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ON COMPACT EINSTEIN DOUBLY WARPED PRODUCT MANIFOLDS

PUNAM GUPTA

Abstract. In this paper, the non-existence of connected, compact Einstein doubly warped
product semi-Riemannian manifold with non-positive scalar curvature is proved. It is
also shown that there does not exist non-trivial connected Einstein doubly warped prod-
uct semi-Riemannian manifold with compact base B or fibre F.

1. Introduction

In 1969, Bishop and O’ Neill [6] introduced singly warped products or warped products
to construct Riemannian manifolds with negative sectional curvature. Warped products have
significant applications in many areas like general relativity, solutions of Einstein’s equations
[1],[4] and in many areas of geometry because of their role in construction of new examples

with interesting curvature and symmetry properties [5, 8, 11, 23].

After that, theory of relativity demands a larger class of manifold and then idea of doubly
warped products was introduced. In 1983, O’Neill [23] discussed doubly warped products and
derived curvature formulas of doubly warped products in terms of curvatures of components
of doubly warped products. Doubly warped products and its properties are studied by many
authors [12, 13, 14, 21, 24, 26, 27] in different aspects.

In 1983, Besse [5, p.265] gave the open problem “Does there exist a compact Einstein
warped product space with nonconstant warping function?” In 2002, Kim [16] studied the
Einstein warped product spaces and proved that there does not exist a compact Einstein
warped product space if the scalar curvature is non-positive or the base is of 2-dimensional.
In 2003, Kim and Kim [17] gave the partial answer of Besse question and showed that there
does not exist an Einstein warped product space with nonconstant warping function if the
scalar curvature is non-positive and base is compact. In 2005, Mustafa [22] generalized the
result of Kim and Kim [17] and proved the same result with no condition on scalar curvature.
For semi-Riemannian manifold, Beem et al. [4] and Easely [10] proved thatif M = Bx ¢ Fis a 4-

dimensional Ricci flat warped product, where base B as a surface of constant curvature, then
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M is simply a product manifold. Compact Einstein warped product Riemannian manifold

has been studied by many authors [7, 9, 18].

The purpose of this paper is to extend the result of [16, 17, 22]. The non-existence of
connected compact Einstein doubly warped product semi-Riemannian manifold with non-
constant warping function is proved if the scalar curvature is non-positive. In the last, it is
shown that there does not exist non-trivial connected Einstein doubly warped product semi-
Riemannian manifold with compact base B or compact fibre F. After that, an open problem

in the Finslerian set up is given.

2. Preliminary

Doubly warped product manifolds were introduced as a generalization of warped prod-
uct manifolds. Let (B, gg) and (F, gr) be two semi-Riemannian manifolds with real dimension
ny and ny, respectively. Let h: B — R* and f : F — R* be two smooth functions. Consider
the product manifold B x F with its projections 7 : Bx F — B and o : Bx F — F. The doubly

warped product B x ¢F is the product manifold B x F furnished with the metric tensor
g=(foo)’n"(gp)+(hom®c” (gr),
where * denotes pullback. If X is tangent to B x F at (p, g), then
gX,X) = f2(q)gp(dn(X),dn(X)) + h*(p)gr(do (X), da (X)).

Thus we have
g=r’gp+hgr. @.1)

The function & and f are called the warping functions of the doubly warped product. The
manifold B is known as the base of (M, g) and the manifold F is known as the fibre of (M, g).
If the warping function f or h is constant, then the doubly warped product , B x ¢ F reduces to
a warped product , B x F (or B x ¢F), where the fibre F is just F with metric g given by 7= g
(or where the base B is just B with metric &g given by # gp). If the warping function f or h is
equal to 1, then the doubly warped product B x ¢ F reduces to a warped product B x F (or
B x ¢F). If both f and h are constant, then it is simply a product manifold B x F, where the
fibre F is just F with metric gr given by # gr and the base B is just B with metric gz given by
# gg. Ifboth f and h are equal to 1, then it is simply a product manifold B x F.

