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INEQUALITIES OF JENSEN’S TYPE FOR GENERALIZED
k-g-FRACTIONAL INTEGRALS

SILVESTRU SEVER DRAGOMIR

Abstract. In this paper we establish some inequalities of Jensen and Hermite-Hadamard
type for the k-g-fractional integrals of convex functions defined an interval [a, b]. Some
examples for the generalized left- and right-sided Riemann-Liouville fractional integrals
of a function f with respect to another function g on [a, b] and for classical Riemann-
Liouville fractional integrals are also given.

1. Introduction

The following integral inequality

a+b 1 b fla)+ f(b)
58 [ e L2:10

which holds for any convex function f : [a,b] — R, is well known in the literature as the
Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result which
has many applications in Theory of Special Means and in Information Theory for divergence
measures, from which we would like to refer the reader to the monograph [22], the recent
survey paper [15] and the references therein.

Let f: [a,b] — C be a complex valued Lebesgue integrable function on the real interval
[a, b]. The Riemann-Liouville fractional integrals are defined for a > 0 by

a — 1 * _ na-1

Jai f (X) = F(a)fa (x—0*" f(ndt
fora< x<band )

a — 1 _ a-1

]b_f(x)—r(a)fx (-0 f 0 dt
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for a < x < b, where T is the Gamma function. For a = 0, they are defined as
J.fx) =10 f(x)=f(x) for x€ (a,b).

In the recent paper [16] we obtained the following Hermite-Hadamard type inequalities

for convex functions and the Riemann-Liouville fractional integrals

1 f(a)+f(b)] Jo fx) T f(x)
a+1 f( )+ 21 @ (x—a)“+(b—x)“
zf 1-9%1flsx+1-59) b)ds
x a+b
>_f(a+1 a2 )) -2

and

Ji_f(a) N I+ f (b)

x-a* (b-x)*
1

zf s“_lf(sx+(1—s)a+b)ds
0 2

f( a +la+b)) 13)

X
a+1 a 2

1f(a)+f(b)] %l’((x)

o |fes

v

1
a
forany x € (a,b) and a > 0.

In order to extend these type of inequalities for more general fractional integrals we need

the following preparations.

Assume that the kernel k is defined either on (0,00) or on [0,00) with complex values and
integrable on any finite subinterval. We define the function K : [0,00) — C by

¢
f k(s)ds if0o<t,
K(t):= 0

0 ifr=0.

As a simple example, if k () = t*~! then for a € (0,1) the function k is defined on (0,00) and
K():= %t“ for t€[0,00).If @ = 1, then k is defined on [0,00) and K (¢) := %t“ for £ € [0,00).

Let g be a strictly increasing function on (a, b), having a continuous derivative g’ on
(a, b). For the Lebesgue integrable function f : (a, b) — C, we define the k-g-left-sided frac-
tional integral of f by

Sk,g,a+f (X) =f k(gx)-g®)g (0 f(0dt, x€ (a,b] (1.4)

and the k-g-right-sided fractional integral of f by

b
Skgb- (%) =f k(g(n-gw)g () f(ndt, x€la,b). (1.5)
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If we take k(¢) = ﬁ t% 1 where I is the Gamma function, then

Skga+f (%) = T )f g0 -g0]* g0 fwde
=: a+’gf(x), a<x<bhb (1.6)
and
Skgn-f 00 = oo )f (g -gw]* g 1) far
=: Ib_’gf(x), as<x<hb, 1.7)

which are the generalized left- and right-sided Riemann-Liouville fractional integrals of a func-

tion f with respect to another function g on [a, b] as defined in [25, p.100].

