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TWO DIMENSIONAL THERMO-ELASTIC WAVES DUE TO DISTURBANCE
PRODUCED BY AN IMPULSIVE HEAT NUCLEUS

BISWAJIT DATTA AND B. DAS

Abstract. This paper deals with a two-dimensional dynamical problem of thermoelasticity
generating elastic waves due to disturbance produce by a periodic heat nucleus. Initially, a
detailed discussion on the theoretical part of the problemm is made without temperature, then

the disturbance due to impulsive heat nucleus is considered.

Intrduction

In a paper, Eason, Fulton and Sneddon®! have dealt with the disturbances produced
by the distribution of stresses in an infinite elastic solid when the time dependent body
force act upon certain region of the body. Strain being small, the general solution of the
equation of motion for any distribution of body force is derived by the Four-dimensional
Fourrier transforms!¥ and thus the general solution is obtained. It is a typical two
dimensional problem when the disturbance is generated due to time dependent impulsive
heat nucleus.

Method of Solution

Equation of motion in two dimensions with density p of the medium arel"

or*®  or%

F:C: T
9z T oy +p pf
or*y oty

FY — pfY
7 T 3y +p pf

where F*, F¥ denote components of body force at (z,y).
The acceleration of the infinitisimal element centred at this point is denoted by
(f*, f¥). If we introduce the displacement vector components (v*,v¥) at such a typi-
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cal point, we have

. 0%" 5 0%
I=%m = n
0% 5 %Y

¥y = =c
! ot? or?
where ¢ denotes time, ¢ is some characteristic velocity and 7 = ct, is a space time co-
ordinate determined by time. The equation of motion may, therefore, be written in the
form[®]

or*® i or*y 4P — o 9%v*®
x| oy T TP o .
or™ oty o 5 0% (1)
Ox + Oy bt =pc oT2

To solve these equation we introduce Fourier transform[4 of each of the components
of stress and displacement. We shall denote the Fourier transforms of a function ¢ by
placing a bar over it, thus ¢; in other word
1
2n)?

1 d¢p 0?2 _
(271_)% / <8—;’i, 8—7(5) exp{i(zp &p + wr)tds = —(1&p, w2)¢)

/ b1, w3, 7) expli(ey & + wr) bds = BlEa, &, )
2 ()

where p = 1, 2; ds = dx; dxo dr and s3 denotes the entire 21 2 7 plane. Applying (2)
in (1), we get

1T 16T — pr = chwQUz } 3)
3

1&TY 41 &, TV — pF? = pctw?tY
From stress-strain relations in two dimensional thermoelastic problem for a temperature
distribuion 7'°!, we have

ov” ovY
w_ [ T
i 1<8x oy ™ )
ov*  ovY
Tyy=E1<Vai+a—z;—Oé1T> (4)
(O,
dy Ox
where F, = %, ar = 1+v)a, v= ﬁ, E and « denote Young’s modulus and

coefficient of linear thermal expansion.
Using (2) over (4) we get
T = — i By (60 + v &Y —ion T)

7YY — 4 El(ygxﬁx + Eyﬁy — 1 T) (5)
T — i pl€ T + €0
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Substituting (5) in (3), and solving for 7* and 7Y we get,

V= BEHE - F — (B - DEF + 6,6
)
+%(52 —DaT&(E+ ¢ — w2)} (6)
{3+ - P + & - v}

W = {ﬁQ (48 —w)F — (B2 - 1)(&&F +EF)
+%§%(52 —1)aT& (& +¢& - WQ)} ®
{ A+ - P+ €2 - )}

40+ 4p(0+
where 32 = §+2Z) 2 = P?L/£+QZ;
Now, we find from (5)

is chosen for our characteristic velociry c.

70 = —ip{ B + & — WA (& F + v, ') = (2~ )(E + v )& +&F")
;22

T - DaT(€ + & - A - DG + )
@+ - PP @+ -wt)) (8)

7 = —ip{ B + € ~ A WEF +§F) = (B - e + E)(&F +&F)

)
T (5~ DaT(€ + € - PP - DG + 7]}
HE+& - )&+ & — W)} 9)
T %f{ﬂ? (€ +& —)EF +&F") = 2(5° - D& &y (GF +6,F)
2ict o (2 | 2\ (2 2 2 2
F (8 - DaT(& + E)(E + & — )}
H{E+ & - )& + & - W)} (10)

Applying Fourier inversion theorem[* over (6)—(10), we have

T _ 1 —z — —y
ETHE /W3 {PE@+g-F (- EF + et )
;2
%(52 —DaT& (& + 55 — w2)} cexp[—i(z & +y &y +wT)) (11)

{@re-po@re-w)) aw
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T _ 1 2 (g2 2 nTY 2 275 =
v C%(QW)% /W3 {ﬁ (€z+€y w )F (ﬁ 1)(§$F + &by I )
;2
—2;? (6% = 1)aT & (& +& — w2)} cexpl—i(z & +y&y +wr)] ( (12)

{E@rg-po@re-w) aw

et [ AP @ g - AET e P - (7 e )
(G + )+ B (B - )aT(E + 8 - P -DE +u?} ¢ (13)

{ere-po@re-w) aw

1 e,
= ingy [ {PE@ g W 6P (7 )

v+ ENETF +&F) + 2L (82 — 1)aT (€ + €2 — fw?) 14)
v = 1)€2 + w2} - expl—i(z &, + gy +wr)

