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SHEFFER POLYNOMIALS AND APPROXIMATION OPERATORS

EMIL C. POPA

Abstract. In this paper we are studying the sequence of linear positive operators (P (Q,S)
n )

defined in (2). Using the Bohman-Korovkin uniform convergence criterion we are proving that

the sequence (P (Q,S)
n ) converges uniformly to the identity operator.

In addition we give some estimates. Finally we consider two examples (P (A,S)
n ) and (P (∇,S)

n )

defined in (25), (27).

1. Introduction

Let Π be the algebra of all polynomials in one variable, with real coefficients and let

Q : Π → Π be a delta operator with basic polynomial set (pn).

Operators Ln : C[0, 1] → C[0, 1], n = 0, 1, 2, . . . of the form

(Lnf)(x) =
1

pn(1)

n
∑

k=0

(

n

k

)

pk(x)pn−k(1 − x)f

(

k

n

)

(1)

have been studied in [1]-[2], [4]-[8], [10]-[11].

Next we consider a Sheffer set relative to Q, namely s0(x) = c 6= 0 and Qsn(x) =

nsn−1(x).

Let S be an invertible shift invariant operator such that Ssn(x) = pn(x).

Definition. (Q, S) belongs to the class W if the following conditions are satisfied

i) p′n ≥ 0, sn(0) ≥ 0, s0(x) = 1, sn(1) 6= 0 for n = 1, 2, 3, . . ..

ii) limn→∞

∑n

i=2

(

n−2
i−2

)

sn−i(0)(Q′−2pi−2)(1)

sn(1)
= 1.

where Q′ is the Pincherle derivative of the operator Q.

The identity

sn(x + y) =

n
∑

k=0

(

n

k

)

pk(x)sn−k(y)
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which characterizes the Sheffer polynomials, suggest us to consider the sequence of linear
polynomial operators P

(Q,S)
n : C[0, 1] → C[0, 1] defined by

(P (Q,S)
n f)(x) =

1

sn(1)

n
∑

k=0

(

n

k

)

pk(x)sn−k(1 − x)f

(

k

n

)

(2)

where (Q, S) ∈ W , f ∈ C[0, 1].
For example if Q = DE−β , pn(x) = x(x + nβ)n−1, sn(x) = (x + nβ)n we obtain the
Cheney-Sharma operator (1964, see [2])

(Snf)(x) =

n
∑

k=0

(

n

k

)

x(x + kβ)k−1(1 − x + n − kβ)n−k

(1 + nβ)n
f

(

k

n

)

where E−β is the shift operator and D the derivative.

Lemma 1. If (Q, S) ∈ W then P
(Q,S)
n , n = 1, 2, 3, . . . are positive operators.

Proof. From the identities (see [9])

pn(x) = x

n−1
∑

k=0

(

n − 1

k

)

pn−k−1(x)p′k+1(0) (3)

sn(x) =

n
∑

k=0

(

n

k

)

sk(0)pn−k(x) (4)

on obtain pn(x) ≥ 0, sn(x) ≥ 0, n = 1, 2, . . . for every x ∈ [0, 1].

Lemma 2. If p′n(0) ≥ 0 for n = 1, 2, . . ., then

0 < (Q′−2pn−2)(1) ≤ pn(1), n = 2, 3, . . .

Proof. According to theorem 9 from [4], and lemma 1 we have

pn−1(x)

x
p′1(0) ≤ (Q′−2pn−2)(x) ≤

pn(x)

x2
, x > 0, n = 2, 3, . . . .

For x = 1 this gives

0 < (Q′−2pn−2)(1) ≤ pn(1) for n = 2, 3, . . .

2. Results

If m is a natural number, let us denote

Sm(x, y, n) =

n
∑

k=0

(

n

k

)

pk(x)sn−k(y)

(

k

n

)m
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and let P be the linear operator defined by P = xQ′−1.

Using the method from [4] or [6] and the identity

sn(x + y) =

n
∑

k=0

(

n

k

)

pk(x)sn−k(y)

we obtain

Sm(x, y, n) =
1

nm

m
∑

k=0

k!

(

n

k

)

S(m, k)P kEysn−k(x) (5)

where S(m, k) are the Stirling numbers of second kind and Ey is the shift operator

(Eyf)(x) = f(x + y).
Taking into account that

PEypn−1(x) =
x

x + y
pn(x + y) (6)

sn−1(x) =
n−1
∑

k=0

(

n − 1

k

)

sn−k−1(0)pk(x) (7)

(see [6]) we obtain

PEysn−1(x) =
x

x + y

n
∑

i=1

(

n − 1

i − 1

)

sn−i(0)pi(x + y) (8)

Now using the fact that

P 2Eypn−2(x) =
x

x + y
pn(x + y) − xyQ′−2pn−2(x + y)