For g (t) = tin (1.7) we have the classical Riemann-Liouville fractional integralswhile for

the logarithmic function g (¢) = In t we have the Hadamard fractional integrals [25, p. 111]
1 * X
@ - e

Hy, f(x):= @ fa [ln( t)]

H [ = —— fb[l )
hil x'_l“(a)x n| -

One can consider the function g (f) = —¢~! and define the "Harmonic fractional integrals" by

a-1 f(r)dt

,0<a<x<b (1.8)

and
a1l fpdt

,0<a<x<bh. (1.9

a ,_ fnadt

R%, f(x) := r(a)fa G pre <a<xs<b (1.10)
and p
B fadt

Rb fx) = F(a)f ool ata+1,05a<x<b. (1.11)

Also, for g (1) = exp(B1?), f >0, we can consider the “B-Exponential fractional integrals”

Bl 0= 1o [ exp(px) -exp (0] exp (1) F (112
fora<x<band )
Ep 5f(x):= %fx [exp (B1) —exp (Bx)]* " exp (1) f () dr, (1.13)

fora<x<h.

If we take g (¥) = tin (1.4) and (1.5), then we can consider the following k-fractional inte-

grals

Sk,a+f (X) =/ k(x—1 f(dt, xe(a,b] (1.14)
fora<x<band ,
sk,b_f(x)zf k(t—x) f()dt, x€la,b). (1.15)
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In [28], Raina studied a class of functions defined formally by

X o((k)

For ()=}

——— x* |x|<R,withR>0 (1.16)
izl (pk+1)

for p, A > 0 where the coefficients o (k) generate a bounded sequence of positive real num-
bers. With the help of (1.16), Raina defined the following left-sided fractional integral operator

X
— A=
jl‘f'&aﬂwf(x) .—fa (x—10 lggl(w(x— HP)f(dt, x>a (1.17)
where p, A >0, w € R and f is such that the integral on the right side exists.

In [1], the right-sided fractional operator was also introduced as

b
jgvﬂ,b—;wf(x)::fx (t—x)’l‘lgg/l(w(t—x)p)f(t)dt, x<b (1.18)

where p, A >0, w € R and f is such that the integral on the right side exists. Several Ostrowski
type inequalities were also established.

We observe that for k (1) = t’l‘lgg 2, (w tP) we re-obtain the definitions of (1.17) and (1.18)
from (1.14) and (1.15).

In [26], Kirane and Torebek introduced the following exponential fractional integrals

%ﬁf(x)::éf exp{—l;a(x—t)}f(t)dt,x>a (1.19)

a
and

b _
T, f(x) :=é] exp{—%(t—x)}f(t)dt,x<b (1.20)

X
where a € (0,1).

We observe that for k (¢) = % exp (—1_7“ t) , t € R we re-obtain the definitions of (1.19) and
(1.20) from (1.14) and (1.15).

Let g be a strictly increasing function on (a, b), having a continuous derivative g’ on
(a, b). We can define the more general exponential fractional integrals

1 [* 1-
Tgarf (x) = ;f eXp{——aa (g(x)—g(t))}g’(t)f(t)dr, x>a (1.21)

a

and
b

1 1-
%Cfb_f(x) = Ef exp{—Ta(g(t)—g(x))}g'(t)f(t)dt, x<b (1.22)

X
where a € (0,1).

Let g be a strictly increasing function on (a, b), having a continuous derivative g’ on
(a, b). Assume that @ > 0. We can also define the logarithmic fractional integrals

X

Lgarf 1) :=f (g -g0) 'In(gw-g0) g O f W dt, (1.23)

a
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forO<a<x<band

b
z;b_f(x) ::f (g —g(x))"“lln (gn-gw)g o fadt, (1.24)

X

for 0 < a < x < b, where a > 0. These are obtained from (1.14) and (1.15) for the kernel k (¢) =
t*Hnt, t>0.

For a =1 we get

Lo+ f(x) = f In(gx)-g®)g' () f(dt,0<a<x<b (1.25)
and ,
Lo p-f(x) = f In(g()-g)g' O f(ndr,0<a<x<b. (1.26)

For g () = t, we have the simple forms

L% f(x) ::f x—0*'In(x-0f(Hdt,0<a<x<b, (1.27)
b
<z f (%) :=f (t-0'In(t—x) f(t)dt,0<a<x<bh, (1.28)
Lot [ (X) ::f In(x—0 f()dt,0<a<x<b (1.29)
and ,
Ly f (x) :=f In(t—x)f(t)dt,0<a<x<bh. (1.30)

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals see [2]—-[18],

[23]—[36] and the references therein.

