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ON THE STUDY OF DOUBLE FOURIER SERIES BY
DOUBLE MATRIX SUMMABILITY METHOD

SHYAM LAL AND VIRENDRA NATH TRIPATHI

Abstract. In this paper a new theorem on double matrix summability of double Fourier series

has been established. This theorem is a generalization of several known and unknown results.

1. Introduction

Harmonic and (N, p,) summability of single Fourier series have been studied by a
number of researchers like lyengar (1943), Siddiqui (1948), Pati (1961), Singh (1963),
Hirokawa (1968) and Izumi and Izumi (1968). In 1953, Chow for the first time studied
Cesaro summability of double Fourier series. In 1958, Sharma extended the result of
Chow for (H,1,1) summability which is weaker than (C,1,1) summability of double
Fourier series. Working in the same direction in 1932, Hille and Tamarkin defined double
Nérlund summability (N, pm, @) of double Fourier series. After this double Nérlund
summability of double Fourier series was studied by several of researchers like Tripathi
and Singh (1981), Tripathi and Ojha (1995), Tripathi and Lal (1984), Mishra (1985), Lal
(1992), Singh, Lal and Singh (1995) and Lal and Verma (1998). But nothing seems to
have been done so far to study double Fourier series by a double factorable summability
method which, as known, includes as special cases, the methods of (C,1,1), (H,1,1) and
(N, Pmsqn). In this paper a more general result than those of Chow (1953), Lal (1992)
and Singh, Lal and Singh (1995) have been established, which include their results as
particular cases.

2. Definitions and Notations

Let f(u,v) be a function of (u,v), periodic with respect to v and with respect to v,
in each case, with period 27, and summable in the square Q(—m, —m, m, 7). The double
Fourier series of a function f(u,v) is

o0 o0

Z Z Amn [amn cos mu cos nv + by mu cos nv + Ciy,yyy cOS Mu sin nv + d,y,, Sin mu sin nv]
m=0 n=0
Received September 30, 2000; revised August 6, 2001.
2000 Mathematics Subject Classification. 42B05, 42B08.
Key words and phrases. Double Fourier series (N, pm, ¢n) means, (H,1,1), (C,1,1) summabili-
ties and double matrix summability.




2 SHYAM LAL AND VIRENDRA NATH TRIPATHI

m=0 n=0
where

1/4 form=0, n=(orm=n=0)
Amn = 4 1/2 form>0, n>0and m=0, n>0

1 form >0, n>0.

and ap,n = # I 0 f(u,v) cos mu con nv du dv, with similar three similar expressions
for bimn, Cmn and dp,y, where @ denotes the fundamental square (—m, 7) X (—m, 7). The
double series >°7°_ 3™ | @y with the sequence of (m,n)™ parital sums {S,,,} is said
to be summable by a double matrix summability method or summable (T, S5) if ¢, ,
tends to a limit s as (m,n) — oo, where the double matrix mean ¢, is given by

n

m
am,ibn,ksi,k = § § am,mfibn,nfksmfi,nfk (22)

0 1=0 k=0

tm,n

NE

Il
=
B
Il

K2

The regularity conditions of double matrix summability means are given by

am,ibnr — 1 as(m,n) — oo

NE
M=

% 0

I
o
=T

limZ|amibnk| =0, foreach i=1,2,...
=0

n
}%z;mmibm:o, foreach k=1,2,...
=

Three important particular cases of the double matrix summability method are given
by:

1
(i) (C,1,1) summability mean [Chow (1953)] if a, ; = m—HVm and b, = Vn

n+1

and by, 1 =

(i) (H,1,1) summability mean [Sharma (1958)] if a,, ; =
1
(n—k+1)logn
(iii) (N, pm,@qn) summability mean [Hille and Tamarkin (1932)] if a,,; = pg_i and

provided P,, = Z;Zo pi and Qp, = ZZ:O k-

(m—i+1)logm

dn—k

bn,k =
. n
We write

o(u,v) = ¢(z, y; u,v)
=1/4[f(z+u,y+v)+ fla +u,y —v) + f(z —u,y +v)
+f(l‘*’u,y71})*4f(l',y)]
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P(u,v) = /Ou /OU |p(s,t)|ds dt
o) = | " l6(s, B)ds
ENY / l(s,t)|dt