(see [6]) and

sn−2(x) =

n−2
∑

k=0

(

n − 2

k

)

sn−k−2(0)pk(x)

we obtain

P 2Eysn−2(x) =
x

x + y

n
∑

i=2

(

n − 2

i − 2

)

sn−i(0)pi(x + y)

−xy

n
∑

i=2

(

n − 2

i − 2

)

sn−i(0)Q′−2pi−2(x + y) (9)

Next we have

S0(x, y, n) = sn(x + y)

S1(x, y, n) =
x

x + y

n
∑

i=1

(

n − 1

i − 1

)

sn−i(0)pi(x + y)
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S2(x, y, n) =
1

n

x

x+y

n
∑

i=1

(

n−1

i−1

)

sn−i(0)pi(x+y)+
n−1

n

x

x+y

n
∑

i=2

(

n−2

i−2

)

sn−i(0)pi(x+y)

−
n− 1

n
xy

n
∑

i=2

(

n − 2

i − 2

)

sn−i(0)(Q′−2pi−2)(x + y)

Hence

(P (Q,S)
n e0)(x) = e0 (10)

(P (Q,S)
n e1)(x) =

∑n

i=1

(

n−1
i−1

)

sn−i(0)pi(1)

sn(1)
x (11)

(P (Q,S)
n e2)(x) =

1

n

∑n

i=1

(

n−1
i−1

)

sn−i(0)pi(1)

sn(1)
x +

n − 1

n

∑n

i=2

(

n−2
i−2

)

sn−i(0)pi(1)

sn(1)
x

−
n − 1

n

∑n

i=2

(

n−2
i−2

)

sn−i(0)(Q′−2pi−2)(1)

sn(1)
x(1 − x) (12)

where ek(x) = xk, k = 0, 1, 2, . . ..
Let us denote

an =

∑n

i=1

(

n−1
i−1

)

sn−i(0)pi(1)

sn(1)

bn =

∑n

i=2

(

n−2
i−2

)

sn−i(0)pi(1)

sn(1)

cn =
sn−1(0)p1(1) +

∑n

i=2

(

n−2
i−2

)

sn−i(0)pi(1)

sn(1)

dn =

∑n

i=2

(

n−2
i−2

)

sn−i(0)(Q′−2pi−2)(1)

sn(1)

Therefore
(P (Q,S)

n e1)(x) = anx (13)

(P (Q,S)
n e2)(x) = bnx2 +

1

n
cnx + (x − x2)

(

bn −
n − 1

n
dn

)

(14)

Taking into account that

(

n − 2

i − 2

)

≤

(

n − 1

i − 1

)

≤

(

n

i

)

, (Q, S) ∈ W

and using lemma 2, we obtain

dn≤

∑n
i=2

(

n−2
i−2

)

sn−i(0)pi(1)

sn(1)
=bn≤

∑n
i=2

(

n−1
i−1

)

sn−i(0)pi(1)

sn(1)
≤an≤

∑n

i=1

(

n
i

)

sn−i(0)pi(1)

sn(1)
≤1

(15)
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whence

lim
n→∞

an = lim
n→∞

bn = 1.

Now using n−i
i−1

(

n−2
i−2

)

≤
(

n
i

)

for i = 2, 3, . . . , n, we have

0 ≤ cn ≤
nsn−1(0)p1(1) +

∑n

i=2

(

n
i

)

sn−i(0)pi(1)

sn(1)
=

∑n

i=1

(

n
i

)

sn−i(0)pi(1)

sn(1)
≤ 1

Hence

lim
n→∞

(

1

n
cn

)

= 0.

Theorem 1. If (Q, S) ∈ W and f ∈ C[0, 1], then

lim
n→∞

‖f − P (Q,S)
n f‖ = 0

where ‖f‖ = maxt∈[0,1] |f(t)|.

Proof. According to the Bohman-Korovkin theorem it is sufficient to show that

lim
n→∞

‖ek − P (Q,S)
n ek‖ = 0, k = 0, 1, 2.

In our case, from (10), (13), (14)

‖e0 − P (Q,S)
n e0‖ = 0

‖e1 − P (Q,S)
n e1‖ = ‖x − anx‖ = 1 − an

and limn→∞ ‖e1 − P
(Q,S)
n e1‖ = 0.

Finally

‖e2 − P (Q,S)
n e2‖ =

∥

∥

∥

∥

(1 − bn)x2 −
1

n
cnx − (x − x2)

(

bn −
n − 1

n
dn

)∥

∥

∥

∥

≤ (1 − bn) +
1

n
cn +

1

4

(

bn −
n − 1

n
dn

)

where 1 − 1
n
≤ 1 ≤ bn

dn
.