The set of all smooth and positive valued functions i : B— R* and f : F — R" are denoted
by Z (B) = C®(B) and Z (F) = C*°(F), respectively. The lift of 1 and f to M are defined by / =
hom e & (M) and f = foo e F(M).1f X, € T,(B) and q € F, then the lift X(p,q) of X, to M is the
unique tangent vector in T(,,q) (B x {¢}) such that d7 (p,q) (X(p,q) = X and do ) (X(p,q)) = 0.
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The set of all such horizontal tangent vector lifts will be denoted by L, 4)(B). Similarly, we
can define the set of all vertical tangent vector lifts Ly, (F).

Let X € X(B), where X(B) is the set of smooth vector fields, then the lift X of X to M is
the unique element of X(M) whose value at each (p, q) is the lift of X}, to (p,q). The set of
such lifts will be denoted by £ (B). In a similar manner, we can define £ (F). Throughout
the paper, we assume that X, Y, 7 € £ (B) and U, V, W € £ (F). The connections V,BV andfv
are Levi-Civita connections on M, Band F, respectively. The tensors S,85 and”'S are the Ricci
tensors for the connections V,2V and?V, respectively; r,2r and”r are the scalar curvatures
for the connections V,V and'V, respectively.

A semi-Riemannian manifold M is said to be an Einstein manifold [23] ifits Ricci tensor S
is proportional to the semi-Riemannian metric g, i.e. S = ug for some p € C*°(M). If dim M >

2 and M is connected, then y is constant.

Now, we define

Definition 2.1. An Einstein doubly warped product semi-Riemannian manifold (Einstein DWP
semi-Riemannian manifold) is a doubly warped product semi-Riemannian manifold which is

Einstein.

3. Doubly warped product semi-Riemannian manifold

In this section, we give some results on Einstein doubly warped product semi-Riemannian

manifolds.

Lemma 3.1 ([15]). Let M = B x ¢F be a doubly warped product semi-Riemannian manifold.
Then

S, ) =Bsx,v) - %Hg(x, Y)
1
e

where H g is the Hessian of h on B and Ar f is the Laplacian of f on F.

(m-Dgr(vf, v+ fArf)g(X,Y), 6.1

(n=2)(Xn)(V f)

S(X,V) = hF (3.2)
S, w) =Fsw,w) - %H{f(v, w)
1
—ﬁ((nz—l)gB(vh,vhHhABh)g(V, w), (3.3)

where H 1’: is the Hessian of f on F.and Aph is the Laplacian of h on B.



270 PUNAM GUPTA

By using the above Lemma, we have the following result.

Corollary 3.2. Let M = ,B x ¢F be a connected doubly warped product semi-Riemannian man-
ifold. Then M is Einstein manifold with Einstein constant y if and only if

BS(X,Y) = M1gs(X,Y) + %H{;(X, Y), (3.4)
M = ((m—Dgr( f,v )+ FARf+ ), (3.5)
FS(V, W) = Aogp(V, W) + %H}i(v, w), 3.6)
A2 = ((n2 —1)gg(vh,vh) + hAgh+ h*p). (3.7)

Remark 3.3. Above Corollary 3.2, gives existence of Einstein DWP semi-Riemannian mani-
folds.

Lemma 3.4 ([17]). Let ¢ be a smooth function on a Riemannian manifold M. Then for any
vector field X in M, the divergence of the Hessian tensor H? satisfies

div(H?) (X) = S(Vg, X) - A(de) (X), (3.8)
where A denotes the Laplacian on M.

Note: This Lemma is true for semi-Riemannian manifold case also.

Proposition 3.5. Let (B, gg) be a connected compact semi-Riemannian manifold with ny > 2
and h be a non-constant smooth function on B satisfying (3.4) for .1 e R and n, e N. Then h
satisfies (3.7) for A, € R.