{@+e-po) @+g-w}) aw

el (2m)2 ,
(GF + & F) + (B — )aT(E +E)(€ + €2 - 3]} (15)
expl-ifats + 36, +wr)] - {(E@+ € - Fu?) (@4 —wt)) -aw

where W is the &, &, w space and dW = d§, d&,dw.
Now, from the set of relations 7% + 7%¥, %% — 7YY normal stresses 77* and 7YY can be

obtained easily.

py = L /W (@ +& - EF +6F") - 28 - )5 &

Solution of the Problem

We consider the solution of the equation of motion when the time-dependent body
forcel®l and temperature T, acting at the origin in the direction of z-increasing, varies
harmonically with time period 27“. For such case we may write

X = S 5(@)s(w)60 (16)
7 = 5L5(@)6 )50 (17)

which gives us for X and T, the relation
— T
X=—"% (18)
p(2m)2
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(19)

— T
T — 0C1 _
2pu(2m)2

since §(t) = ¢10(7). Here we have chosen for the shake of simplicity F* = X, F¥ = 0
T = (Tgy)1-

e = (UQJ)T)

We shall adopt the usual notation for this problem, i.e.
T T = (oy)T,

v" =ur, v =uvrp,
Putting F* = X, F¥ = 0 and using the usual notations we get from (11) and (12),

BAE+E —w) — (B2 - 1§E

1
- A2 /Wg [(53 +&2 — B2w?)(E2 + €2 — w?)
. 9 2 A
+2;§1 (g%(i I3 1);§22)T} cexp{—i(x & +y&y +wT)} - dW
(62 B 1)51 fy Y

— Bjw?) (&2 + & —w?)

1
e 2(2m)} /W3 {(f;% +&
as T} cexpl—i(e &+ yEy +w )} - W

|

)

2i c2
Jr
B (62 + & — FPw?)
Rewriting up and vy we get,
! / { X { £2 B&
s An)E Jw, [+ 18+ w2482 - 5w (20)
M0 el f:c .
2i=(8% = 1)aT : —i(x &y ~dW
2L - DaT g | el ilre 4 v+ 7))
_ 1 / [fo &y { 1 B 3 }
An)s Jw, [2+E2 12+ -w? 2+62-5%2 (21)
Ny el &y :
—2i%(32 —1)aT cexp{—i(z &, AW
(- 0T gty | e lilats 4y +0)
Subsitiuting the value of X and T form (18) and (19) into (20) and (21), we get
1 Fey (921 921
] R
813 ulB? \ Ox dy (22)
1 (8% — 1)aT . 9 02l  0°I,
8m3  pf? 0" 92 \ 922 Oy>
__i& o2 (I _52])
YT TR w32 dxdy ! 2 (23)
1 (p% - 1)aT . 9 (L, L
09y ox2 T oy2

T3 p3?
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where
exp{—i(z &, + y&y + wt)}
I :/ - dW (24)
ws (8 +EE +&5 —w?)
exp{—i(x &, + y&y + wt)}
L= / W (25)
wy (82 + )& + & — Fw?)
Putting x = rcos6, y =rsiné, { = pcos¢, {, = p sin¢ in (24) and (25).
After making necessary substitution and then integrating we find that % is a function
of r only, and that!*!
on, __ax [ sn(5) ()
87“ ﬁ 0 p P
4 2
- z T7 (T S ﬁr)
B2r
4m? (26)
~ TV E) ) (72 6r)
A similar expression can be obtained for % by putting 8 = 1 in equation (26).
Substituting these values into equation (22) and (23) we obtain the formula
0, (r>r)
Fei [a* 5 a1 22 —4* 5 51
2712 {72( )R (TR (T<r <)
Fey [a* o1 BY 2\—1
22 — 02 N N
e G SRR
T
e B~ e =) (r<)
0, (r>r)
Fey xy 2 o1 29 2\1
27TM527”_2{(T —r?) 2+r—2(7' —r)2}, (7' <r<r)
vp = GO )y ) F (28)
2mp 33
zy Fe 9 oy 1 9 o1
Fb e (et Bl Gl i
2
+5 (2=t - 2 -], (r<7)
T
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In these formula 7 =c1t, 7/ = co t = “Tt
These determine the components of displacement vector.
Differentiating ur and vr, and substituting these values in (4) we obtain,

TQO& (ﬁ2 — 1)

L0 2 2\—3 20,72 _ . 2\—3
R {262 = ) d 322 - 02) 78]

lo)r—(or] ) 1 1
Fa ) —w@-s{@-ioae-t) <), )
2?2 —y? 5 o s 2@2=3y%), 5, o1
7"2y (T9—=r9)"2— ( - y)(T —r¥)72
——(@?=3y?) (7 —)%, (7 <r<7),
0, (r>)
2”62[(01)T _ (Uy)T] x(7'2 — 7"2)7%, (7’ < T)
(B2=)erF 0, (r>7), 30
l‘2 3 3
62( /2 77,2)72 + 2_2{(7_/2 77,2)75 76(7—/2 77,2)75}
2_ 1’2 1 1
2(y r43 ){(72 77,2)75 76(7—/2 7,2)75}
2752(7—zy)T _ 7%(1‘2 - 3y2){(7—2 - 7’2)7% - 6(7—/2 - T2)7%}a (T < T/)a
et 222, 2 2(y* —32%) 2\—1
Syt A 2y
o =3 =), (' <r <)
0 (r>r)
(31)

From (29) and (30) principal stresses ((0;)7, (0y)r) can be determined easily.
From the expressions it is clear that the distribution is propagated outwards from
the centre with velocities ¢; and ¢y = 4. These waves are known in sismology as the P-

waves, and s-waves, respectively (Bullen 1947, p.47). The wave fronts are circles, centre
the origin and radii 7 = ¢1t, 7’ = cat.
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