Therefore

lim
n→∞

‖e2 − P (Q,S)
n e2‖ = 0

Theorem 2. Let (P
(Q,S)
n ), (Q, S) ∈ W be the sequence of linear positive operators

defined in (2). If f ∈ C2[0, 1], mf = minx∈[0,1] f
′′(x), Mf = maxx∈[0,1] f

′′(x), then for

x ∈ [0, 1]
1

2
mfθn(x) ≤ (P (Q,S)

n f)(x) − f(anx) ≤
1

2
Mfθn(x) (16)
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where θn = (P
(Q,S)
n e2)(x) − a2

nx2.

Proof. If h ∈ C[0, 1] is convex on I, c1, c1, . . . , cn are non-negative numbers with
c0 + c1 + · · · + cn = 1, then for every system of points x0, x1, . . . , xn from [0, 1]

h

(

n
∑

k=0

ckxk

)

≤

n
∑

k=0

ckh(xk).

Let us consider

ck =
1

sn(1)

(

n

k

)

pk(x)sn−k(1 − x)

xk =
k

n

x being arbitrary in [0, 1]. Then

n
∑

k=0

ckxk = (P (Q,S)
n e1)(x) = anx

and hence
h(anx) ≤ (P (Q,S)

n h)(x) (17)

Now we observe that:

h1(x) =
1

2
Mfx2 − f(x); h2(x) = f(x) −

1

2
mfx2

are convex on [0, 1].
Hence

h1(anx) ≤ (P (Q,S)
n h1)(x)

h2(anx) ≤ (P (Q,S)
n h2)(x)

and

(P (Q,S)
n h1)(x) =

1

2
Mf(P (Q,S)

n e2)(x) − (P (Q,S)
n f)(x)

(P (Q,S)
n h2)(x) = (P (Q,S)

n f)(x) −
1

2
mf (P (Q,S)

n e2)(x)

Now using (17)

1

2
Mfa2

nx2 − f(anx) ≤
1

2
Mf (P (Q,S)

n e2)(x) − (P (Q,S)
n f)(x)

f(anx) −
1

2
mfa2

nx2 ≤ (P (Q,S)
n f)(x) −

1

2
mf (P (Q,S)

n e2)(x)

Finally

1

2
mf [(P (Q,S)

n e2)(x) − a2
nx2] ≤ (P (Q,S)

n f)(x) − f(anx) ≤
1

2
Mf [(P (Q,S)

n e2)(x) − a2
nx2]



SHEFFER POLYNOMIALS AND APPROXIMATION OPERATORS 123

Theorem 3. Let (Q, S) ∈ W , f ∈ C[0, 1] and denote by w(f ; δ) the modulus of

continuity of the function f . If x ∈ [0, 1], then

|f(x) − (P (Q,S)
n f)(x)| ≤ 2w(f ;

√

An) (18)

‖f − P (Q,S)
n f‖ ≤ 2w(f ;

√

Bn) (19)

where

An = (bn − 2an + 1)x2 +
1

n
cnx + (x − x2)

(

bn −
n − 1

n
dn

)

Bn = (bn − 2an + 1) +
1

n
cn +

1

4

(

bn −
n − 1

n
dn

)

Proof. If L : C[0, 1] → C[0, 1] is a linear positive operator, then (see for instance
theorem 4.2 and 4.5 from [3])

|f(x) − (Lnf)(x)| ≤ 2w(f ;
√

(LΩ2)(x) (20)

‖f − Lf‖ ≤ inf
m=1,2,...

{1 + δ−m‖LΩm‖}w(f, δ) (21)

where δ > 0, Ωj(t, x) = Ωj(t) = |t − x|j .
We have

(P (Q,S)
n Ω2)(x) = (1 − 2an + bn)x2 +

1

n
cnx + (x − x2)

(

bn −
n − 1

n
dn

)

We observe that

1−2an+bn =sn(0)+(n−2)sn−1(0)p1(1)+

n
∑

i=2

[(

n−2

i−2

)

+

(

n

i

)

−2

(

n−1

i−1

)]

sn−i(0)pi(1) ≥ 0

for n = 2, 3, . . ..
Therefore

(P (Q,S)
n Ω2)(x) ≥ 0 for x ∈ [0, 1]

and

|f(x) − (P (Q,S)
n f)(x)| ≤ 2w(f ;

√

An).

For m = 2 in (19) we obtain

‖f − P (Q,S)
n f‖ ≤ 2w(f ;

√

Bn).

3. Examples

Let us consider the following examples
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I. The Abel operator A = DE−α is a delta operator with basic polynomials

pα
n = x(x + nα)n−1

and we consider that

α = α(n) > 0, lim
n→∞

n3α(n) = 0 (22)

Let (sα
n) be the Sheffer set

sα
n = (x + n − 1α)n, s0(x) = 1

namely Asn = nsn−1, n = 1, 2, 3, . . ..