For k and g as at the beginning of Introduction, we consider the mixed operator

1
Sk,g,a+,b—f(x) = 5 [Sk,g,a+f(x) +Sk,g,b—f(x)]

1 X b

=3 f k(g(x)—g(t))g'(t)f(t)dt+f k(g)-gx)g () f(yde| (1.31)

for the Lebesgue integrable function f: (a,b) — Cand x € (a, b).

Observe that

b
Sk,g,x+f (b) =f k(g -g)g (0 f(ndt, xela,b)

X

and
X

Skgx—f (@) = f k(g -gw@)g () f()dt, xe(a,bl.

a

We can define also the dual mixed operator

. 1
Sk,g,a+,b—f(x) = E [Sk,g,x+f(b) +Sk,g,x—f(a)]
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1 b X
=3 U k(g(b)—g(l‘))g/(t)f(t)dt+f k(g -g@)g (O f(ndt

forany x € (a, b).

In this paper we establish some inequalities of Jensen and Hermite-Hadamard type for
the k-g-fractional integrals of convex functions defined an interval [a, b]. Some examples
for the generalized left- and right-sided Riemann-Liouville fractional integrals of a function
f with respect to another function g on [a, b] and for classical Riemann-Liouville fractional
integrals are also given.

2. The main results

We have the following bounds for the operator S, g 4+,p- f:

Theorem 1. Assume that the kernel k is defined either on (0,00) or on [0,00) with nonnegative
values and integrable on any finite subinterval. Let g be a strictly increasing function on (a, b),
having a continuous derivative g’ on (a,b). If f : [a, b] — R is a convex function, then

1
2 K (g0 -g @) +K (g (1) - g )]

o f K(gx)-g@)a+K(gh)-g)b [XK(gx)—g®)dt—[}K(g(t)-gx)dt
K(gx)—g@)+K(gb)—g ) K(g(x)—g(@)+K(gb)-gx)

X

+—
f(“ K(g®)-g@) Ja

1 b
N b_—f K(g0- ()dt)K (b) - g (x)
f( COETOL (g(-gw) (g -g W)

= Sk,g,a+,b—f (x)

=

1
> K(g(x)—g(r))dt)K(g(x)—g(a))

1
<5 [K(g)-g@)f (@+K(g(h)-g(x) f b)]
1[f)-f@ [+ ~ _f(b)—f(x)fb ~ ]
3|7 xma ) Klgw-gw)di-"—= == | K(g)-gx)dz 2.1)

forxe(a,b).

Proof. Since f :[a, b] — R is convex, then for x € (a, b)

r— -t
fU)Sx_quy+j_amet€ULﬂ 2.2)

and

- bt
fu)sb_zf(m4-b_xf(m,re[LbL 2.3)

By (2.2) and (2.3) we have

X b
fk(g(x)—g(r))g’(t)f(t)dHf k(g-gw)g (o f(ndt

1
Sk,g,a+,b—f(x) = E
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dt

1 [ , t—a x—t
Sij;HgW)gUDgU%;j;ﬂﬂ+;jaﬂm

(2.4)

1 (P . [t-x b—t
+5fx k(g(t)—g(x))g(t)[mf(bnmf(x) dt

forxe (a,b).

Using the chain rule we have
(K(g-g®)=-K'(gx)-g®)g ®)=-k(gx)-g®)g (1)
for t € (a, x) and

(K(g-gw)) =K' (g)-gx)g (0=k(g()-g)g (1)

forte(x,b).

Then, integrating by parts, we have

* -t
f k(g(x)-g(t) g(t)[ f(x)+ f(a) dt

dt

X t— —t
=—f (K(gx)—g D)) [ Lr+ T f@
a X—da X—a

x_f(x)—f(a)f"
xX—a a K(g(x)

—[K(g(x)— —g)dt

=K(g(x)—g(a))f(a)+Wf K(gx)-g()dr

and

b b-t
f k(g - g(x)g(t)[—f(b)+—xf(x)

dat
b
f()iic(x)f K(g(t)-gx)dt

K(g(t)—g(x))dt

b , b-t
=f (K(g()-gW)) [b_xf(b)+ pAC)

- K(g()-g) b:if(bH

fb-f(x )
b—x fx

=K(gb)-g) f(b) -

forxe (a,b).

