TAMKANG JOURNAL OF MATHEMATICS
Volume 51, Number 2, 101-112, June 2020
doi:10.5556/].tkjm.51.2020.2696

NONLINEAR BOUNDARY VALUE PROBLEM FOR
FRACTIONAL DIFFERENTIAL EQUATIONS WITH ADVANCED
ARGUMENTS UNDER INTEGRAL BOUNDARY CONDITIONS

BAKR HUSSEIN RIZQAN AND DNYANOBA B. DHAIGUDE

Abstract. In this paper, we prove the existence and uniqueness of solutions of fractional
differential equation involving Riemann-Liouville differential operator of order a € (0, 1),
with advanced argument under integral boundary conditions. The uniqueness of the
solution is obtained by using a Banach fixed point theorem with weighted norm. By us-
ing the comparison result and applying monotone iterative technique, the existence and
uniqueness results are obtained.

1. Introduction

In this paper, we investigate the existence and uniqueness of the solution of Riemann-
Liouville fractional differential equation with advanced argument under integral boundary

conditions:
Dgﬂu(t) = f(t,u(®),u@),teJ=0,T1, T>0,

T (1.1)
u(0) = /1/ u(s)ds+d, deR,
0

where A is 1 or —1 and f (¢, u(8),u@()) e CUxRxR,R), 0 C,]),t<0()<T, te]Jand
D(‘;ﬂ is the Riemann-Liouville fractional derivative of order a (0 < a < 1).

Recently in 2008, Wang and Xie [17] have studied the problem (1.1) without advanced
argument and with strong assumption on a function f that f is Hélder continuous and ob-
tained existence uniqueness results. Further Nanware and Dhaigude [14], have studied the
problem of Wang and Xie without assuming the strong condition of locally Hélder continu-
ity on a function f and developed the monotone iterative method for proving existence and

uniqueness results.

2010 Mathematics Subject Classification. 34A08, 26A33, 34A12, 34B15, 34L15.

Key words and phrases. Fractional differential equations with advanced argument, Riemann-Liouville
fractional derivative, existence and uniqueness, monotone iterative technique, integral boundary con-
ditions.

Corresponding author: Dnyanoba B. Dhaigude.

101


http://dx.doi.org/10.5556/j.tkjm.51.2020.2696

102 BAKR HUSSEIN RIZQAN AND DNYANOBA B DHAIGUDE

Many researchers have paid an attention and published series of papers to study the exis-
tence and uniqueness of solution of nonlinear fractional differential equations with advanced
and deviating arguments (see [1, 3, 5, 7, 8, 16]). The monotone technique is an interesting and
powerful tool to deal with existence results for fractional differential equations. Furthermore,
the monotone technique combined with the notion of upper and lower solutions provides
an effective mechanism to prove existence results for nonlinear differential equations. For
details (see [4, 6, 11, 12, 13, 14]).

The paper is organized as follows: In Section 2, we present some useful definitions and
lemmas. In Section 3, we prove the uniqueness of solution for the problem (1.1) by using
Banach fixed point theorem. In Section 4, we develop the monotone iterative technique and
then apply it to obtain existence and uniqueness results for the problem (1.1). In Section 5, we
study the weakly coupled lower and upper solutions of the problem (1.1) and obtain existence
and uniqueness of solution for the problem (1.1) when A is 1 or —1.

2. Preliminaries

For the convenience of the readers, we present some definitions and basic Lemmas from
the theory of fractional calculus. Let Ci_q (J,R) = {u € C((0, T],R): t'"%u(s) € C (J,R)} with
the norm |lull¢, , = ntlajx| '=%u(z)|. Obviously C;_q (J, R) is a Banach space.

€

Definition 2.1. [9, 15] The Riemann-Liouville fractional integral of order a > 0 for a continu-
ous function u(t) € C([0, T]) is defined as

1
T'(@)
provided the integral exists. I'(a) denotes Euler’s Gamma function.

t
I§u(n) = f (t—-9)% u(s)ds,
0

Definition 2.2 ([9, 15]). For function IO”I“u(t) € AC"[0, T] the Riemann-Liouville derivative
of order ¢ (n—1 < a < n) can be written as

n n et
Dgﬁu(t):(i) (Ig’f“u(t))—;(%) f(t—s)"_“_lu(s)ds,t>0.
0

dt Tn-a)
Lemma 2.1 ((9)). Letu(t)€ C"[0,T],a€ (n—1,n), neN. Thenforte ],
n-1 ¢k
[§.D§u = ut = 1, Fu® .