We have

i) [pα
n]′(0) = (nα)n−1 > 0, sn(0) = (n − 1)nαn ≥ 0, sα

n(1) = (1 + n − 1α)n 6= 0.

ii) According to theorem 9 (from [4]) we have

pα
n−1(1)

pα
n(1)

[pα
1 ]′(0) ≤

(Q′−2pα
n−2)(1)

pα
n(1)

≤ 1, n = 2, 3, . . .

From (22)
lim

n→∞
α(n) = lim

n→∞
nα(n) = lnn2α(n) = 0.

Hence

lim
n→∞

pα
n−1(1)

pα
n(1)

= lim
n→∞

(1 + n − 1α)n−1

(1 + nα)n−1
= 1

and using (pα
1 )′(0) = 1 we have

lim
n→∞

(Q′−2pα
n−2)(1)

pα
n(1)

= 1 (23)

Now

lim
n→∞

pα
n(1)

sα
n(1)

= lim
n→∞

(1 + nα)n−1

(1 + n − 1α)n
= 1 (24)

From (23), (24) we obtain

lim
n→∞

(Q′−2pα
n−2)(1)

sα
n(1)

= 1.

Now using (15) we observe that

(Q′−2pα
n−2)(1)

sα
n

≤ dn ≤ 1

namely limn→∞ dn = 1.
Therefore (A, S) ∈ W and the sequence of linear polinomial operator

P (A,S)
n : C[0, 1] → C[0, 1]
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defined by

(P (A,S)
n f)(x) =

1

(1 + n − 1α)n

n
∑

k=0

(

n

k

)

x(x+kα)k−1(1−x+n − k − 1α)n−kf

(

k

n

)

(25)

with α = α(n) > 0, lnn3α(n) = 0, verify

lim
n→∞

‖f − P (A,S)
n f‖ = 0,

for every C[0, 1], where
‖f‖ = max

t∈[0,1]
|f(t)|.

II. Backward difference operator

∇ =
1

α
(I − E−α)

where α = α(n) > 0, limn→∞ α(n) = 0, with the basic sequence

pα
n(x) = x(x + α) · · · (x + n − 1α), p0(x) = 1. (26)

Let (sα
n) be a Sheffer set relative to ∇ defined by

sα
n(x) = x(x + α) · · · (x + n − 2α)(x + n − 1α + n), s0(x) = 1

We have

i) [pα
n]′(0) = (n − 1)!αn−1 > 0, sn(0) ≥ 0, n = 1, 2, . . . , sα

n(1) 6= 0;
ii) We observe that

(∇′−2pα
n−2)(1) + (n − 2)(∇′−2pα

n−3)(1)

sα
n(1)

≤ dn ≤ 1, n = 3, 4, . . .

But

(∇′−2pα
n−2)(1) = (1 + 2α)(1 + 3α) · · · (1 + n − 1α),

(∇′−2pα
n−3)(1) = (1 + 2α)(1 + 3α) · · · (1 + n − 2α),

whence

lim
n→∞

(∇′−2p2
n−2)(1) + (n − 2)(∇′−2pα

n−3)(1)

sα
n(1)

= lim
n→∞

1 + n − 1α + n − 2

(1 + α)(1 + n − 1α + n)
= 1

and
lim

n→∞
dn = 1.
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Therefore (∇, S) ∈ W and the sequence of linear polinomial operators

P (∇,S)
n : C[0, 1] → C[0, 1]

defined by

(P (Q,S)
n f)(x) =

1

1 + n − 1α + n

n
∑

k=0

wn,k(x, α)f

(

k

n

)

(27)

where

wn,k(x, α) =

(

n

k

)∏k−1
i=0 (x + iα)

∏n−k−2
i=0 (1 − x + iα)

(1 + α)(1 + 2α) · · · (1 + n − 2α)
(1 − x + n − k − 1α + n − k)

α = α(n) > 0, limn→∞ α(n) = 0, verify

lim
n→∞

‖f − P (∇,S)
n f‖ = 0, for every f ∈ C[0, 1].

Finally we observe that P
(D,I)
n is the Bernstein operator where D is the derivative oper-

ator and I the identity

(P (D,I)
n f)(x) = (Bnf)(x) =

n
∑

k=0

(

n

k

)

xk(1 − x)kf

(

k

n

)

Operators such as P
(Q,I)
n had been studied by Brass H. [1], Cheney E. W., Sharma A.

[2], Manole C. [6], Moldovan Gr. [7], Mühlbach G. [8], Stancu D. D. [10], [11]

(PQ,I
n f)(x) =

1

pn(1)

n
∑

k=0

(

n

k

)

pk(x)pn−k(1 − x)f

(

k

n

)

For this operators condition ii) of definition becomes

lim
n→∞

(Q′−2pn−2)(1)

pn(1)
= 1.
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E-mail: emil.popa@mail.ulbsibiu.ro


