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A NOTE ON VARIANTS OF CERTAIN INEQUALITIES FOR CONVEX
FUNCTIONS

B. G. PACHPATTE

Abstract. The present note deals with some variants of the integral inequalities recently estab-
lished by Dragomir for convex functions.

1. Introduction

Recently, in [1-3] S. S. Dragomir has established some integral inequalities related to
the well known Hadamard’s inequalities:

f(a;b)s

which hold for all convex functions f : [a,b] — R. The main results proved in [2] can be
stated as follows:
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Theorem D. Let f : [a,b] — R be a differentiable convex function. Then

_a/f d:cf— bf(t:c+(1t)<a;rb)>dx
MO 210 1 [ ] &)
ogbf/f j 2//f(tx+(1—t)y)da:dy

fla) + £0)
- bia/‘f ] Q)

<(1-1)

<t

for all ¢ in [0, 1].

The inequalities established in (2) and (3) are interesting in their own right and the
inequality (3), in one sense, an improvement of the right inequality in (1), see [2]. The
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main purpose of this note is to point out some variants of the inequalities obtained in
(2) and (3) which we believe are of independent interest. The analysis used in the proof
is fairly elementary and based on some basic properties of convex functions.

2. Statement of Results

Let f : [a,b] — R be a convex function. For z, y two elements in [a, b], we shall define
the following mapping (see [3]):

[f(tz 4+ (1 = t)y) + f((1 — )z + ty)]. (4)
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Furthermore, for a given convex function f : [a,b] — R, we shall define the mappings G,
H :[0,1] into R by
1 b a+b
G(t) = F t)d 5
0 =55 | F(2"57) tan 6
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where F' is defined as in (4). For similar definitions, see [1].
Our main results are given in the following theorems.

Theorem 1. Let f : [a,b] into R be a differentiable convex function and F be as

defined in (4). Then \ \
/a F (:c, GT—H)) (t)dx < /a f(x)dx, (7)
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for all ¢ in [0, 1].

Theorem 2. Let f, F be as in Theorem 1. Then

@iaflmemmwséﬂwm, (9)

. RSN fla) + 1)
2(b_a)/a f(z)de < (b_a)g/a /a F(z,y)(t)dzdy + 1 : (10)

for all t in [0, 1].

Remark 1. Tt is easy to observe that, by rewritting the inequalities (7), (8) and (9),

(10), we get
0< (bia) /abf(z)d:c ﬁ/bF <xaT+b) (t)dx
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! f()—;f b—a/f | )
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for all ¢ in [0, 1]. The inequalities (11) and (12) are the variants of the inequalities
established by Dragomir [2] in Theorem D. The main difference between the inequalities
(2), (3) and those obtained in (11), (12) is that the bounds obtained on the right hand
side in (11) and (12) are independent of the factors involving ¢.

Theorem 3. Let f : [a,b] — R be a convex function and F, G, H be as defined in
(4), (5), (6). Then
(i) G and H are convex on [0,1];
(ii) G(t) < H(t) for all t in [0,1].

Remark 2. We note that the results obtained in Theorem 3 are the variants of the
results given by Dragomir in [1]. For various other properties of the slight variants of the
mappings of the forms defined in (5) and (6), see [1].

3. Proof of Theorem 1

Since f is convex on [a, b], it is easy to observe that

P2 0 <3 [rw+ (). 13

Integrating (13) on [a,b] and using the left half of the Hadamard’s inequality given in
(1) we observe that

ZfF(%“;b)@mxg%[fﬂ@¢p+;b—@f(a;b)
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This is the required inequality in (7).
Since f is convex and differentiable on [a,b] we have

fara-0("3%)) 2 r@+a-0 (“;bx) e, (15)

f<atz+t< >) (a;bx)f@% (16)
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for x in [a,b] and ¢ in [0, 1]. From (15) and (16) we observe that

F(0552) 02 10+ 5 (5 - o) i@ (17)

Integrating (17) on [a, b] we get

b b
a+b 3 1
[ F (0552 = [ @i - j0-al@ oL 0s)
a a
Dividing both sides of (18) by (b— a) and rewriting we get the required inequality in (8).
The proof is finished.
4. Proof of Theorem 2

Since f is convex on [a,b], it is easy to observe that

Flay)(0) < 51f@) + 7] (19)

Integrating (19) on [a, b] X [a, b], we get

/ b / ' Fle,y) (dedy < (- ) / ' fa)de (20)

Dividing both sides of (20) by (b — a) we get the desired inequality in (9).
Since f is convex and differentiable on [a, b], as in the proof of Theorem 1, it is easy
to observe that

Flay)(t) > [@)+ 3~ ) (x), (21)

for z, y in [a,b] and ¢ in [0, 1]. Integrating (21) on [a, ] X [a,b] we get

b b 3 b 1
[ [ Faw@dy = 36~ [ 1@z - 50- i@+ 70 @2)

Dividing both sides of (22) by (b — a)? and rewriting we get the desired inequality in
(10). The proof is complete.

5. Proof of Theorem 3

(i) The proofs that G(t) and H(t) are convex on [0, 1] follows by the same arguments
as in the proof of similar results given in [1] with suitable modifications. Here we omit
the details.

(ii) It is easy to observe that

b b b
G = %[f <ﬁ/[tm+(1—t)y]dy>+f <b—1a/[(1—t)x+ty]dy>]dx. (23)
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Now an application of Jensen’s inequality on the right side of (23) and using the defini-
tions of F(z,y)(t) and H(¢) given in (4) and (6) we have

1 b b
Gl) < = | [ e = we), (24)

The proof is complete.

Remark 3. We note that the inequalities established in this paper can very easily be
extended involving concave functions. For some more inequalities and their applications,
see [1-4].
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