Therefore by (2.4) we have

f(x) f(“)f (g -gw)dt+K(gx) -g@)f (@

f ) - f()f

Skga+b fo=

~|K(gh)-gw) fb) -

(g(t)— g(x))dt]
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1

=3 [K(g0-g@)f(@+K(gb)-g)f D]
1[f0)-f(a) * B ) -f®
+ g faK(g(x) g)dte -

b
5 f K(g(t)-gw)dt

for x € (a, b), which proves the third inequality in (2.1).
We use the Jensen inequality in the form

Jlww fwde (
[fwmwde

d
1) tdt
Je w(®) ) (2.5)

[Twmde
where f:[c,d] — Ris convexand w(t) =0, t € [c,d] is integrable with fcd w () dt>0.
Therefore
X
fk(g(x)—g(t))g’(r)f(t)dt
a

f [Fk(gx)-g)g (nrde
[Fk(gx-g)g (ndt

>

)f k(gx)—g)g (ndt (2.6)
and

b
fk(g(t)—g(x))g’(t)f(t)dt

(ffk(g(t)—g(x))g’(t) tdt
fxb k(g(n—g@)g (ndt

>

b
)f k(g-gw)g (ndt 2.7

for xe (a,b).

We have

X

| ke-gw)g war=- [ (K(g0-gw) dr=K (g01-g (@)

a

and
X

f k(g -gn)g (ntdr= —f (K(gx)—g(0)) rdt

X

=—[K(g(x)—g(t))t|’;—f K(g) -gm)dt
=K(g(X)—g(a))a+f K(gx)—g)drt

forxe(a,b).

Also

b b
fk(g(t)—g(x))g’(t)dt=f (K(g(n-g)) di=K(gh)-g(x)

X

and

b b
fk(g(t)—g(x))g’(t)tdtzf (K (g -g ) tdr

X



INEQUALITIES OF JENSEN’S TYPE 265

b
=K(g()-gx) t|§—f K(g(n-g)dt

b
=K(g(b)—g(x))b—f K(g(n-g)dre

X

forxe (a,b).

Then by (2.6) and (2.7) we have

fk(g(x)—g(t))g’(t)f(t)dt

1 fx )
> +—— | K(g)-g®))dt|K(g(x)-g(a) (2.8)
fla K& -2 @) Ja (g -g®) (gx) - g @)
and
b
f k(g-gm)g @ fdt
1 b
> b——f K(g(®)-g(x) dt)K (b)—g(x) 2.9)
f( Kb —gw) . KEW-8@)dIJK(gb)-g )
forxe (a,b).

Using the inequalities (2.8) and (2.9) we have

1 X b
Sk,g,a+,b_f(x)=§[f k(g(x)—g(t))g’(t)f(t)dt+f k(g-gw)g @ fde

1 1 fx
> = +——— | K(ge)-g(® dt)K (x)—-g(a)
zf(a K(g o g @) Jo (g -g) (g0 -g@)

1 1 b
T [ R ()dt)K (h) - g W),
2f( KD 2@ ) (g(-gw) (g(h)-g W)

which proves the second inequality in (2.1).

