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ENTIRE SOLUTION ORIGINATING FROM THREE FRONTS
FOR A DISCRETE DIFFUSIVE EQUATION

YAN-YU CHEN

Abstract. In this paper, we study a discrete diffusive equation with a bistable nonlinearity.
For this equation, there are three types of traveling fronts. By constructing some suitable
pairs of super-sub-solutions, we show that there are only two types of entire solutions
originating from three fronts of this equation. These results show us some new dynamics
of this discrete diffusive equation.

1. Introduction

In this work, we study the following discrete diffusive equation
ur(x, ) =dux+1,0)+ulx-1,t) - 2ulx, )+ f(ulx, 1), xeR, reR, (1.1)

where the function f(u) € C?(R) satisfies

fo=f@=o0, f0),f@<o, (1.2)
fla)=0, f'(a)>0, ac(0,1), f(u)#0forue0,a)ua,l), (1.3)
1
ff(s)ds>0. (1.4)
0

Here, d is a positive constant. By (1.2)-(1.3), u = 0 and u = 1 are stable and u = a is unstable
for the equation (1.1) when d = 0.

The equation (1.1) is the continuum version of the following lattice dynamical system
() =duje (D +uj1 () -2u;(0)+ fu;(t), jeZ teR (1.5)

where the dot denotes the derivative with respect to t. This system was studied extensively

in past years. One of the main concerns is the existence of the traveling wave solution. A
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solution {u; ()} of (1.5) is called a traveling wave solution if u (1) = U(j + ct), j € Z, t € R, for
some function U € C?(R) and some constant c. Here U is the wave profile and c is the wave
speed. Moreover, if a traveling wave solution connects two different constant states, we call it
traveling front. In [16, 17], Zinner showed there is a d. > 0 such that there exists a unique (up
to translations) traveling front of (1.5) connecting 0 and 1 with positive speed if d > d... For d
small, the non-existence of the traveling wave connecting 0 and 1 was shown by Keener [11].
Now we denote the wave profile and the wave speed of the traveling front connecting 0 and 1
by Uy and ¢y > 0, respectively. Set ¢ = j + cot. Then Uy (&) satisfies

coUp©) =d[UpE+ 1)+ Up(€ - 1) =2Up (O] + f(Up (&), Uy(€) >0, (€R,
Up(—00) =0, Up(oo) = 1.

On the other hand, from the results shown in [1, 2], there exists a ¢ ;,4x < 0 such that there
exists a traveling front U (j + ¢; ) of (1.5) connecting 0 and a for each ¢; < ¢ juqx. By setting
&= j+ct, U (&) satisfies

aUi@=dUE+ D+ U €E-1) =201 O]+ f(UL(E), Uj(€) >0, (€R,
Uy(—00) =0, U (00) = a.

Similarly, there exists a ¢z i, > 0 such that there exists a traveling front U, (j + c»t) of (1.5)
connecting a and 1 for each ¢z = ¢ ;. For £ = j+ ¢ t, U (€) satisfies

U &) =d[Ux(E+1) + Us(E = 1) = 2U2(O)] + f(U2(8)), Up(€) >0, ¢€eR,
Us(—00)=a, Us(oo)=1.

For (1.1), the traveling front u(x, ) with the speed c exists if u(x, t) = U(x + ct) for some func-
tion U € C?(R) and it connects two different constant states. Now we set & := x + ¢t and sub-
stitute U(¢) into (1.1). Then U(¢) is the solution of the following equation

cU'@=dlUC+D+UC-D 20D+ fWUE), {eR,

U(-o0) =a, Ul(oo) =w.

where {&,w} {0, a,1} and a # w. From the results shown in the above, (1.1) has three traveling
fronts u(x, t) = Up(x + cot), Up(x+c1t), Us(x+ co k).