Now we state the following lemma without proof.
Lemma 2.2 ([2]). Letme C,_4(J,R) and for any t, € (0, T], we have
m(t)) =0andm(t) <0 for 0<t<t.

Then it follows that,
Dg+ m(t;) =0.
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Lemma 2.3. Function u(t) € C1_4 (J,R) is a solution of the problem (1.1) if and only if u(t) isa

solution of the integral equation

u(t)z?tf u(s)ds+d+m/ (t—38)"%f(s,u(s), ud(s))ds.

Proof. The proof is easy, so we omit it. O

Lemma 2.4. Let{u.(?)} be a family of continuous functions defined on ], for each ¢ > 0, which
satisfies
Dg+ ue(t) = f (&, uc(1), ue(0(1))),

T 2.1)
Us(0) = /1[ Ue(s)ds+d,
0

where|f (t,uc(1), uc(0(1)))l < M for t € J. Then the family {u.(t)} is equicontinuous on J.

Proof. We need to show that the family {u.(#)} is equicontinuous on J. Let0 < t; <, < T.

Note that
[2)

th—1h
(t—s)“‘lds=f (= 11— )% Vs = (ty — 1)7— P 2.2)
0 T(a+1)

5]

Then, in view of (2.2), we have

M h a—1 a—1 k2 a—1
[ue (1) — Ue(8)| = —— (f (=9 =(t2—9) ]d3+f (t2—9) dS)
I'(a) \Jo t

M
s — [t =t +2(6 — 1)?
F(a+1)[1 2 #2062 = 1)
s —(hL-1)%<
Tarp 27 <€
provided that |t — 11| <6 = [eF ‘”1)] , proving the result. O

3. Uniqueness of solution

In this section, we discuss the uniqueness of solution of the problem (1.1) for Riemann-
Liouville fractional differential equation with advanced argument under integral boundary

conditions. We introduce the following assumption for later use.

(Hp) There exists nonnegative constants M, N such that

|f(t»u1)u2)_f(t)U1)U2)| SM|u1—U1|+N|u2—U2|, Vt€], ui)UiE[R»i: 1)2

Theorem 3.1. Let (H;) hold and f € C(J x Rx R,R). IfA < 122= FTF(;;;(MJ“M then the problem

(1.1) has a unique solution.
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Proof. Define an operator T: C;_o,(J,R) — C,_4(J,R) as

t
Tu(r) = /1[ uls)ds+d+ —— (t—s)“_lf(s,u(s),u(e(s))ds.

I'(a)
Using assumption (H), for any u,ve Ci_q(J, R), we have

ITu-Tolc, , = r?ea}xw-“ [(Tw) (1) - (Tv) (1]

T Y
Smaxtl_”%/ |u(s)—v(s)|ds+max§l—/ (t—s)*!
0 re] 1@ J

te]

x| f (s, u(s), u(@(s) - f (s,v(s),0(0(5))| ds

T
_ _ aa-1
S/I/O dsllu-vlc,_, na T(a)f( s)
x [|IM (u(s) —v(s)|+ N (u(@(s) —v@ ()] ds

< ATlu-vlc,_, F(a)f (r— 51
M5 u=yl, +NOS T u-yl, ] ds

M+N)t'™@ (!
< ATllu-vlc,_, +max#f (t—-9)'s* u-vlc,_, ds
te] I'(a)

(M + N)t®
s ATllu—-
< /1 || u U”Cl—a +r1;1€] F(a) f (

X

1 -1
)T dnllu-vle,_,

< [/IT+ PO ey
I'Ca)

Therefore, [|Tu—Tvllc, , < llu—vll¢,_, and T is a contraction operator on Ci_q(J,R). Conse-

lu-vlc,, -

quently, by the contraction mapping theorem T has a unique fixed point u(#), i.e. u(t) is a
unique solution of the problem (1.1). The proof is complete. O

Lemma 3.1. Suppose that M, N are constants and o € C1_4(J,R). Functionu e C,_,(J,R) isa
unique solution of the following linear problem

D‘O’ﬁ u()+ Mu(t)+ Nu@(s)=o(t), te],0<a<l,
3.1)

T
u(O):)Lf u(s)ds+d, deR,
0
if u is a unique solution of the following integral equation

T
u(t):/l/ u(s)ds+d+—f (t—9)%  [=Mu(s)— Nu@(s)) +o(s)d
0

Proof. By the proof of Theorem 3.1, we see the solving (3.1) is equivalent to solving a fixed
point problem with operator T,; defined by

Tgu(t)lef u(s)ds+d+mf (t— )% [=Mu(s) — Nu@(s)) + o (s)] ds.