Proof. On contraction of (3.4) with respect to X and Y, we have
Br:Alnl—%ABh. (3.9)
By using Bianchi second identity, we can easily obtain
vir=2div(®QXx). (3.10)
From (3.9) and (3.10), we get
div(BQx) = %{(Agh)dh—hd(ABh)}X. (3.11)
It is easy to show that

di " (X)——iHh(Vh X)+ld' H"(X) (3.12)
1v h = h2 , h 1V . .
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Let{ey, -, en, } be an orthonormal frame of B. Then
1
H"(X,Vh) = Ed(|Vh|2) (X), (3.13)
_[H" 1 P B
le(T) = —md(IV}” )+%dIVH . (3.14)

Using (3.4), (3.8) and (3.13) in (3.14), we obtain

h
div(HT) = ﬁ ((n2—1)d (IVhI*) —2hA(dh) +2A1 hdh). 3.15)

By (3.4), we have

div(3S(X, V) = div(%Hg(X, v)). (3.16)
Therefore by (3.11) and (3.15), we obtain 0 = d ((n — 1)gg(vh, vh) + hAgh + h*p) and hence
(3.7).

Similarly, we have the result.

Proposition 3.6. Let (F, gr) be a connected compact semi-Riemannian manifold with n, = 2
and f be a non-constant smooth function on F satisfying (3.6) for A, e R and n; e N. Then f
satisfies (3.5) for 1, € R.

Hence by using Propositions 3.5 and 3.6, we can form a connected compact Einstein DWP

semi-Riemannian manifold M = ;B x ¢F.

The above necessary condition yields the following non-existence result for connected

compact Einstein DWP semi-Riemannian manifold with non-positive scalar curvature.

Theorem 3.7. Let M = ;B x ¢F be a connected, compact Einstein DWP semi-Riemannian
manifold with non-positive scalar curvature. Then doubly warped product manifold is sim-

ply warped product or product semi-Riemannian manifold.
Proof. By (3.5), we get

A = (n -2 gp(v [, v ) +div(fV ) + f2pu. (3.17)

On integration (3.17) over F, we have

A= (n1—-2)
V(F)

1Y 2
» — , 3.18
ngF(vf v+ V(F)fFf (3.18)

where V (F) denotes the volume of F. There are two cases:
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Case I. Let n; > 2. Take p as a maximum point of f on F, then f(p) > 0, Vf(p) = 0 and
Af(p) =0, therefore

f(pAf(p) <o.
Using (3.17), we have

M —puf(p)?<o.
By (3.18), we get

(n1-2)
v FF(VfoHWF) (f2-f(p?) =

but the above quantity is greater than or equal to zero, by virtue of our hypothesis because we

take non-positive scalar curvature. Therefore, we can say that f is constant.

Casell. Let n; = 2. Take g a minimum point of f on F, then f(q) >0,V f(g) =0and A f(g) =0,
therefore

f@Af(g)=0.
Using (3.5), we have
—pf(@?=0.
By (3.18), we get
(n—2)
v ) gr(v/f, Vf)+WF) (f*-f@?)=

but the above quantity is less than or equal to zero, by same reason, which shows that f is

constant.

In the similar process by using (3.7), we can show that & is constant. This completes the
proof.

Proposition 3.8. Let M = ;B x ¢F be a connected Einstein DWP semi-Riemannian manifold

with Einstein constant , (B, gg) and (F, gr) be compact semi-Riemannian manifolds. If either

ny(np—1) ny(n;—1)

1. EitherrBz,unl+f7gF(Vf ) orr® <pum + ———gr(vf,v[), o1,

f2
2. EitherrF = net2 =) o ohoh) orrF < (1t — 1) h,<7h) hold.
. Eitherr _un2+TgB(v ,Wh)orr _,un2+TgB(v , vV h) holds.

Then the warping functions h and f are constants and, up to a scale, M is a simply product

semi-Riemannian manifold.