By the convexity of f we have for a, f = 0 with @ + 8 > 0, that

af (c)+pf(d) ac+,6d)
o > f aip ) (2.10)
Then for
K(g)-g@) K(g(b)-gx))
a=—"" p=—2— o)
2 2
and ) B
=—a+——m— Klgx)—g(1))dt,
¢ a K(g(x)—g(a))fa (gx g )
1 b
d=b——f K(gt)—-gx))dt
K(gh)-g(x) Jx &0 -20)
we have
1 /" )K(g(x)—g(a))
a+— Klgx)—g))dt| ———=
! K(g(x)-g(@)Ja S 2



266 S.S. DRAGOMIR

1
i flpbe—
f( K(g(bh)-gx)
[K(g(x)-g(@)+K(g(b)-g )]

o f K(gx)-g@)a+K(gh)-gx)b [XK(gx)—gn)dt—[]K(g(t)-gx)dt
K(g(x)—g(@)+K(gb)-gx) K(gx)—g(@)+K(gb)-gwx)

b K(g)—-gx)
fK(g(t)—g(x))df (gfg)

=

N~

which proves the first inequality in (2.1). O

If g is a function which maps an interval I of the real line to the real numbers, and is both
continuous and injective then we can define the g-mean of two numbers a, b € I as

Mg (a,b):= g_l (%g(b)) .

If I = Rand g (t) = t is the identity function, then Mg (a,b) = A(a,b) := %b, the arithmetic

mean. 1f I = (0,00) and g(t) = In¢, then Mg (a,b) = G(a, b) := vV ab, the geometric mean. 1f
I=(0,00) and g (t) = %, then Mg (a,b) = H(a, b) := 2ab the harmonic mean. If I = (0,00) and

T a+b’

1/
g () =1tP, p #0, then Mg (a,b) = My (a,b) := (“p;bp) p, the power mean with exponent p.
Finally, if I =R and g () = exp t, then

b
Mg (a,b) = LME (a, b) :=ln(w),

2
the LogMeanExp function.

Corollary 1. With the assumptions of Theorem 1 we have

Mg (a,b) b b
K(g(b)—g(a))f(ch P a K(g(a)—;'g( ) _g(t))dt—fjﬁg(a’b)K(g(t)— g(a);rg( ))dt)

+
2 2 gb)-g(a)
2K(72 )

M, (a,b)
flas—1 f k(88D ) ar
K(M) a 2

1 b g@+g(b) g(b)-ga)
+f(b—-K(g(b);g(a))fMg(a,b)K(g(t)——z )dt K(—)

2
= Sk,g,a+,b—f (Mg (a, b))

| b) -
si[f(a)+f(b)]K(W)

L (Mg (@ b) - f (@ /erb) K(g(a) +g(b)
2 Mg(ab-a Ja 2

b)— (M, (a, b)) P
1) - f(Mg(a ))f K(g(t)——g(“)+g(b))dt.
2 b-Mg(a,b) Juab 2

=

g(t))dt

(2.11)
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For the dual operator S k.g,a+ b we also have the following bounds:

Theorem 2. Assume that the kernel k is defined either on (0,00) or on [0,00) with nonnegative
values and integrable on any finite subinterval. Let g be a strictly increasing function on (a, b),

having a continuous derivative g’ on (a,b). If f : [a,b] — R is a convex function, then

1
5 [K(gw-g@)+K(gh)-gw)]

[{K(gb) -g)di- [y K(g(1) - g(@)dt
K(g(x)-g@)+K(gb)-gx)

xf(x+

1 1 *
<= x— | K(g(t)-g(a) dt)K (x)—g(a)
zf( K(g(x)—g(a))fa £ -g@) (80 -&(@)
1 b
tflxr——— | K(g)-gW dt)K (b) - g (x)
f( K(g(b)—g(x))fx (80 -gn)di]K(g(b)~g()
= S‘k,g,a+,b—f (x)
1
<5 [K(gw-g@)+K(gb)-gW)] )
1 f(b)‘f(x)fb _ _fo _ ]
+2[ | Kew—g)di- === | K(gn-g@)di| @12
forxe(a,b).

Proof. Using (2.2) and (2.3) we have

X

. 1
Sk,g,a+,b—f (x)= Ef

a

1 b
k(g(t)—g(a))g’(t)f(t)dt+5[ k(g -gw)g @ fvde

1 , t—a x—t
SEL k(g(t) g(a))g(t)[mf(mef(a) dt

1 (b . [t-x b—t
+5fx k(gb)—g()g (”[Ef”’”mﬂ’” dt (2.13)

forxe (a,b).