A classical solution u(x, f) of (1.1) defined for all (x, r) € R? is called an entire solution of
(1.1). Obviously, the traveling front is an entire solution. In past years, the other types of entire

solutions were studied in the following reaction-diffusion equation

Ur=uxc+ f(u), xeR, teR. 1.6)
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Indeed, the equation (1.1) is the discrete version of (1.6). From the results shown in [15, 5, 7,
10, 12], there are entire solutions which behave as two traveling fronts of (1.6) on the left x-axis
and right x-axis as t — —oo. We call this type of entire solution by entire solution originating
from two fronts. In [7], Guo and Morita proved the existence of the entire solution originating
from two fronts for the discrete KPP equation. Later on, under some conditions of the wave
speed, there are three types of the entire solution originating from two fronts shown in [9].
More precisely, they behave as (i) Uy(—x + cot) and Uy (x + co 1), (i) Ur(x+c1t) and Uz (x + 2 1)
and (iii) Up(—x + cot) and U; (x + c; t) on the left x-axis and right x-axis as t — —oco. According
to these two works, all types of the entire solution originating from two fronts of (1.1) were
studied. For the entir e solution originating from two fronts of the other discrete diffusive

equation or lattice dynamical system, we refer the readers to [6, 8, 14, 13].

In this work, we would like to show the existence of the entire solution originating from

three fronts of (1.1). Here, we define this type of entire solution as follows.

Definition 1.1. Let (¢, v;), i = 1,2,3 be the traveling fronts of (1.1). If the entire solution
u(x, t) of (1.1) satisfies

limsup{ > sup  |u(x, 1) —¢i(x+ v,-t+9i)|} =0 (1.7)
I—=00 |1=<i<3di-1(0)<x<d;(1)
where

V1 < U2 < U3, (1.8)
01, 05, O3 are some constants, d;(t) := —(v; + vi+1)t/2, do(t) = —oo and d3(t) = oo, it is called

the entire solution originating from three fronts of (1.1).

By (1.8), the continuity of entire solutions and the symmetry with respect to reflection,
there are only two possible types of the entire solution originating from three fronts of (1.1).

We state them in the following two main theorems.

Theorem 1.1. Consider (¢1(S), v1) = (Up(=¢),—co), (i (), vi) = (U;i-1(&),¢i-1), i = 2,3 where
(Ui, ¢i), i =0,1,2 are the traveling fronts described as above. If

v <V, (1-9)

then there exists an entire solution originating from three fronts of (1.1).

Theorem 1.2. Consider (¢1(S), v1) = (Up(=¢), —co), (¢2(S), v2) = (U1(E), 1), (¢P3(E), v3) =
(Uy(=&),—c1), where (Uj, c;), i =0,1 are the traveling fronts described as above. If

v <V,
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then there exists an entire solution originating from three fronts of (1.1). Moreover,

lim suplu(x, 1) —¢p1(x+v1£+0)|=0 (1.10)

—%0 xeR

holds for some constant 0.

To show these two theorems, since the comparison principle can be applied, we only
need to construct a suitable pair of super-solution and sub-solution. In the study of the en-
tire solution originating from two fronts of (1.6), Morita and Ninomiya find some auxiliary
rational functions with certain properties to help them to construct super-sub-solutions (see
[12]). In [9], this method was used to prove some types of entire solution originating from two
fronts of (1.1). Therefore, we would like to apply it to obtain Theorem 1.1 and Theorem 1.2.
In fact, for (1.6), we already obtained the same results as Theorem 1.1 in [4]. Hence, we follow
the ideas used in [9] and [4] to prove Theorem 1.1. Similarly, Theorem 1.2 can be shown by

using a different auxiliary rational function to construct a suitable pair of super-sub-solution.

The remainder of this paper is organized as follows. We first show the proof of Theo-
rem 1.1 in §2. In §3, we prove Theorem 1.2.

