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DUAL WAVELETS ASSOCIATED WITH
NONUNIFORM MRA

MOHAMMAD YOUNUS BHAT

Abstract. A generalization of Mallat’s classical multiresolution analysis, based on the the-
ory of spectral pairs, was considered in two articles by Gabardo and Nashed. In this set-
ting, the associated translation set is no longer a discrete subgroup of R but a spectrum
associated with a certain one-dimensional spectral pair and the associated dilation is an
even positive integer related to the given spectral pair. In this paper, we construct dual
wavelets which are associated with Nonuniform Multiresolution Analysis. We show that
if the translates of the scaling functions of two multiresolution analyses are biorthogo-
nal, then the associated wavelet families are also biorthogonal. Under mild assumptions
on the scaling functions and the wavelets, we also show that the wavelets generate Riesz
bases.

1. Introduction

Multiresolution analysis (MRA) is an important mathematical tool since it provides a nat-
ural framework for understanding and constructing discrete wavelet systems. A multires-
olution analysis is an increasing family of closed subspaces {V] : je€Z} of L*(R) such that
Njez Vj =10}, Ujez Vj is dense in L[?(R) and which satisfies feVjifand only if f(2-) € Vj41.
Furthermore, there exists an element ¢ € V; such that the collection of integer translates of
function ¢, {¢(- — k) : k € Z} represents a complete orthonormal system for V4. The function ¢
is called the scaling function or the father wavelet. The concept of multiresolution analysis has
been extended in various ways in recent years. These concepts are generalized to L? (IRd), to
lattices different from Z¢, allowing the subspaces of multiresolution analysis to be generated
by Riesz basis instead of orthonormal basis, admitting a finite number of scaling functions, re-
placing the dilation factor 2 by an integer M = 2 or by an expansive matrix A € GL;(R) as long
as Ac AzZ%. Butin all these cases, the translation set is always a group. Recently, Gabardo and
Nashed in [9] defined a multiresolution analysis associated with a translation set {0, r/ N} +2Z,
where N = 1is an integer, 1 < r < 2N —1,r is an odd integer and r, N are relatively prime, a
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discrete set which is not necessarily a group. They call this an NUMRA. As, the case N =1 re-
duces to the standard definition of MRA with dyadic dilation. NUMRA with multiplicity D, is
called NUMRA-D that generalizes a particular case of a result of Calogero and Garrigos [3] on
biorthogonal MRA’s of multiplicity D in nonstandard setup. A study with respect to NUMRA
has been done by many authors in the references (8, 9, 10, 11, 12, 15, 16, 17].

The concept of biorthogonal wavelets plays an important role in applications. We refer
to [1, 2, 4, 5, 13] for various aspects of this theory on R. For the higher dimensional situation
on R”, we refer to the articles [4, 5, 6, 7, 14].

In this article we construct dual wavelets which are associated with Nonuniform Mul-
tiresolution Analysis. We show that if ¢ and EIJ ¢ are the scaling functions of two multiresolu-
tion analyses (MRAs) such that their translates are biorthogonal, then the associated families
of wavelets are also biorthogonal. Under mild decay conditions on the scaling functions and
the wavelets, we also show that the wavelets generate Riesz bases for L*(R).

The article is organized as follows. In Section 2, we give a brief introduction about nonuni-
form wavelets on R. In Section 3, we find necessary and sufficient conditions for the translates
of a function to form a Riesz basis for its closed linear span. In the last section, we prove that
the wavelets associated with dual MRAs are biorthogonal and generate Riesz bases for L2(R).

2. Preliminaries

Definition 2.1. A multiresolution analysis (MRA) of L?(R) is a sequence of closed subspaces
{Vi:jeziof L2(R) satisfying the following properties:

(@) VjcVjyforall jez;

(b) Ujez Vjis dense in L2(R);

(©) Njez Vj =10}

(d) f(x)eV;ifandonlyif f(2x) € V4 forall j € Z;

(e) Thereis afunction ¢ € Vj, called the scaling function, such that {¢(x — k) : k € Z} forms an
orthonormal basis for Vj.