Using the chain rule we have
(K(g-g1))=-K'(g)-g1) g (t)=-k(gb)-g@®) g (1)
for t € (x, b) and

(K(g-gw@) =K' (g-g@)g ®=k(g-g@)g @

forte(a, x).

Then we have

* B , t—a x—1
fak(g(t) g)g )| — [+ _——[(@|dt
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dat

[ B [ t—a x—t
—fa (K(g(-g@)) [—x_af(x)+—x_af(a)

=K(g(t)-g@)

t—a x—t
Ef(x)+mf(a)]

=K(g(x)—g(a))f(X)—Wf K(g-g@)dt

and

b r—x b-t
— / _ _
ka(g(b) g(t))g(t)[b_xf(bH — /@

dat
b

dat
b

b [ t—x b-t
fx(K(g(b)—g(t))) [mf(bwfxf(x)

[—x b-—t
=— [K(g(b)—g(t)) [mf(bﬂmf(x)]
b) — b
= K(gt-g0) 10+ LOLE Mgy -gn)ar

forxe(a,b).

From (2.13) we get

o 1 _ X
Stgarpf (0=~ |K(gx)-g(a) f(x)—w f K(g(t)—g(a))dt]

2

+

b) — b
K(g(b)—g(x))f(x)+%f K(g(b)—g(t))dt]

[K(g(x)-g@)+K(gb)-g )] f(x)

f)-fx
b—x

+
N = N = N =

which proves the third inequality in (2.12).

By Jensen'’s inequality (2.5) we also have

fk(g(l‘)—g(a))g’(t)f(t)dt

s [ik(g-g@)g (ntdt
T\ [k(gn-g@)g (ndt

)f k(g-g@)g (ndt
and
b
fk(g(b)—g(t))g’(t)f(t)dr

(fxb k(gb)—g(0)g (ntdt
k(g -g1)g (tdt

>

b
)f k(gb)-g)g' (ndrt

for xe (a,b).

x_f(x)—f(a)fx ~
e aK(g(t) g(a)dt

b b _ b
—%[ K(g(b)—g(t))dt]

b _ X
[ xgw-gunar-T2=LD [Th (g -gayar|,

(2.14)

(2.15)
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Observe that

X

fk(g(t)—g(a))g’(t)dt=f (K(g(n-g@))dr=K(g(x)-g(a)

a

and
fk(g(t)—g(a))g'(t)tdtzf (K(g(t)-g(@)) tdt
=K(g(t)—g(a))t|2—f K(g(t)-g(a)dt
:K(g(x)—g(a))x—f K(gt-ga)dt
forxe (a,b).
Also
b b ,
[ ew-gw)g war=- [ (K(gw-gw) dr=K(g0)-g )
and
b b ,
/k(g(b)—g(t))g'(t)tdt:—f (K(g(b)—g(0)) rdt
b
=—[K(g<b)—g(t))tlf§—f K(gb)-gn)dt
b
=K(g(b)—g(x))x+f K(gb)—g)dt
forxe(a,b).

Therefore, by (2.14) and (2.15) we have
5 1 [(* , 1 b ,

Sk,g,a+,b—f(x):§/ k(gn-ga)g (t)f(t)dt+5f k(g -gw)g @ fnde
v
K(gx)-g@)

1 1 fb )
+—fla+———— | K(g)-g®)dt|K(gb)-g®),
zf(x K(gh)-g ) Js g B -g )] K(g )5 )

1 X
zif(x— f K(g(t)—g(a))dt)K(g(x)—g(a))

which prove the second inequality in (2.12).
Using the inequality (2.10) for

K(gx)-g@)
s

_K(g)-gw)

, B 5

and ) B
c=x—-————— Klg(t)—g(a))dt,
K(gx)-g(a) fa 50 -g (@)
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1 b
d=x+—f K(gb)—g(t)dt
K(g(b)-gx) Jx (801 = 1)
we have
1 x K(gx) -g @)
x—— | K(e(-g(a) dt)—
f( K@u%ngL (s0-g (@) 2