2. The Proof of Theorem 1.1

Without loss of generality, we assume that d = 1. Recall that (¢p;($), v1) = (Up(—=¢), —co),
(i (&), vi) = (Ui-1(8),ci-1), i =2,3. We know that

{ D@ - vigl (&) + f($i(€) =0, (eR, o

¢i(—00) = a;, ¢iloo) =w;,

where (a1, w1, a2, w2, a3,w3) = (1,0,0,a,a,1) and D[¢;]1($) = ¢p; ({+1) +p;({ —1) —2¢p; (¢). From
the results shown in [3], there are positive constants ;,y;, i = 1,2,3, and K > 0 such that

%) < Kexp(B:{),  ¢<0,
2.2)
Iqb’,-(f)l < Kexp(-yi¢), ¢=0.
Also, there are constants m, M > 0 such that
S|</>1(f)—1| <M <1, Sl(bl(f) _M,EZ—L
| 15(5” I 16(5”
|2(S) - 0f |$2(8) —al
< <M, <1, < <M, ¢=-1, .
T ¢ el ¢ @3)
¢3()—a </>3( )—1
<— <M, ¢é<]1, < <M, ¢=—
RG] e=boms==ger <M

Furthermore, we have the following lemma.



ENTIRE SOLUTION ORIGINATING FROM THREE FRONTS 219

Lemma 2.1. There exists a positive constant M = (MeY'™) I m such that
;& +0) < MIgh@&)l, i=1,23 2.4)
holds forall e R, 0 € [-1,1].

Proof. For i = 1, given an arbitrary 6y € [-1, 1], we have

¢ (& +60) :‘ ¢} (& +60) 1-¢1E+60) |1-¢1()
$ @& 1—¢1(S+6) 1-¢1() @)

< o[- [ A0 ac) <
_mexp(/g 1_¢1(()d( M=M

for £ <0 by (2.3). For £ = 0, by (2.3), we obtain

PLE+60)| _|P1E+60)| $rE+00) |¢1(©)
¢\ @) ¢1(E+060) b1 (&) ¢ ©)

1 ¢+00 ) () ) —

< — d <M.

m P fe o ) M=M

Thus, (2.4) holds fori =1.

By the similar argument as above, the proof of the other cases can be done. Therefore, we

get the conclusion. O

Now we consider the solution u(x, ) = U(n, ) of (1.1) withn:= x+ vt and v := (v1 + v2) /2.
Then U(n, ) satisfies the following equation

Ui, 1) = D[U](n, t) =vUx(n, 1) + f(U(n, 1), (n, 1) € R2. (2.5)
where D[U](n,t) :=Un+1,0)+UMn—-1,t)—2U(n, t). Obviously, U, t) = d1(n—s11),d2(n+

s11),3(m+ s2t) with s; = (v2 — v1)/2 > 0 and s» = v3 — v > s are traveling fronts of (2.5).

Now we start to construct a pair of super-sub-solution of (2.5) by using the ideas in [4].

We first take the auxiliary rational function Q(y, z, w) as follows.

I-yzw-a)+yla-2z)(1-w)

Q(J/»Z»w)ZZ-i-(l—Z) (1—y)z(1—a)+(a—z)(1_w) . (2.6)

Then we define the functions ﬁ(n, ) and U(n, t) by
U, 1) := Qp1(m— p1(0), g2+ p1(0), 31+ p2(1))), @2.7)
UM, 0):=Qp1(n—r1(0),p2(n+r1(1), p3(n+ r2(1))). (2.8)

The functions p; (1), r; (), i = 1,2 are the solutions of the following initial value problems

pr=s1+Le"’', —co<t<0, pi1(0)=py; (2.9)
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Po=S2+Le"P", —co<t<0, p2(0)=po; (2.10)
fr=s1—-Le"", —oo<t<0, r1(0)=rp; (2.11)
fz =82 _LeKrly —oo<I< 0) rZ(O) =T, (2-12)

where L > 2Kp is a positive constant,

(s2=s1)y2 (s2—51)B3 }

K := min Y2, P2, P3, )
{Yl Y2, B2, B3 15 5

and pg and ry satisfying

1 2L 1 2L
=——1I _"r"——) < -0, <—-—1 (—+ K5).
po K og(e $1 0 K °8 $1 ¢

Here, 4 is a given sufficiently large positive constant and p is a positive constant to be deter-

mined later. Also, there exists a positive constant N such that
0< p1(t)—11(8) = po(t) — r2(t) < N forall <0, (2.13)

and p1 (1), p2(8), r1(),r2(t) < =6 forall £ < 0.
Set

Z|U]l:=U;- DU +vU, - f(U).