Proof. By (3.1), we have

n 1
Y Stei e =r" - %ABh 7z ((m=Dgr(vf, v )+ fApf)m. (3.19)
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Given that M is Einstein manifold with Einstein constant yu, therefore the above equation

reduces to
ni(ny—1) n n
pny =18+ S gp (v f, v ) =~ 2 Agh— — Apf. (3.20)
f h f
Similarly, by (3.3) and using the fact that M is Einstein manifold with Einstein constant u, we
have
np(ny—1) n n
uny —rF+ B2 ep(oh, ) = - 22 Agh - BE AT, (3.21)
h h f
Now, if
. ny(np—1) ni(n;—1)
1) either rf > pny+ %g;:(vf, v f)or rB < uny + %gF(Vf» v ), or,
-1 -1
2) either rf = un, + %gg(vh,vh) or rf < uny, + nz(T;lzz )gB(Vh;Vh); then either

np

n no ny
Aph+—Apf=00r —Agh+—Afpf <0.
P o8 rf=0or p Bt g Ff

n n
If WZABh + YIAFf > 0, there are three cases:

(i) Aph=0and Arf =0,
(i) Aph<0andApf=0with % Aghl < % IARf],

(i) Aph=0andApf <0with % Aphl = % IARf].

Therefore i and f become superharmonic or subharmonic function. Since B and F are

compact spaces, h and f must be constants.

n n
For WZABh + TIAFf <0, there are three cases:

@{) ABhSOandAFfSO,
(i) ABhSOandAFfEOWith%IABhIE%|Apf|,

(i) Agh=0and Apf <0with % |Aphl < % AR

Therefore / and f are superharmonic or subharmonic function. Since B and F are com-
pact spaces, h and f must be constants.

Thus M is a product semi-Riemannian manifold.

Note: If any of the (B, gg) and (F, gr) is compact space, then either & or f will be constant.

Therefore, M is a warped product semi-Riemannian manifold.

By above Proposition, we can conclude the following result for the non-existence of con-

nected, compact Einstein doubly warped product manifolds.
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Theorem 3.9. Let M = ;,B x fF be a connected, compact Einstein DWP semi-Riemannian man-
ifold. Then there does not exist non-trivial connected, compact Einstein DWP semi-Riemannian
manifold.

Proof. There will be three situations:

1) If B or F is 1-dimensional manifold. Then it admits a metric with zero scalar curvature.
2) If B or F is 2-dimensional manifold. Then it admits a metric of constant curvature.

3) If B or F is of atleast 3-dimensional manifold. We know that every compact manifold of

dimension = 3 admits a metric of constant negative curvature [20].

Therefore by using the Proposition 3.8 and above three results, we can say that there does

not exist non-trivial Einstein doubly warped product manifolds.

Remark 3.10. Doubly warped product Riemannian (semi-Riemannian) manifolds have sev-
eral applications in theoretical physics. Finsler manifolds are the generalization of Rieman-
nian manifold. Finsler manifold is a manifold M, where each tangent space is equipped with
a Minkowski norm. This norm also induces a canonical inner product. These Finsler-inner
products are not parameterized by points of M, but by directions in T M. Thus one can think
of a Finsler manifold as a space where the inner product does not only depend on where
you are, but also in which direction you are looking. Despite this quite large step away from
Riemannian geometry, Finsler geometry contains analogues for many of the natural objects
in Riemannian geometry. For example, length, geodesics, curvature, connections, covariant
derivative, and structure equations all generalize. Presently Finsler geometry has found an

abundance of applications in both physics and practical applications.

Warped product (doubly warped) manifold in Finsler setting has been studied by Asanov
[2, 3], Kozma et al. [19], Peyghan and Tayebi [25]. Now, it is an open problem that "Does there
exist a compact Einstein doubly warped product Finsler manifold with nonconstant warping

function?", which is the generalization of Besse [5] open problem.
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