
TAMKANG JOURNAL OF MATHEMATICS
Volume 49, Number 1, 79-83, March 2018
doi:10.5556/j.tkjm.49.2018.2505

-
+

+

-

-
-

-
-

This paper is available online at http://journals.math.tku.edu.tw/index.php/TKJM/pages/view/onlinefirst

EXTENDED A CONSTANT PART OF REDHEFFER’S TYPE

INEQUALITIES

YUSUKE NISHIZAWA

Abstract. J-L. Li and Y-L. Li [4] gave the following Redheffer’s type inequality;
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holds for 0 < x < π, where the constant 3 is the best possible. In this paper, we establish

two inequalities extended the constant part of the above inequality.

1. Introduction

Redheffer et al. [7], [8] established the following inequality; the inequality

sin x

x
≥
π

2
−x2

π
2
+x2

(1.1)

holds for 0 < x ≤ π. After that, mathematicians [1]–[4], [6]–[11] studied the Redheffer’s type

inequalities. Chen et al. [2] gave the Redheffer’s type inequalities for cos x and sinh x
x

, Baricz

et al. [1], [6], [11] established the Redheffer’s type inequalities extended for Bessel functions

and Zhu et al. [9] [10] showed the Redheffer’s type inequalities for circular and hyperbolic

functions. Especially, Li et al. [4] showed the following simple Redheffer’s type inequality; the

inequality
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(1.2)

holds for 0 < x < π, where the constant 3 is the best possible. In this papar, we consider the

above inequality (1.2) and our main results are followings.

Received June 19, 2017, accepted August 16, 2017.
2010 Mathematics Subject Classification. Primary: 26D05, 26D07.
Key words and phrases. Redheffer’s inequalities, monotonically increasing functions, monotonically

decreasing functions, trigonometric functions.

79

http://dx.doi.org/10.5556/j.tkjm.49.2018.2505


80 YUSUKE NISHIZAWA

Theorem 1.1. For r > 3 and 0 < x <π−π

√

r−3
r , we have
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x
. (1.3)

The above inequality (1.3) is extended the constant part of the inequality (1.2).

Theorem 1.2. For r > 3 and π
√

2
r−1 < x <π, we have

sin x

x
>
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√
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. (1.4)

The above inequality (1.4) is extended the constant part and the reversed type of the in-

equality (1.2).

Remark 1.3. It seem likely to that the inequality (1.3) holds for r > 3 and 0 < x < π−π

√

r−3
r+5

,

which is a stronger than the condition of Theorem 1.1.

2. Proof of main theorems

Proof of Theorem 1.1. From 0 < x <π−π

√

r−3
r , we have
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Hence, it suffices to show that

F (x) =
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π
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(
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) −
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First, we consider the case of 0 < x ≤
3π
4 . In this case, the following inequality is the important

role of the proof. Li [5] showed that
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for 0 < x <π. It follows from the above inequality (2.1) that

x
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for 0 < x <π. Thus, we can get

sin x

x
≤

(π−x)(2π−x)(x +π)(x +2π)

x4
+π

2x2
+4π4

for 0 < x <π and we have
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where F1(x) =−x5
−πx4

−6π2x3
−12π3x2

−8π4x +16π5. Since F1(x) is strictly decreasing for
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3π
4

, we have
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Thus, we obtain F (x) > 0 for 0 < x ≤
3π
4 . Next, we consider the case of 3π

4 < x < π. By Taylor

series, we have
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where
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The derivatives of F2(t ) are
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−45π ,
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F ′′

2 (x) = −72π2x2
+108π3x −44π4

+90π2
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and
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From F ′′′

2 (x) < 0 for 3π
4
< x <π, F ′′

2 (x) is strictly decreasing for 3π
4
< x <π. By
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we have F ′′
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we have F ′
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we obtain F2(x) > 0 for 3π
4 < x < π. Thus, we obtain F (x) > 0 for 3π

4 < x < π. The proof of

Theorem 1.1 is complete. ���

Proof of Theorem 1.2. From π
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r−1 < x <π, we have
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.

By the inequality (1.1), we have
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The proof of Theorem 1.2 is complete. ���
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