For any o € C,_4(J,R). Then the operator T, has a unique fixed point. a
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4. Monotone iterative technique

In this section, we mainly investigate the existence and uniqueness of solution of the
problem (1.1) for fractional differential equation with advanced argument by monotone iter-
ative technique. We need the following comparison result which play a very important role in
further discussion.

Lemma4.1. Leta € (0,1),0(t) e C(J,]) and t <0(¢) on J. Suppose that p € C,_,(J,R) satisfies

the inequalities

{ DE. p(t) = ~Mp(t) = Np(@(1) =Fp(1), te] )

p(0) =0,
where M and N = 0. If
—T*M+N)T(1-a)<1,

thenp(t)<O0forallte].
Proof. Put p.(t) = p(t) — ¢, € > 0. Then

Dg. pe(1) = Dy, p(1) — Dg.€
£
=FP-faraTy
< —Mp.(t) = Npe(0(1)) + [~ (M + N) — (1/(t°T(1 — a)))]
< Fpe(1),
and
pe(0) =p(0)—€<O.

We prove that p.(¢) <0 on J. Assume that it is not true. It means there exists t; € (0, T'] such
that p.(f1) =0and p.(t) <0, t € (0, f;). In view of Lemma 2.2 we have D‘O’ﬂ pe(t1) = 0. It follows
that

0< Fp:(t1) =-Np:(0(1)).

If N =0, then 0 <0, so it is a contradiction. If -N < 0, then p.(0(#1)) <0, it is a contradiction
too. This proves that p.(f) <0on J. So p(f) —e <0on J. Now, if € = 0, we get required
result. O

Definition 4.1. A pair of functions (vy(t), wy(t)) in C1_4(J,R) is called lower and upper solu-
tions of the problem (1.1) for A =1 if

T
Dg.vo(2) < f(£,00(2),u0(0(2))), v (0) Sfo vo(s)ds+d,

T
Dy wo(1) = f (2, wo(2), wo(0(1), wp(0) 2/0 wo(s)ds+d.
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Theorem 4.1. Assume that:

(i) functionsvy(t) and wy(t) in C1_q(J,R) are lower and upper solutions of the problem (1.1)
such that vy (1) < wy(t) on J,

(i) f(u@,u@@)eCUxRxRR),0€CU,N), t=0)=<T,te],

(iii) there exists nonnegative constants M, N such that function f satisfies the condition
ft,v1,v2) = f(t,uy,up) =2 =My —uy) — N2 — up),

fOI”Uo(t) <u; <vp < wylh), U()(G(l’)) < up < vy < wy(0(1)).
Then there exists monotone sequences {v, (1)} and {w;(t)} in C,_qo(J,R) such that

v, (O} = v(t) and {w, (1)} — w(t) as n — co

wherev(t) and w(t) are minimal and maximal solutions of the problem (1.1) respectively,
andv(t) <u(t) < w(t)on].

Proof. We consider the following linear problem:

D(‘)ﬁu(t) =—Mu(t)- Nu@(1) +o(1),

T (4.2)
u(0) :f u(s)ds+d,
0
where (1) = f (£,7(8),n0(1))) + Mn(t) + Nn©(1)) and n € Ci_q(J,R).
Obviously, by Lemma 3.1, the linear problem (4.2) has a unique solution u(#).
We next define the iterates as follows:
Dg+vn+1(t) = f(t,vn(0),v,0(0)) = M [Uy41(8) =vp ()] = N [Up11(0(8) —v, (O ()], 4.3)
Un10) = [ vp(s)ds +d, '
and
Dg+ Wp1 () = [ (&, wu(0), w,(0(0) =M [Wy1 () —wp(D)] =N [w,10(2)—wy,(0(0)], 4.4)
wn+10) = fy wa(s)ds+d, '