Then U is a super-solution (sub-solution, resp.) of (2.5) for t < T with some constant T if
LUl =0 (ZL[U] <0, resp.) holds for ¢ < T for some constant 7. Now, we claim that ﬁ(n, 1)
is a super-solution of (2.5) for ¢ < fy with some constant fy < 0. To simplify the notation, we
define

p1=p1(8), p2 = p2(1),

U, 1) = Q(P1,$2,$3), b1 = P10 = p1), P2 = g2+ p1), 3 = P3 (M + p2),
¢ (@ =Pim—pr+7), G2 D=+ pr1+7), b3 (D) =Ps+pa+7),
QyyM1,1m2,m3) = Qyy (1 — p1 +11), P2 (0 + p1 +12), 3+ p2 +13)),
QzzM1,1M2,1m3) = Q2 (1M — p1+11), P2+ p1 +12), P31+ p2 +13)),
Quw®1,12,1m3) = Quuw(®1 (1 — p1+n01), G2+ p1 +12), 3 + p2 +13)),
Qy=11,m2,13) = Qyz (1M — p1+m1), P2+ p1 +12), P31 + p2 +13)),
Qyuw®1,12,13) = Qyu (1 — p1+11), 2+ 1 +12),P3 () + p2 +73)),
Qzw®1,1m2,13) = Qzuw(P1 (M — p1+M1), P2 (1 + p1 +12), s+ p2 +13)).

Then, by using (2.9), (2.10) and the mean value theorem, we obtain that

LIUM, 0] = —Qyd’ (P1 — s1) + Q2P (P1 — $1) + Quply (P2 — 52) — G(p1, P2, p3) — H(1, P2, P3)
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= F(p1,¢p2,¢3) - Le"P' = G(1, 2, p3) — H(p1, P2, P3)
where

F(p1,¢2,03) := =Qy (1, d2, $3)7 + Qz (1, P2, h3) s + Quo(P1, P2, P3)hs,
G(¢1’¢2r¢3)

:= 01Qyy(a1101, a202, a1303)1 (11011 (dy)
+02Qyz(a1101, a1202, a1303)¢2 (b1202)p1 (dy)
+03Qyw(a1 01, a1202, a1303)¢3 (b1303)1 (dy)
+01Qy2(a2101, a0, a2303)P1 (b2101)h3 (d)
+02Q22(a2101, 42202, 42303)$3 (D2202)2 (do)
+03Q20(@2101, @202, 42303)P3 (D2303)2 (da)
+01Qyw(az101, az02, az303)¢1 (b3101)¢3 (d3)
+02Q20(a3202, as202, 3303)P5 (b3303)s (ds)
+03Quw(a3101, as202, a3303)P3 (b3301)s (ds)
+71Qyy(—anT1, —asTs, —ag373)P1 (—by1 1)1 (—dy)
+72Qyz(—asT1, —as7a, —ag373)h (~baaT2) 1 (—dy)
+73Qyuw(—asT1, —as72, —agT3)P3 (—ba3T3)hy (—dy)
+71Qyz(~as1T1, —asa T2, —as373)p1 (—bs171) ¢y (—ds)
+72Q22(~a51T1, ~A52T2, — As3T3)h2 (—bspT2)s (—dls)
+73Qz0(~a51T1,~ a52T2, — A5373) 3 (~b5373) P (—ds)
+71Qyuw(~ag1T1, — a2 T2, —ag3T3)P1 (—be1T1) 3 (—dg)
+72Qw(~ 5171, ~ A52T2, — Ag3T3) P2 (~be2T2) 3 (—dg)

+73Quuw(~ae1T1, —ap T2, —6163T3)<7>§/(—b63T3)<EI(—d6),
H(p1,$2,¢3) == f(Q) = Qy f (1) — Qz f (d2) — Qu f (¢h3).

for constants a;;, b;j,d;,o;,7;€[0,1],i=1,---,6, j =1,2,3.

From [4], we have the following lemmas.