1
T= (;) = integral part of — 7

1 ) 1
o= (—) = integral part of —
s s

and )
1 — sin(m —i+ 3)s
Km(S) = % Zamﬂnilv (23)
1 & sin(n — k + 1)t
n 2’/T Z bn n—k— . 1, sin lt (24)

3. Main Theorem

Much is known for the factorable (C, 1, 1), (H,1,1) and (N, ppm,¢,) summabilities
of double Fourier series. But till now no work seems to have been done on double
matrix summability of double Fourier series. The object of this theorem is to extend
the results of Chow (1953), Sharma (1958), Tripathi and Singh (1981) and Tripathi and
Ojha (1982), Mishra (1985), Lal (1992) and Singh, Lal and Singh (1995) on (C, 1, 1),
(H, 1, 1) and double Norlund summability method to a more general class of double
matrix summability of double Fourier series in two ways. In fact we shall establish the
following theorem.

Theorem. Let ||T|| = (am,;) and ||S|| = (bnk) be two inifinite triangular matrices
With @i > 0, by > 0. Amr = Y7o @mom—is Bnn = D p—obnnks Amm = 1 for each
m > 0 and By, = 1Vn > 0. Let {am,}%y and {bnr}y_o be two real non-negative
and non-decreasing sequences with respect to i and k, respectively. Assume that (T, S) is
reqular.

If the conditions

1og% log &
™ 1
i b1 (u, t)dt = 0<01‘(()g)l“) (3.2)
and i )
; ¢a2(s,v)ds = 0(?(52)11]) (3.3)
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hold then the double Fourier series (2.1) is double matriz summable to f(x,y), at the
point (u,v) = (x,y), provided a(t) and B(t) are two positive monotonic non-increasing
fucntions such that

o) Ame
" BY)Bny ,
/1 log Ly = 0(1) (3.5)

o) B
log(1)’ log(3)

and are bounded functions in [#, ] and [%,5] respectively.

4. Lemmas
For the proof of our theorem the following lemmas are required.

Lemma 4.1.[Lal and Pratap (1999)] Let K,,,(s) and K, (t) be given by (2.2) and (2.3)
respectively then
(i) Km(s) =0(m) for 0<s<(1/m)
(i) Kn(t) =0(n) for 0<t<(1/n)

Lemma 4.2. [Lal (2000)] (i) If (am,.) is non-negative and non-decreasing with
then for 0 <a <b< o0 and 0 < s <7 and any m.

b

i(m—p)s
E am,mfp,e( D)
p=a

where o =integral part of (+) = [1]

< O(Ams) (4.2.1)

Note. In the proof of this lemma Lal [14] has also shown that

Amm=a — O(Apm.o) (4.2.1.1)
S
Similarly, )
% = O(B,, ) (4.2.1.2)

(ii) If (by,,) is non-negative and non-decreasing with v then for 0 < a <b<o00,0<t <7

and any n
h

Z bnyniyei(nfu)t

v=a

< O(Bn,r) (4.2.2)

where 7 =integral part of (1)

Lemma 4.3. Let K,,(s) be given by (2.3), then under the condition of our theorem
on (6 )

Km(s)O<M>, for0<i§s§7r
s m
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Proof. Since 0 < # <8 <, sing > 2, therefore for t > 0 and s < m. We have
1 & sin(m — p — 1)s
|Km(5)| = % ;am,ﬁl—;t Sin%

ei(mfp,f%)s

1 _ .
< 7 ‘Imagmary part of Z Qrnm—p

pn=0
1
of)
S
pn=0
0(1) zm:a etlm—p)s
s m,m—p
pn=0

O<Am’a) by lemma (4.2.1)

s S
Sin 5

=S
e V2

m
i(m—p)s
§ Am m—u€ (m=n)

S

Lemma 4.4. Let K, (t) by given by (2.4) then under the condition of our theorem
(bn.v),

B,.» 1
Kn(t)O<T’>, for0< —<t<m
n

Proof. It can be proved similar to lemma (4.3).