Obviously, the above arguments imply the existence of the unique solutions v, (#) and
wp+1(8) of the problems (4.3), (4.4). By putting n = 0 in the problems (4.3), (4.4), we get the
existence of solutions v (¢) and w;(t). We show that vg(#) < v1(f) < wi(t) < wy(t). For this,

consider p(t) = vy(t) —v1(f) on J, and vy(t) is the lower solution of the problem (1.1). Then

D p(t) = D& vo (1) = D&.v1 (1)
< =M [vo(t) —v1 ()] =N [ve(O (1)) —v1(0())]
< -Mp(t)-Np©(1),
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and ’ ’
p(0) = vy(0) — vy (0) sf vg(s)ds+d—f vo(s)ds—d=0.
0 0

By Lemma 4.1, we get p(f) < 0, implies that vy () < v () on J. Similarly, we can prove w; < wy
and v; (¢) < wy(t) on J. Thus vg(t) < vy (1) < wi(t) < wo(t). Assume that for some k > 1,

Vi-1(2) = Uk (1) = wi(?) < wi-1(2) on J.

We claim that vg(f) < Vg1 () < wis1(8) < wi(f) on J. To prove the claim, set p(t) = v (t) —
Vi41 (1), we have

Dg. p(t) = Dgv,.(t) = Dg. v, (1)
< —M[Vr(t) = Vi1 (D] =N [v,(0(1) — V41 (0(D)]
< -Mp(t)- Np(O(1),
and T T
p(0) = vk (0) = vg+1(0) =f0 Uk—l(S)dS—fO vk(9)ds

T T
sf vk(s)ds—f Vi(8)ds=0.
0 0

By Lemma 4.1, we get p(t) <0, implies that vi(t) < v (f) on J. Similarly, we can prove that
Wi41(1) < wi(f) and vg,1(f) < wi1(2) on J. By the principle of mathematical induction, we
have

VSV SV SUpSWr<---<wp<w;<wyon J. (4.5)

Obviously, the sequences {v,, (f)} and {w,, (1)} are uniformly bounded. We observe that {Dg‘wn}
and {Dg, wy} are also uniformly bounded on J, in view of the relations (4.3) and (4.4). Then
using Lemma 2.4 we can conclude that sequences {v, (#)},{w,(t)} are equicontinuous. Hence
by the Ascoli-Arzela theorem, the sequences {v,(#)} and {w,(#)} converge uniformly to v and
w, respectively on J. If n — oo, then we see that v, w are continuous solutions of the problem
(1.1).

Now, we prove that v(#) and w(t) are the minimal and maximal solutions of the problem
(1.1). Let u(¢) be any solution of the problem (1.1) different from v(#) and w(t), so that there
exists k such that v (t) < u(t) < wi(t) on J. Set p(t) = Vj41(t) — u(t). we have

Dg. p(t) = DUk (8) — Do u(t)
< =M Vi1 (D =u(B)] = N [vg41(0(0) - u(0(1))]
< -Mp(t)- Np©(1),
and r
p(0) = Vg+1(0) — u(0) =f0 [Vi(s) —u(s)]ds<0.
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By Lemma 4.1, we get p(t) < 0, implies that v.(#) < u(¢) for all k on J. Similarly we can
prove u(t) < wy1(t) for all k on J. Since vy (¢) < u(t) < up(#) on J. By induction it follows that
V(1) < u(t) and u(t) < wy(¢) for all k. Thus vy (1) < u(t) < wi(t) on J. Taking limit as k — oo,
we get v(t) < u(t) < w(t) on J. The functions v(t) and w(t) are the minimal and maximal
solutions to the problem (1.1). The proof is complete. a

Next, we prove the uniqueness of solution of the problem (1.1) as follows:

Theorem 4.2. Assume that:

(i) functionsvy(t) and wy(t) in Ci1_4(J,R) are lower and upper solutions of the problem (1.1)
such thatvy(t) < wy(t) on J,
i) f,u@®),u@®))eCUxRxRR),0cCU,N,t<0)<T, te],