Lemma 2.2 ([4], (iii) of Lemma 2.1). There exist functions Rj, j =1,---,16, such that

ny(y, zZ,w) =zR1(y,z,w)=(a-2)R2(y,z, w) = (1 - w)R3(y, z, w),
Qzz(y 2, w) = 1= y)R4(y, 2, w) = (1 - w)R5(y, 2, w)
= YRs(y,z, w) + (w—a)R7(y, z, w),
Quuw(y,z,w) = (1= y)Rg(y, 2, w) = zRy(y, 2, w) = (a— 2) Ryo(y, 2, w),
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Qyz(y,z,w) =1 -w)Rn(y,z,w), Qzw(y, 2 w)=(1-y)Ri2(y 2, w),
Qyuw(y,z,w) = 1= y)Ri3(y,z, w) = zR14(y, 2, w)
=(a-2)Ri5(y,z, w) = (1 - w)R5(y, 2z, w).

Lemma 2.3 ([4], Lemma 2.2). There exist positive constantse, € and €3 such that

Qy(p1(m—p1), 2+ p1),p3sm+p2))=€e;  for n<-py,
Qz(p1(n—p1),p2(n+ p1),p3(M+ p2)) = €2 for pr<n<-po,
Qu(p1(n—p1), P2+ p1),P3(n+ p2)) = €3 for n=—-p.

Lemma 2.4 ([4], Lemma 2.3). The following statements hold.

F(¢p1,¢2,¢p3) >0 forneR,
1 !

1 / !
F(pr1,¢2,¢3) = 3 [kabl(n—m)l +Qz|</>2(n+p1)l] forpi<n=<-p,
1
F1,¢2,¢3) = 5 [Qzlqb’z(n+p1)l +Quldy(n+ pz)l] for—pi =n<-py,

1 !
F(p1,¢2,¢3) = 5Qw|¢3(17+l92)| forn=—-p,

Since the proof of Lemma 2.2-2.4 are the same as in [4], we omit them here. Also, for any
11,M2,M3 € [—1, 1], we know that there exists a positive constant C such that

IRj1,12,13)| < C, (2.14)
forneR, j=1,---,16 where
Rj(01,1m2,1m3) := Rj (1 = pr +11), p2(1+ 1 +12), p3(0) + pa +173)).
By using the results shown in the above, we obtain the following key lemma.
Lemma 2.5 ([4], Lemma 2.4). There is a positive constant p such that

plpsl +1p5)  forn<o,
H(¢11¢27¢3)+G(¢11¢27¢3) < P(|§b/1|+|§bé|) fOI'OST]S—p1+p2
F(p1,¢2,¢3) 2

) (2.15)

p1tp2

pUpil+Igy))  forn=-— 5

Proof. For the estimation of | H(¢1, 2, p3)/ F(p1, P2, p3)|, since the proof is the same as in the
proof of [4, Lemma 2.4], we do not repeat it here. Thus, we only estimate

|G(¢lr¢2r ¢3)/F(¢11¢27¢3)|-
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To simplify the notation, we omit (¢1, ¢2, ¢p3) for the functions G(¢p1, P2, P3), F(P1, 2, p3) and

SO On.

For n < p1, we have F = €;|¢)|/2 by Lemma 2.3 and Lemma 2.4. Then, for any n;,7,,13 €
[-1,1], we derive

1QyyM1,m2,m3)] = |20 + p1 +n2)IIR1(1,1m2,n3)| < Clp2 (1 + p1 +12)]
< CM|¢py(12)| < CMM]¢py|

by Lemma 2.1, Lemma 2.2 and (2.3). Similarly, we have

|6ZZ(T]111721 T]S)l; |6WW(T]1’T]2’ T]S)Ir |sz(n11n21 T]S)l = CMMW’& |r
|6yz(n1y7]2y7]3)|» |6yw(171»772»173)| < C»

for any n11,712,13 € [-1,1]. Therefore, we obtain

‘ g‘ _ o | CMMP 1951194 12 + CMMIpy 1) + CMM® |5 195
F|~ 1]
» CM2 |} 11| + CM2|h 15| + CMM | || || |
€1l |

_ 4ACM?

