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EXTENDED A CONSTANT PART OF REDHEFFER’S TYPE
INEQUALITIES

YUSUKE NISHIZAWA

Abstract. J-L. Li and Y-L. Li [4] gave the following Redheffer’s type inequality;

1- (%)2 . sin x

1+3(x)t

holds for 0 < x < 7, where the constant 3 is the best possible. In this paper, we establish
two inequalities extended the constant part of the above inequality.

1. Introduction

Redheffer et al. [7], [8] established the following inequality; the inequality

sinx w%—x?

— > =z (1.1
holds for 0 < x < 7. After that, mathematicians [1]-[4], [6]-[11] studied the Redheffer’s type
inequalities. Chen et al. [2] gave the Redheffer’s type inequalities for cos x and %, Baricz
et al. [1], [6], [11] established the Redheffer’s type inequalities extended for Bessel functions
and Zhu et al. [9] [10] showed the Redheffer’s type inequalities for circular and hyperbolic
functions. Especially, Li et al. [4] showed the following simple Redheffer’s type inequality; the
inequality

x)\2 .
1—(;) , sinx (1.2)

1+3(§)4 *

holds for 0 < x < 7, where the constant 3 is the best possible. In this papar, we consider the
above inequality (1.2) and our main results are followings.
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Theorem 1.1. Forr >3 and0<x<n-7 r;r3’ we have

1- (;)2 N sinx

1.3)
1+7r (%)4 *
The above inequality (1.3) is extended the constant part of the inequality (1.2).
Theorem 1.2. Forr >3 andn rzfl < x < 71, we have
. 1—(% 2
sin x S ( n) (1.4)

* 1+r(%)4

The above inequality (1.4) is extended the constant part and the reversed type of the in-
equality (1.2).

Remark 1.3. It seem likely to that the inequality (1.3) holds for r >3 and 0 < x < 7 — 7/ %g,

which is a stronger than the condition of Theorem 1.1.

2. Proof of main theorems

Proof of Theorem 1.1. FromO0< x<n—7 %, we have
372
3<r
2r-x)x
and ) )
1—(%) _sinx N 1—(%) _sinx

4 X X
1+71(%) \/1+((zjffi)x)(§)4

_ Jm-x)2(x+m?2r—-x) sinx
B 72 (3x3 — m2x + 273) x

Hence, it suffices to show that

B (n—x)z(x+n)2(2n—x) B sin? x

F(x)=
72 (3x3 — m2x + 273) x?2

>0.

First, we consider the case of 0 < x < %”. In this case, the following inequality is the important
role of the proof. Li [5] showed that

x (-1 () B2 @~
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for 0 < x < 7. It follows from the above inequality (2.1) that

for 0 < x < . Thus, we can get

sin x - m-—x)2r—x)(x+m)(x+2m)
x xt+m2x? +Amt

for 0 < x < 7 and we have

(- x)?(x+m)?2r—x) _{(n—x)(Zn—x)(x+n)(x+2n) }2
72 (3x3 — m2x +273) x4+ w2 x% +Amt
(m-x)3C2r-x)x*(x+m)F (x)

2 (3x%2 —3mx +212) (x* + m2x% + 4714)2 ’

F(x) =

5

where F) (x) = —x° —nx* — 672x3 — 1273 x? — 87* x + 167°. Since F, (x) is strictly decreasing for

0<x< 3T”,wehave

37\ 1697°
Fx)>FK|—|= To24 >0

4

and )
3x% —3gx+27° = S(E)Z—SH(E)+2712 -5 o,
2 2 4

Thus, we obtain F(x) >0for0< x < %”. Next, we consider the case of %” < x < . By Taylor

series, we have

cos2x > 1—2(x—7r)2+%(x—7r)4—i(x—n)6
3 45

for 3 < x < 7, so we can get
—2x5 +6mx® —2m%x* —6m3 53 + An*x? - 3% x%® + 313 x - 27*  cos2x
Flx) = =
272 x? (3x% —3mx +27?%) 2x
(= x)*F>(x)
4512 x? (3x% — 3mx + 272) '
where

F(x) = —6m%x* + 1873 x% — 227% x% + 457% x* — 45%?

+14m° x — 457° x — 457 x — 47 + 307* — 9072
The derivatives of F,(t) are

Fy(1) = —247%x3 + 5473 x% — 447* x + 907% x — 90x + 147° — 457° — 457,
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F)(x) = =727 x* +1087° x — 447" + 907m% — 90
and
Fy'(x) = 1087° — 1447°x.

From F}’(x) <0 for T < x <m, F}/(x) is strictly decreasing for I <x<m By
Fy () = 90+ 907” — 87" =18.9917,

we have F)/(x) >0 for < x < m and F,(x) is strictly increasing for == < x < 7m. From
3n 5 2 Ay
Fy|— 173" (-90 + 187~ + n*) = 726.737,
we have F, "(x)>0 for < x < and F»(x) is strictly increasing for <x<m. By

37 1 2 4 6) ~
B2\~ :E(—19080n +27607" —237°) = 456.446,

we obtain F»(x) > 0 for T < x < . Thus, we obtain F(x) >0 for I < x < ;. The proof of

Theorem 1.1 is complete. O

Proof of Theorem 1.2. From T\ 757 2 1 <X <, wehave

X%+ 27
r> B —
X
By the inequality (1.1), we have
2 . 2 .
1-() _sinx 1-(%) _sinx
X 4 X 2 2 2 4 X
1+7(2) \/1+(“T”)(%)
_m-x)(x+m sinx
X247 X
T—x)(x+m 72— x?
x? +7? 7%+ x?
=0.
The proof of Theorem 1.2 is complete. a
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