinpn +f (wi()sinpt+ wq(t)cospt)dt,
0
where wy, wo € Ly (0, 1).

Lemma 8 has the following corollaries. We prove only Corollary 3, since the proofs of

Corollaries 1 and 2 exploit similar ideas.
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Corollary 1. The function

where

/ln:pi;éo, Pn=n+x, nenN,
admits the representation

PO = Csinpm

1 T
+—f w(t)sinptdt, we Ly(0,m).
p Jo

Corollary 2. The function
PA 1-—
=] =)

where

1
An:pi;éo, pn:n—§+Kn, nelN,
admits the representation
/2
PA) = Ccospn+/ w(t)cosptdt, weLy0,m).
0

Corollary 3. The function

e A
PM%:rIb_IJ

n=0

A
(1——), 81

where
AL =2 #0, pl=n+a+x, neNy,

A, = (p;)z;éo, pp,=n—-a+x, nen,
admits the representation
2n
P(1) = C(cos2pm —cos2arm) +/ w(t)cosptdt, we Ly(0,2m).
0
Proof. Denote p*, =—p;, forneNand p-, = —p;, for n € Ny. Then

pt=n+a+x, nez, (32)

and the product (31) can be rewritten in the form

P(A) =d* (p)d ™ (p), di(p):=(1—£+) I1 (1-%)exp(£+)
Po n;;(c))o Pn Phn
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Clearly, d™ (p) and d~ (p) are entire functions with the zeros {p n}ne z and {p},} ez, respectively.
Introduce the functions

00 + —
. pE-p p¥a
d*(0) := (0% - p) n P ey ( )
p 00 pn:l__[m P\,

n#0
having the same zeros. For simplicity, we assume that p% # +a. One can easily calculate

d*(p) 1 © p +a
s A (p Y ) I1 —iexp( — ) (33)

da=(p) ﬂpo n——oopn(pn+a) ne—go i pn¥a

By virtue of the asymptotic formula (32), the sum and the product in (33) converge absolutely.
The relation (33) yields

d*(p)d~(p) _
d+(p)d-(p)
By Lemma 8
b/ b/
di(pia)zsinpn+f0 wf—'(t)sinptdt+f0 w; (t)cosptdt.
Consequently,

P(A) =d*(p)d (p)=Cd"(p)d (p)

= C(sin(p—a)n+f wf(t)sin(p—a)tdt+f w;(t)cos(p—a)tdt)
0 0

T

/A
x(sin(p+a)n+f wl_(t)sin(p+a)tdt+f
0 0
= 2C(cos2am —cos2pm) + F(p).

w, (1) cos(p + a)tdt)

2r
Clearly, F € By 25 and F(p) = F(-p). Hence F(p) = f w(t)cosptdt, where we Lp(0,2m). O
0

Recall that {Ak} ey -77 are eigenvalues of the boundary value problem L, satisfying the
asymptotic relations (2). For simplicity, assume that A, # 0. Summarizing the results of the
previous corollaries, we obtain the following one.

Corollary 4. The function

4 oo A
PQA) := ]'[ I1 ( )
k=1 n=1 Ank
admits the representation
C 1 4n
P(A) = —sinpmcospr(cos2pm —cos2a) + —f w(t)sinptdt, weLy(0,4m). (34)
p pJo

The following estimate from below is valid
|P(p2)| > Clpl_1 exp@|lmpl|n), e<argp<nm—¢, |pl=p7,

for some positivee and p*.
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