According to the standard scheme for construction of MRA-based wavelets, for each j,
we define a space W; (wavelet space) as the orthogonal complement of V; in V1, i.e., V41 =
Vie W;, je Z, where W; LV}, j € Z. Itis not difficult to see that

few; ifandonlyif f(2x)eW;;;, jeZ. 2.1

Moreover, they are mutually orthogonal, and we have the following orthogonal decomposi-
tions:

PR=PW=Ve
Jjez

b Wj) . 2.2)

j=0
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For an integer N = 1 and an odd integer r with 1 < r < 2N —1 such that r and N are

relatively prime, we define
r rk
A:{0,—}+ZZ:{—+2n:n€Z,k=0,1}. 2.3)
N N

It is easy to verify that A is not necessarily a group nor a uniform discrete set, but is the union

of Z and a translate of Z. Moreover, the set A is the spectrum for the spectral set T = [0, 3) U

(4, 21) and the pair (A,T) is called a spectral pair [9, 10].

Definition 2.2. For an integer N =1 and an odd integer r with 1 < r <2N —1 such that r and
N are relatively prime, an associated nonuniform multiresolution analysis is a sequence of
closed subspaces {Vj :jeZ}of L?(R) such that the following properties hold:

(@ Vjc Vi forall jez;

(b) Ujez Vjis densein [2(R);

(©) Njez Vj =10}

(d) f(x)eVjifand onlyif f(2Nx) € Vj,, forall j € Z;

(e) There exists a function ¢ in V; such that {¢(x—A): A€ A}, is a complete orthonormal
basis for V.

It is worth noticing that, when N = 1, one recovers from the definition above the standard
definition of one dimensional multiresolution analysis with dyadic dilation. When, N > 1, the
dilation factor of 2NV ensures that 2NA c Z c A.

For every j € Z, define W; to be the orthogonal complement of V; in V;,;. Then we have

Vj+1 = VjEBWj and WgJ_W[r iff#f’. (2.4)
It follows that for j > J,
i-J
Vi=Vie @ Wi, (2.5)
=0
where all these subspaces are orthogonal. By virtue of condition (b) in the Definition 2.2, this
implies
L*®=@pw, (2.6)
Jjez

a decomposition of L?(R) into mutually orthogonal subspaces.

As in the standard case, one expects the existence of 2N — 1 number of functions so that
their translation by elements of A and dilations by the integral powers of 2N form an or-

thonormal basis for L2(R).
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Definition 2.3. A set of functions {wl WL, W2 N—l} in L2(R) is said to be a set of basic wavelets
associated with the nonuniform multiresolution analysis {V; : j € Z} if the family of functions
{we(x-1):1<¢<2N-1,1€ A} forms an orthonormal basis for W.

3. Riesz Bases of Translates

Lemma3.1. Letp, € L*(R) be given. Then {¢(x—A): A € A} is biorthogonal to {p(x— 1) : L €
A} ifand only if
Z PE+NPE+A) =1 a.eleR.

AEA
Proof. For 1,0 € A, it follows that (p(x — 1), p(x—0)) =65 < (@, P(x—0)) = §¢,». Moreover,
(0, p(x—0)) = (P, p(x—0))
= fR OGO e dg

_ j(;llz{p;z(p(£+§)(f)(f+§)eniap}e_zniafdf’

and using the fact that {¢ 72" : ¢ € A} is an orthonormal basis of L*[0,3), we obtain the

desired result. Oa

We now provide a sufficient condition for the translates of a function to be linearly inde-

pendent.

Lemma 3.2. Let ¢ € L?(R). Suppose there exists two constants A, B > 0 such that

A< )

AeN

PE+N|°<B foraeéeR. 3.1)

Then {p(x — A) : A € A} is linearly independent.

Proof. For the proof of the Lemma, it is sufficient to find another function say ¢ whose trans-

lates are biorthogonal to ¢. Let us define the function ¢ by

PO
pE+M|?