5. Proof of the Main Theorem

(i, k)™ partial sum of the series (2.1) at (u,v) = (x,%) is given by

™ ™ s . 1 . 1
sik — flx,y) = 41? </o /0 ¢(S,t)sm(l + 3)ssin(k +t 2)ﬁ)ds dt

.S .
Sin 5 Sin 5

Then

n n

m m
am,ibn,k{si,k - f(za y)} = Z am,mfibn,nfk{smfi,nfk - f(xay)}
=0 k=0 i=0 k=0

or

tmn — fz,y) = /O” /O” d(8, ) K () Ky (t)ds dt

= (/06/:+/06/;+/;/OE+/;/:)qb(s,t)Km(S)Kn(t)dsdf

=hL+L+1I3+1;, say
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Now, considering

I = <f /§)¢(5at)Km(5)Kn(t)ds dt
<AA / / / /gJF/jL£)¢(S’t)Km(S)Kn(t)dsdt

=hai+hio+Ti3+114, say

where, for s <4, t <¢, (3.1) hold

Now, let us consider
L1 =0(mn / / |p(s,)|ds dt

O(mn)o ( )5(")( )) by (3.1)

mnlog(m) log(n

(logmlogn)

o(1),

a(m) _
* logm T

B(n) _

logn

as (m,n) — oo (- o(1) as m — oo, as «(t) is a monotonic decreasing function of

t, and similarly o(1) as n — 00).

Now

) SO Ko (8) K (t)ds dt

IN

dt/ |6 (s, “/ >bylemma (4.1)
o[ o=
om(f {( 0 ’“/) Joog (=)o)

A1) e
< ! dt>+0(n)mAm,m /0 ¢1(m,t)dt
" d Am,[l/s]
n)(/ dt/# |¢1(5at)|£<78 )as)

=lio1+1I1220+ 123, say

==
( K (t |dt/ (s, )] [1” ) by lemma (4.3)
([0
=0(n



STUDY OF DOUBLE FOURIER SERIES

Now
1
.[121 —O(n) (1)1(5 t)
0
1
- O(n)(I)(é, E)
s 1
= O(n)o(a(5)1 . ﬁ(n)n>
logs logn
o(2)
logn
= o(1), as (m,n) — oo, by hypothesis of the theorem
Next
I O( )/%q)(lt)dt
1.2.2 = U{mn o 1 m’
1
n)d(—
m’
= O(mn)o )
mlog m n logn
(1ogm logn)
=o0(1), as (m,n) — oo, by hypothesis of the theorem.
Lastly

* ®
li23=0 / dt/ ’[1/ —=—ds+0(n / dt/ @%(Am,[l/s})ds

=TIi231+ 11232

L231=0 / dt/ [1/] ds
Am S
g()(n)/ {/ B (s, t)dt} Amiso
1 UJo

m

g A .
— O(n)/ B(s, l)Mds
n

52

— 0 [ o2 A ) An,

logl nlogn 52

o) [ e,

Now
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=) fy
ogn 1 z logx
0<M)0(1) by (3.4)

logn
=o0(1), as (m,n)— oc.

Nextly,

Thus,

Similarly I 3 = o(1) as (m,n) — co.
Now

o r¢ Amiiss) B
fa= ([ [ ot 2ebid gy
_ O(Bn,[l/g]Am,[l/ﬁ]q)(&g) m By 11/ Amm®(1/m, §)

0§ 3

B” [1/¢] ° d Am [1/s]
L - @ _ ’ d
P [ 0000 (F Jas
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BonA,, 5,1
_ M Bnn 1g5 ®( /n)—f—manLAmm(I)(l/m, 1/n)

J A
m,[1/s]
+nB,m/ (s, 1/n)ds( . )ds
d

A é
+ ,[1/51/ Bs(s, t)jt( ,t[l/t]>dt mAmm/ c1>2(1/mt_( ,t[l/t])dt

e (P (P )

=har+has+Tias+liaa+Tias+Tiae+Tiar+1T1a8+ T4,

&.

say

Let us consider

I - Bn,[l/f]Am [1/4] (5 g)
1.4.1 — (5€

B 1/gAm.[1/8) 0< a(3)d 5(%)5)
1
¢

0§
_ O(Bn,u/s] Ay @

Nextly

_mBn,[l/f]Ammq)(l/mv €)
Ii 40 = €

a(m) ﬁ(%)g N B

_ ( a(m) .@)

/€l log m log &
a(m
B 0(1)(10(g*nz)

=o0(1) as (m,n) — oo, by the hypothesis of the theorem.