1 fb )K(g(b)—g(x))
+ + K(gb)—gt))dt| ——
f(x KEh -z s (g —-g)

[ K(gh)-gw)di-[7K(g()-g@)di
K(g-g@)+K(gh)-gx)

which proves the first inequality in (2.12). O

1
25 [K(g(x)—g(a))+K(g(b)—g(x))]f(x+

Corollary 2. With the assumptions of Theorem 2, we have

K(g(b)—g(a)
2

iyt K (8 (D) —g(t))dt—f%(“’”K(gm—g(a))dt)

)f(Mg(a, b) + ZK(g(b);g(a))

Mg(a,b)

L 1
= E [f(Mg(d,b)—@L K(g(t)_g(a))dt)

1 b
+f(Mg(a,b)+WfMg(a’b)K(g(b)—g(t))dt)

= Sk,g,a+,b—f(Mg (a, b))
- K(g(b)—g(a)

K(g(b)—g(a))
2

)f(Mg(a b))+lf(b)—f(Mg (a,b)) fb

2~ b-Mg(a,Db) K(gb)-gn)dt

2

1f(Mg(ab)-f(a
2  Mg(a,b)—a

Mg(a,b)

Mg (a,b)
f K(g(H-g@)dt. (2.16)

3. Applications for generalized Riemann-Liouville fractional integrals

If we take k (¢) = ﬁ t%1 where T is the Gamma function, then

a—-1

1 X
Sk,g,a+f(x):Ig.;.,gf(x)l:%f (g0 -g]" gwfdr

fora<x<band

b
Sk,gp-f (x) = Ig_’gf(x) = f [g(t) —g(x)]“_lg'(t)f(t)dt

1
I' (@)
for a < x < b, which are the generalized left- and right-sided Riemann-Liouville fractional
integrals of a function f with respect to another function g on [a, b] as defined in [25, p.100].
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We consider the mixed operators

Ig arpf 0= 5 |13 o fOO+ I o f(x)] (3.1)
and

12 oy F 0= |18  f D)+ I o f(@)] (3.2)
forxe (a,b).

We observe that for a > 0 we have
l—lX
K(r) = f , =
I'(a) al"(a) F(a+1)

In what follows we assume that f : [a, b] — R is a convex function on [a, b]. Using the inequal-

ity (2.1) we get

1 a a
T+t () -g@)" +(gb)-g )]

. f((gm —g(@) a+(gb)-g) b+ [ (g0 -g ) dt- [P (g1 -gx)*dt
(g -g@)"+(gb)—gx)*

<t
2T (@+1)

1 o a a
o e G0 -t

1 b
N b_—af (1 -g)*dr|(gh)-gx)"
f( G0 -20) (st-gw) )(g gw)

<184y f 0

1 « u
< rasD LEW-8@)" f@+(gb) =g )" f )]
1 [f-f(@ _f(b) flx )/
Tain| x-a (g(x) gw)*dt-———=1[ (g-gw)*dt| 33)

while from (2.12) we get

1 N .
MiasD EW-8@) +(gd)-g )]

b a X a
Xf(x+fx (g(b)-g (1) di [ (g g(c;)) dt)
(g -g@)* +(gb) - gx)

<
2T (@+1)

1 * a a
e Gz | - st )tz

1 fb a @
+flx+t——m (by—g(t)) dt (b) - g (x)
f( GOz ) () -g (1) )(g g()

S C)
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1 o a
=T@+D (g0 -g@)" +(gb)-gx)*] f(x)
1 f(b)—f(X)fb B « _fo B .
Yorarn | box ). @D -gm) A== (g -g @) dr |34
forxe(a,b).