3

AEN

PE =

By equation (3.1), ¢ is well defined. Now

N FYPIRN . P& +o)
PC+o)p+o)= ) ¢E+o)
a;A UZA Yaen|@pE+A+0)|
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)3

_ O€eA

Y e+

vEA

=1

PpE+a)|

Applying Lemma 3.1, it follows that {¢(x — A) : A € A} is linearly independent. This completes
the proof of the Lemma. O

Lemma 3.3. Suppose that the scaling function ¢ satisfies inequality (3.1). Also let f =Y jen
ha@(x — L), where f € span{p(x—A) : L € A} and {h,} is a finite sequence. Define the Fourier

transform of h by h(&) = ¥ hye ™. Then
AeA

12 12
AL |h®#ﬂéswm§sBL @2 de.

Proof. Using Plancherel’s theorem, we have

fRIf(x)Izdx =fR

2
> hmp(x—)t)‘ dx
AeA

2
=f Y map@e M| e
Riren
2
:jﬁmmZZhw*mM de
R TN

5&@@ﬁ%@ﬁd6

1/2

=) X
peZ

[ fole+ B i ae

Hence, using identity (3.1), we get the desired result. Oa

Theorem 3.4. Let {(p(x -A):Ae A} be a Riesz basis for its closed linear span. Assume that there
exists a function {p(x — A) : A € A} which is biorthogonal to {p(x — A) : A € A}. Then for every
f espan{p(x—2A): A€ A}, we have

=Y, px=-D)px-1); (3.2)

AN

and there exists constants A, B > 0 such that

AlFIE< Y |(f,6E - ) <BIFIE. 3.3)

AN
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Proof. We first prove (3.2) and (3.3) for any f € span{(p(x -A):Ae A} and then generalize it
to span{p(x—A) : 1 € A}. Assume that f € span{p(x — 1) : A € A}, then there exists a finite
sequence {hy : 1 € A} such that f =Y 3cp hy(x — A). Using biorthogonality, we obtain

(fLpx—0)) = <Z hw(x—ﬂt),<p(x—a)>

AeA

=) hlp(x—A),@p(x—0))
AEA

=h,.

This proves (3.2). In order to prove (3.3), we make use of Lemma 3.3 to get

12
BUIfI2 < fo @) 2de < AV FIZ.

Therefore, using the Plancherel formula for Fourier series and the fact that hy = (f,@(x— 1)),

we have

12
fo h©PdE=Y ImP=Y [(f, -

AEA AEA
This proves (3.3). We now generalize the results to span{@(x—A): A€ A}. Let us first prove
(3.3). For f €span {(,T)(x -A):1e A}, there exists a sequence {f;,, : m € Z} in span{@(x— 1) : L €
A} such that || f;; — fll2 — 0 as m — oco. Thus for each 1 € A, we have

fm @x =)y = (f,p(x— 1)) asm — oo.

So the result holds for each f;;,. Therefore,

Y (K px=AF =Y lim [ @x— )]
AEA AeAm_’oo

= lim Y [(f @lx— D[
AeA
< B lim | funll3

= Bl fI3.

Thus, the upper bound holds in (3.3). Further, we have

1/2 1/2 1/2
{Z|<fm,<p(x—ﬂt)>|2} S{Z|<fm—f,<i)(x—7t)>|2} +{Z|<f,<i)(x—7t)>|2} :
AeA AeA AeA

As the upper bound in (3.3) holds for f;,, — f and lower bound for each f;,,, we get

1/2
AY2 ) fully < BY21 = flly + ( Y |<fm,<p(x—ﬂt)>|2) :

AEN
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from which, it follows that

AlfI3= Y [(fp- D).

AEA
This proves (3.3). Similarly, we can prove (3.2) for f € span {(p(x -AN: e A} and the proof of

the theorem is complete. O

4. Biorthogonal Properties of Nonuniform Wavelets

Let{V;:je Z}and {Vj : j € Z} be biorthogonal NUMRA’s with scaling functions ¢ and .
Then there exists integral periodic functions my and 11y such that ¢(&) = mgy (E/2N) @ (E/2N)
and (f)(g‘) =1y (E/2N) (f) (£/2N). Suppose there exists integral periodic functions m, and 1,
1< ¢ <2N -1 such that