Now let us consider

B, ’ d (Amp/s
Tias=— ,é[.l/f] /1 (I)(S,E)E( 8[1/ ])ds
1
0<Bn[1/§])/6< % ) E )( m, 1/5])
¢ s logg
5%5

log
1
ne[1/s] 5)s ld
+O( ) ( 1 l)gd_( m,[1/s ])d
s E
Sa;

—11431+I14327
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Let us consider

B 5(1) 3 a(l)
n,[1/€]P\g ;
T = = d
1.4.3.1 0( 1og% )/% s log %( m.[1/5])ds
_ o Briva (1)ma(m)A /5 s
log ¢ ~\&/ logm ~"") 4
B, 1\ ma(m)
/€]
= = Apm(1
ot (g) T Amn1m)
BopyeBe
P (e
log £ log m ’ log m
=o(1), as (m,n) — oo

B, J LsB(3)ENT 1
Further, I1439= O(M)/ O(a(s)s (g)f) (Am,[l/s])ds
1/m

§ log 1 log % sds
Bupgs)\ 0 ald) d
0g ¢ 1/m log < ds
0 d
= 0(1)/ O(l)g(Am[l/s])ds, by hypothesis of the theorem
1/m
=0(1) /m i(A )dx
= /s dx m,x

0(1)[Am,:c]717;6

=o(1), as(m,n)— oco.

Thus we get

Lisz=o0(1), as(m,n)— cc.

Similar to 11 4.0

Laa=0(1), as(m,n)— cc.
Further

Ii45 =mn BnnAmmq)(l/ma 1/”)
= o(mn ApumBnn a(m) M)

m log mnlog n
_ 0( mn a(m) 3(n) )

m log mnlog n
=o(l), as(m,n)— oo.



Let us consider

Il‘4.6 = ann/
1

=nBu,
1
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6

/m
é

O(s, 1/n)
/m

=Il461+ 11462 say

Taking

Further

A »
D(s, 1/n)i <M)ds

ds

Am S
5’,[21/ ] ds +n By,

S

) A
1 m S
D(s, — A1/:]

1/m n

)

1/m

)= &

1d

1/s] ds

B /15 O(a@)s Bn)

/m log % n log n

o2 B f* o)) Am,
n log n 1/m 1og% s

Am,[
. o

g 1
_ 0< p(n) )/ a(sz Amf/s]
log n ) J1/m log 5 s

- 0(1)7

as similar to 11231

5
1\1d
Iis62= ann/1 o <87 ﬁ) ;%Am,[l/s]ds
a

Thus we get

As similar to Iy 4.3,

—A
ds

m,[1/s]

11
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As similar to I1 46
Iia8=0(1), as(m,n)— o0

Lastly

m.(1/s] 1d niig  1d
Iiao= (//m //n ( +- s (Am,[1/s])) ( 2 +¥E( n,[l/t])) dtds)
=li491+ 11492+ T14903+ I1494.
ot A 1 B
Iiy91= O(/ / (s, t) (% w>dtds>

1/m J1/n S t

_ / / )t Am,[l/s] Bn,[l/s] dtds
1ym J1/n log < 1og 52 12

S l Bn S

= </ / m,[1/s] ﬁ(tl) 1/ ]dtd5>

1/mJ1/n 1og = S log 7 t

- / 7)Amxdx " L@)Bn’ydy =o(1)
1/ T log = 1/¢ ylog y

3 £ A 1d
m,[1/s]
/1 /1 D(s,t) 2 1dl (Bn,[l/t])dtds)

1 s B(5 g1d
/ / (1(5)1 1( )1) S”;dt( ,[1/t)dtd8)
1/m J1/n \ 108 ¢ 108+ s
)
1

A 1/s ﬂ(l) d
S[ / ]1 t d ( n’[l/t])dtdS
n
™ o(x) Am g B
/1 s 1og:c de/ B 1) dtds
A5
=0 /1 xlogx :c) /l/n log 1 T (Bn,[l/t])dtds