[MMK|dy| + MMK|dy| + MMK|py) +2|h| + 2|5 ] + 2M MK |¢p) ]
€1

Similarly, we can show the estimation of |G/ F| for = p; and we get the conclusion. [

By the choice of x, p1, p2, (2.2) and Lemma 2.5, there exist a £y < 0 such that

|H(p1,P2,P3) + Gp1, 2, P3)| < F(p1, P2, p3) - 2Kpe .
forall £ < #. Since
LU, 0] = F(P1, P2, $3) - L' = Gy, P2, p3) — H(p1, P2, P3)
= F(¢1’¢21¢3)(L—2Kp)e1<p1 >0

for t < ty, U(n, t) is a super-solution of (2.5) for ¢ < f,.

By using the similar argument as above, U(n, f) is a sub-solution of (2.5) for ¢ < . More-

over, by (2.13), Lemma 2.4, the function F is bounded above and
Um,0-Um, 1) = Qp1(m— p1(0), 2+ p1(1)), p3 (1 + p2(1)))
—Q(p1(m—11(8), P2 (n + 11(1)), p3 (1 + r2(1)))
1
= fo Fp1n—-0p1—1-0)r1),p2n+60p1 +(1-0)r1),
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¢G3M+0p2+1-0)r2)dO-(p1 —11),

we have
Um,t)=Um,t) for neR, t<t, (2.16)
sup{Um, 1) - UM, 1)} < ue*'’ for t<t, (2.17)
neRr

for some constant p > 0.

By using the same method as in [5, 7], there exists an unique entire solution u(x, #) of (1.1)
such that

Ux+7vt, ) <ulx,t)<U(x+7t,1)

for all x € R and ¢ < t; where the functions U and U are defined as (2.7) and (2.8). Then we
take

1 L
01 = —log(e_'(r" - —), 92 :03 = —91,
K S1

and the entire solution u(x, t) of (1.1) shown in the above satisfies (1.7) (see [4, Theorem 3.3]).
The proof of Theorem 1.1 has been completed.

3. The Proof of Theorem 1.2

First, we consider the auxiliary rational function Q(y, z, w) as follows.

(I-yzla-w)(-z2)+yla—2)w(l —z)

Qyzw)=z+ (1-yza+(a-2)w

Then we take the functions p;(f), r; (), i = 1,2 are the solutions of the following initial value

problems

p1=s1+Le"P”', —oco<t<0, p1(0)=po,

fr=s1—-Le"", —oo<t<0, ri(0)=ry,
Pa=s2—Le"P', —oco<t<0, p2(0)=ry,
f2282+L€Kr1, —00 < t<0; rZ(O):pOr

where py, o are the same as in §2, L > 2K p is a positive constant and

(s2=81)y2 (s2—51)B3 }

K :=minyyi,Y2, B2, B3, ,
{Yl Y2, B2, B3 e e
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Define the functions u(x, t) and u(x, t) as follows.

ux, 1) =Qh1(x+vt—p1(1),P2(x + vVt + p1(2), Pp3(x + VL + pa(1)))
ux,0)=Qh1(x+vt—r1(0),Pp2(x + vt +r1(0),p3(x + VI + 12(1))).

By the similar argument as in §2, the functions u(x, ) and u(x, t) are a pair of super-sub-
solution of (1.1) for t < t, with some constant ¢y < 0. Hence, the existence and uniqueness of

the entire solution u(x, t) of (1.1) can be shown and u(x, t) satisfies
u(x, t) < ulx,t)<u(x1t)

for all x € R and ¢ < ty. Moreover, it is not difficult to check the entire solution u(x, t) satisfies

(1.7) by using the similar argument as in [4, Theorem 3.3] and taking

1 L 1 L
0, =-05:=—1 L J— , O := —1 L J— +710.
1 2 X 0g (e ) 3 X 0g (9 81) Po+To

$1

Finally, (1.10) holds from the result shown in [16, Theorem 1.1]. Therefore, the proof of Theo-
rem 1.2 has been done.
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