MEME) =1, (4.1)
where
sy molawraw) s T
moyl| — moy| — e mol| —
2N 2N 4N 2N 4N
v mlawraw) - mbn i)
my | — m|—+-— my|{—+
M(E) = 2N 2 N 2 4N
(o) e i # ) s[5+ i)
MeN-1\ 5N ) "eN-1\ 5N T an ) o TN ON T TN
and
mag)  olsnan] o eyt T
mo|——: my|l—+— mo|—+
2N 2N 4N 2N 4N
~(€) ~(f 1) [ é 2N—1)
~ my | — m{—+-— oo M| —+
M(E) = 2N 2N 4N 2N 4N
) v ) e o+ 255
TeN-1{ 5N | TeN-1 5N TN ) "N oN T Tan

For 1< ¢ <2N -1, define the associated wavelets as ¥, and ', by
Vo) =my(E12N)@(E/2N) and (&) = firg (E12N) § (E12N).

Definition 4.1. A pair of NUMRA’ {V; : j € Z} and {Vj : j € Z} with scaling functions ¢ and
@ respectively are said to be dual to each other if {p(-— 1) : A € A} and {$(- —A) : L € A} are
biorthogonal.

Definition 4.2. Let ¢ and ¢ be scaling functions for dual NUMRAS. For each j € Z, define the
operators P; and P; on L*(R) by

Pif=> (f,¢j0ejr and Pif=) (f,0;)Pjr
AeEA AeEA
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respectively. Here ¢ 1 =6 j¢(-—A) and ¢ 1 =6 j@(- — A). Same is the case with y/; 3 and ¥/ 1.
It is easy to verify that these operators are uniformly bounded on L?(R) and both the series

are convergent in LZ(IR).
Remark 4.3. The operators P; and p ; satisfy the following properties.
(@ Pjf=fifandonlyif f€V;and P;f = f ifand only if f € V;.
(b) lim ||ij—f||2 =0and lim ||ij||2 =0forevery f € [2(R).
j—o0 Jj——o0
Theorem 4.4. Let ¢ and § be the scaling functions for dual NUMRA’s and y, and yp,1 < ¢ <
2N —1 be the associated wavelets satisfying (4.1). Then, we have the following
@ {wro,1: A€ A} isbiorthogonalto {0, :0 € A},
(b) (Weo,0 Po,0) =W Poo) foralld,oeA.

Proof. we have

S e+ L) e+ )

peZ

_ m[(i+L)¢,(i+L)m (f . P)(;,(f . P)

pez 2N AN 2N AN 2N AN 2N AN

2N-1

= Z Z my i+£+ $ )@(i+£+i)ﬁ/l (6 p+ $ )@(6 +p+ S)
i 2N 2 4N)"\2N 2 4N 2N 2 4N)"\2N 2 4N
2N-1 f S)~ (f S)

= M|l —+—|MmMy| —+—
fr? 2N 4N 2N 4N

=1.

Hence, by Lemma 3.1, {y/y 0,1 : A € A} is biorthogonal to {§s 1 : A € A}. This proves part (a).
To prove part (b), we have for, 1,0 € A

Weo1 Poo) = Welx—A),¢p(x—0))
— <UA/ e Zmﬂt,(pe 2nia>

Ll

B 1/2 f p
-, ;Z{W(ﬁ+m)
¢

NS p)
(p(2N+4N
p

1/22N-1 E p s
|5 Ll bl
=" oN "2 "IN
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2N 2 4N 2N 2 4N

1/22N-1 SR P I | prray
8 el )t

§=

xﬁ@o(i+B+i)@(i+£+i)}e2ni(0—/ﬂd§

0.

The dual one can also be shown equal to zero in a similar manner. This proves part (b) and

hence completes the proof of the theorem. O

Theorem 4.5. Let @ and p andw, and{y,1 <€ <2N -1 beas in Theorem 4.4. Lety = ¢ and
Wo = Q. Then for every f € I[%(R), we have

2N-1

Pif=Pof+ Y Y [ WeonWror (4.2)

/=1 deA

and
2N-1

Pif=Pof+ Y Y (fiveodWeon (4.3)
/=1 AeA
where the series in (4.2) and (4.3) converges in L*(R).