=0(1) /1/ o(1 )c(lit ( ,[1/t})dt, by the hypothesis of the theorem

— o1) (Bn,u/ﬂ)f/n

=o(1), as, (m,n) — oo

g dt
¢ (%)d(
/nlogtd

) d

Similarly I1 4.9.3 = o(1)

o re 1d 1d
I =0 P(s,t)—-— (A -—(B dtd
1.4.9.3 (/l/m /l/n (s, )sds( m,[1/s])) 7 dt( n,[l/t}> s
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°f (ab)BR)EN 1 d L d
QGO L4 (4 Ld (g
0(/1/m /l/n(l()gilog%)s ds( m,[l/s]>) n dt( n,[1/t]>dtd8

s fa)B(hrY d d
TN DA ) ) e (B s )dtd
() L) s

0(1)/15 a(d) d(Am,[l/s])ds ¢ ml/t)i(Bn,[l/t])dt

/m log%£ 1/n log% dt
) 3
d d
~o(1 D)L (Apiys )d 1) (B )dtd
o) [ Oz (Anina)as [ O (B,

by the hypothesis of the theorem

g 3
=o(1)| An /], . [Buia) i
=o(1), as (m,n) — oc.

Thus,
I 4 =0(1), as (m,n) — oo.

The above estimations, we get
I =o(1) as (m,n) — o

Now, m~! < d <7, n~! <& <. Then we obtain

ne(ff E) 1605, 0| Ko () (6 di

g 1/n ™ 3
- /5 1K (3)]ds / 16(s, O] [ K (8)|dt + /6 1K (5)]ds /1/n|¢<s,t>||Kn<t>|dt
=131+ 135
Taking

B [ Ko (s)lds / ot ) (Bt
~0m) ( | 1Entslas [ . |¢<s,t>|dt) by Lemma (4.1) (i)

WAmg 1/n
:O(n)/é —’ds/o |p(s,t)|dt by Lemma (4.3)

S

ot [Ta(s. D

13
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Further

I30 = /
s

‘ds/ (s )] | K1)

—%ds <Z) s, t dt} by Lemma (4.3) and (4.4)
ds{

1/n
af[mene], [ v (Be)a]
tis{fﬁ

(s,o% (s,1/n)n H [/dsfl/n% and ( ,TM
@2(5,5)%@%0@)/@2(5 1/n) d5+0[/d5/ Bo(s. 1) %<

o222 [paesoton (i) ol [in [ e (%

=o(l)+0(1) +o(1), similar to I 4.9

=o(l), as(m,n)— oo.

J
J

Hence

Is = o(1), as (m,n) — oc.
Similarly we get

I, =o(1) as (m,n) — co.

By the regularity conditions of matrix summability and the Riemann-Lebesgue theorem

we have
Iy, =o(1), as (m,n) — oo

Therefore by the above estimations, our theorem is completely established.

6. Particular Cases

1. The result of Chow (1953) becomes a particular case of our theorem if a,,; =
(m+1) Vi, by (n+1) Vk and a(u) =1, Vu, S(v) = 1 V.

2. If aps = m, bk = m and a(u), B(v) are defined as in (1) then

a result of Sharma (1958) becomes a particular case of our theorem.

3. A result of Tripathi and Singh (1981) becomes a particular case of our theorem if

P

Um,i = Py bok = L=t provided P, = > oPi, Qn = D op—o @k and a(u)
up(u) log u and ﬁ( ) _ 'uq(cg) log v
) ()
4. If am i, bp i arve defined as in (3) and a(u) = h}g((qf)7 Bv) = log((v) then a result of

Tripathi and Ojha (1982) becomes a particular case of our theorem.
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The result of Mishra (1985) becomes a particular case of our theorem if a,, ; = p};’;—l’;,
log(u log(v "
and a(u) = S8, B(v) = A

If @ i, by i are defined as in (3) and a(u) = %, Bv) = % then a result
of Lal (1992) becomes the particular case of our theorem.

The result of Singh, Lal and Singh (1994) becomes a particular case of our theorem
_ §(w)logu ﬂ(’u) _ ¥(v)log v

if Gy, b i are defined in (3) and o(u) Py o
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