Also, by (2.11) and (2.16) we have

1
20T (a+1)

Mg(a,b) ( g(a)+g(b) a b (@+g) \*
a+b ag (%_g(t)) dt_fMg(a,b)(g(t)_g 2g ) dt

(gb)-g@)”

x +
Ul 21-2(g(b)- g(a)”
1 1 Mq(a,b) g(a)+g(b) a
= 3@ @+ |/ a+(g(b)—g(a))“fa ( 2 _gm) dt
2
1 b g(a)+g(b))“ a
h——— TS b —
+ (W)ang(a,b)(g(t) 2 tl| (g -g@a)
< Iy 4y pf (Mg (a, b))
1 [04
= 2@ T @r D) [f (@ +f )] (gb)-g (@)
M, (a,b))— Mg (a,b) a
L1 [f(Mgab) f(a)f ‘ (g(a)+g(b)_g(t)) 0
T(@+1) Mgab-a Ja 2
b) - f (M, (a,b)) b a
1 [ f(Mgla ))f (g(t)_g(aHg(b)) gt 3.5
2I'(a+1) b— Mg (a,b) My (a,b) 2

and
(g(b) - g(@)”

I (8B =g ) de— [ (g1 - g (@)" ar
21-a (g (b) - g (a))

20T (a+1)

Xf (Mg (ay b) +

1 1

Mg (a,b) o
Sm f Mg(a;b)—wj‘; (g(-g(@) dr
2

b

1 f
(g(b)—g(m)“ Mg(a,b)
2

+f| Mg (a,b) + (g -gm)*dr||(gb)-g @)

< Iy 4y I (Mg (@, b))

< s asT) 8D~ 8@)" f (Mg (a D)
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1 fb)-f(Mg(ab) i
+2F(a+1) b— Mg (a,b) fMg( b(g(b)—g(t)) dt

1 f(Mg(a,b)-f(a) [Mc@D
2T (a+1) Mg (a,b)-a fa (g -g@)

(3.6)

Ifwe take g(#) =t, t€[a, b] in (3.3) and (3.4), then we get

_ @ Y1 a+l a+1
2I' (a+1) [x-a)+ (-2 ]f( (X—a)a+(b—x)a
1

<
T 2T (a+1)
= Z+,b—f(x)

1

< —_
T 2T (a+1)
1 u .
+2F((x+2) [(f @0 - f (@) x=a)* = (f (b) - f (X)) (b—x)*] 3.7

aa+x (x—a)®+ x+ab (b_x)a)

aa+x
a+1

f( )(x a)® +f

)(b 0

[(x—a@)* f(a)+ (-1 f (b))

while from (2.12) we get

_ a _ a a+1 a+1
(x-a)+b-x) ]f( (x—a)“+(b 0°

-

2I'(a+1)
1
=<
2I'(a+1)
= ~Z+,b—f(x)
1
S R —
2I'(a+1)

M(x_a)a btax (b- x) )

ax+a

g

J—are p (2

a+1

[(x—a)*+(b-x)%] f(x)

+Wl+z) [(f ) = F @) (b=~ (f 0 - f (@) (x- @) (3.8)
for x € (a, b), where )
Tt @)= 5 Uk f0 + T f )]
and ] .
Jarp-f 0= S [T f (D) + T f(@)]
forxe (a,b).

If we take x = %2

5> in (3.7) and (3.8), then we get, after required calculations

(b-a)” (a+b)< (b-a)” (2(x+1)a+b) a+(2(x+1)b)]
20T (@ +1) 2 T 2a%I (@ + 1) 2(a+1) 2(a+1)
a+b
= a+b f )
(b-a)® a+b)+ ab-a)® f(a)+ f(b)
29T (a + 2) 2 29T (a + 2) 2
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and

The

(10]

(11]

[12]

(13]

(14]
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(b-a)* f(a)+f(b)

< 3.9
29T (¢ +1) 2
(b-a)® a+b (b-a)® (a+2)a+ab aa+(@+2)b
29T ( f( )S a+l f( )+f )]
a+1) 2 2 I'(a+1) 2(a+1) 2(a+1)
> a+b
S]a+,b—f 2 )
B ab-a)® f(a+b)+ b-a)* fb)+f(a)
2T (@ +2) 2 2T (@ + 2) 2
(b-a) f(a)+f(b). (3.10)

T 2T (a+1) 2

last inequalities follow by the fact that

f(a+b)sf(b)+f(a)‘

2 2
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