Proof. For the sake of convenience, we will only prove (4.2), as (4.3) is an easy consequence.
In particular, we will prove it in the weak sense only. For this, let f, g € L?(R). Then, we have

2N-1
Y. Y A Weor)(&Weon)
=0 AeA
2N 1
= { f ! (fﬂ/fzf(f)ez”l“df}{ f g(é)w@)e‘szdé}
( 0 AeA
2N-1 1/2 _
2 P\ omire
S T e Bl Dena)
1/2 e ——— L
X{ Zg(€+ )w(6+ )‘Z”Wdf}
0 gez
| 2Ns1 12 ar PV TP — q
- (Zofo {ng(&g)w(&g)}{q;zg(&g)w(&g)}df
B 1/22N-1 . P E D R f P
- gj{@f(“ﬂm"(ﬁv*m) (55 %)
R ANESN
B 1/22N-1 [2N-1 . p/ i 5 - p, R f . p’
_fo Zgo { ;)p'ezf f+?N+§ mg(ﬁ N 7)(p(ﬁ m+?)




128 MOHAMMAD YOUNUS BHAT

2N-1 / / !
<Y Y g&imf)m[ i+i+i)¢,(i na 1)}d5
pr 2 2 2N 4N 2 2N 4N 2
1/22N-1 2N-1 2N-1 R 5 r f S
S DI M R W P PR P
0 r=0 p'ezZ s=0 q'eN, | ¢=0 2N 4N 2N 4N
pl R E r p/) A( q/ S A( E s q/)
ZN+-|pl=—+—+= TN+ |p|l=—+—+T1|d
Xf("“rz +2)(p(2N+4N+2 Bty N 3 )Plantan T )%
1/2 2N-1 / R 7
0 p’EZq’ENo s=0 2 2 2N 4 2
N q s\ ¢ s p’)
IN+Z 2 + - 42 \a
8| +2)('0(2N+4N+2 ¢
2N—-1 ps+1/2 R ! R ! ! !
= Zf > 2 f(5+—N)<i) < £)§(6+1N)¢)(i+£)d§. (4.4)
s=0 J0 peZ q'eNy 2 2N 2 2 2N 2

Moreover, we have

2 (£ o) (g o) = AZA{ Rf(f)@ez”i‘f’mdf} { | @0 (%) e PN ag }
=fompezf(f%fv)@(%+§)d¢f01/:€22§(f+%N)@(%%)df
= Ollngzf(H?N)@(%+§)dffol/:€22§(f+%N)@(%%)df
_ Ollngzquf(&gz\f)(ﬁ %+§)g(g+gzv)¢(%+g)d§ 4.5)

Combing (4.4) and (4.5), we get the desired result. g

Theorem 4.6. Let ¢ and p andy, and¥y,1 <€ <2N —1 be as in Theorem 2. Then, for every
fe L%(R), we have

2N-1 2N-1
f=2 2 20T veja= 2 X 2 FveinWeia (4.6)
(=1 jeZAeA (=1 jeZAeA

where the series converges in L*(R).

Proof. Using Remark 4.3 and Theorem 4.5, proof of Theorem 4.6 follows. a

Theorem 4.7. Let ¢ and § be the scaling functions for dual NUMRA’s and y, and yp,1 < ¢ <
2N —1 be the associated wavelets satisfying the matrix condition (4.1). Then, the collection
{wejr:1<€<2N-1,jeZ,Ae Ay and{{):1<l<2N-1,j€Z A€ A} are biorthogonal.

Moreover, if

D) < CA+IENT25,1G@] < CA+IENTZ, 9] < CIE| and 1§1(§)| < CIEl, (4.7
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or some constantC >0,¢ >0 and fora.e. E€R, then{w, i1:1<¢<2N-1,jeZ,Ae€ A} and
NE J
{&g,j,;t :1sl<2N-1,jeZ A€ A} form Riesz bases for L*(R).

Proof. First we show that {yyj1:1<¢<2N-1,jeZ A A} and{;j :1<l(<2N-1,je€
Z, A € A} are biorthogonal to each other. For this, we will show that for each ¢,1<¢ <2N -1
and je Z,

WejrVejo) =010 (4.8)

We have in fact already proved (4.8) for j = 0. For j # 0, we have

We,jrWejo)=P-jWeorP-jWeoe) = Weor Vo0 =010

For fixed 1,0 € A and j, j’' € Z with j < j’, we claim that

WejrWe jo)=0. (4.9)

As Y01 € V1, hence vy ja = P-jyoa € Vji1 S V. Therefore, it is enough to show that
Wy, jr.0 is orthogonal to every element of Vji. Let f € Vji. Since {¢ 11 : A € A} is a Riesz basis
for Vjs, hence there exists an /*-sequence {d) : A € A} such that f = ¥ e da@j 2 in L*(R).
Using part (b) of Lemma 4.1, we have

W, jror @) =P-jyWe o0, P-jrpor) =0.

Therefore,
e jror )= <1Pé',j',a, > d/l(Pj’,/l> =Y AW jro@ja)=0.
AEA AeA

We now show that these two collections form Riesz bases for L?>(R). Linear independence is
clear from the fact that these collections are biorthogonal to each other. So, we have to check
the frame inequalities i.e., there must exist constants A, A, B, B > 0 such that

2N-1

Alf1Z< Y Y Y [Kfwe 0> <BIfFI3, forall fe l2®), (4.10)

(=1 jezZAeA

and
2N-1

Alf1Z< Y Y Y [ w0 <BIfFI3, forall fe I2®). (4.11)

/=1 jeZleA

Let us first check the existence of the upper bounds in (4.10) and (4.11). For this, we have

—_— » 2
ff(f)(ZN)_j/Zlpg((ZN)—jf)eZNLA(ZM ]‘(d{’
R

M7 DY
AEA AEA
2

) 1/2
=en Yy

AEA Z f(‘(+(ZN)jE)ilA/z((ZN)—J{JFg)ezmww)—jgdf

peZ 2
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[ e em Zocfem e )
=f01/2{p§2 PlereniD)f v((ZN)‘f€+§)|25}
g
qez

flf(£)| e (@N)g) 2 Y |

qez

o(enie+d )' 20 e

By our assumption (4.7), we have |§,(&)| < C(1+|2N)~1¢ I)_Uz_e and thereforeit follows that
Ygez Ve ((2N)‘fé +q/2) 120-0) g uniformly bounded if § < 2e(1 +2¢)~!. Thus, there exists a

constant C > 0 such that

R 2 e fR FOP Y e (@M Je) P

AeA jez

< Csup{ > lje(@Ng) P g e 1,2N) } 1715

jez

Moreover for ¢ € [1,2N], we have

> 1e(en e < cr < i @
j==00 j5 oo (1+1@N)I1g)) 0120 om0 2N)U Ot
q6(1+2€)
- 1-(2N)-00+2¢)"
Furthermore,
OZO: e ((ZN)‘JE) = OZO: (Cen e <c? i (2N)i+h20 C25;__
j=t j=1 =1 1-(2N)~20

Therefore, it follows that sup{Y jez 19/, (2N)77¢) 0. ¢e[1,2N 1} is finite. Hence, there exist
B > 0 such that of (4.10) holds. Similarly, we can show for dual one also. The existence of lower
bounds for both the cases can be shown in similar fashion. Using Theorem 4.6, it follows that
if f € L?(R), then (4.6) holds. Thus, we have

IfI5 = <f, )
2N-1
< Z Z Z <f1//€]A>1//€]A»f>

=1 jeZAeA
2N-1

=2 2 2 L) wejn )

(=1 jeZAeA
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IN-1 1/2 1/2
( Yy Z|<f,¢mza>|2) (z S Y| w,m)
(=1 jeZAeA

1 jeZAeA

IN-1 1/2
s(é)”znfuz( Yy yy |<f,w,,-,ﬂ>|2) .

1 jeZAeA

Hence,

2N-1

~||f||2— Y XY Kfwe il

/=1 jeZ AeA

Same is the case for dual one. This completes the proof. O

(16]
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