(iii) there exists nonnegative constants M, N such that function f satisfies the condition
f(tv1,v2) = f(t,ur, up) < M (1 — w1) + N (U2 — up), (4.6)

fOI”Uo(t) <u; <vp < wylh), U()(H(l’)) < up < vy < wy(0(1)).
(iv) ’111_{210 | wy () — v, (B)|l = 0, where the norm is defined by Hf” = fOT |f(s)| ds then the prob-

lem (1.1) has a unique solution.
Proof. Since v(f) < w(t), it is sufficient to prove v(t) = w(¢). Consider p(¢) = w(t) —v(?), then

D p(t) = D& w(t) - D& (1)
< M{w()-v(t)] + N [w(O(1) —v(O(1))]
< Mp(t)+ Np6(1),

and

T
w(0) —v(0) :f [w(s)—v(s)]ds
0
lw(©)-v)| = r}l_{glo | wy,(0) —v, )] =0.

p(0)

By Lemma 4.1, we get p(t) < 0, implies that w(#) < v(#). Hence v(¢) = w(?) is the unique
solution of the problem (1.1) on J. O

5. Weakly coupled lower and upper solutions

In this section, we investigate the existence and uniqueness of solution of the problem
(1.1) by weakly coupled lower and upper solutions.

Definition 5.1. A pair of functions (vy(t), wy(?)) in C;_4(J,R) is called weakly coupled lower
and upper solutions of the problem (1.1) for A = -1 if

T
Dg.vo(1) < f (£,00(8),v0(0(2)), Up(0) = _fo wo(s)ds+d,
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T
D% wo(£) = (£, wo(8), wo((1))), wo(O)z—fO vo(s)ds +d.

Theorem 5.1. Assume that:

(i) functionsvy(t) and wy(t) in C1_o(J,R) are weakly coupled lower and upper solutions of
the problem (1.1) with A = —1 such thatvy(t) < wy(t) on J,

i) f6u@®,u@@)eCUxRxRR),0€CU, ), t=0) =T te],

(iii) there exists nonnegative constants M, N such that function f satisfies the condition
ft,v,v2) = f(t,uy,up) =2 =My — uy) — N2 — up),

fOI’U()(l') SUI <V = wO(l'),U()(e(l')) SUp=Ux < wo(H(t))

Then there exists monotone sequences {v,(t)} and {w,(t)} in C1_q(J,R) such that
{v, (D)} = v(t) and {w, (1)} = w(t) asn — oo

wherev(t) and w(t) are minimal and maximal solutions of the problem (1.1) with A = -1,

respectively; and v(t) < u(t) < w(t) on J.

Proof. We consider the following linear problem:

D’O"+ u(t) = —Mu(t) - Nu@(t)) +o(r)
T (6.1
u(0) = —f u(s)ds+d,
0
where o (1) = f(t,7(1),n0(1))) — Mn(t) - Nn(@ (1) and n € C1_oJ,R).
The unique of solution of the linear problem (5.1) can be proved as in Lemma 3.1.
Define the iterates as follows:
D§.vp41(8) = [ (5,0n(0),0,(0(0) = M [0p41(8) =0, ()] = N [Un41(0(8) = v, (O(2))], .
Uni1(0) = = [ wa(s)ds+d, '
and
Df. wp+1(0) = f (1, wp (1), wp(0(0)) = M [wWp+1(8) = wy(D)] = N [wp+10(1) — wy (0(1))] ,(5 N
Wne1(0) = = [y vn(s)ds+d, '

Obviously, the above arguments imply the existence of the unique solutions v, (t) and w41 (¢)
for the problems (5.2), (5.3). By setting n = 0 in the problems (5.2), (5.3), we get the existence
of solutions v (#) and w; (). We show that vg(1) < v1(t) < wy(t) < wy(r). For this, consider

p(t) =vo(t) —v1(2) on J, and vy(t) is the lower solution of the problem (1.1). Then

Dy p(1t) = D vy (1) = Dg.v, (1)



110 BAKR HUSSEIN RIZQAN AND DNYANOBA B DHAIGUDE

< =M [vg (1) —v1 (D)] =N [vo(0(1)) —v1(0(1))]
< -Mp(t)- Np(0(1),

and
T

T
p(0) = vp(0) —v1(0) < —f wo(s)ds+d+f wo(s)ds—d =0.
0 0

By Lemma 4.1, we get p(f) <0, implies that vy () < v;(#) on J. Similarly, we can prove w; < wy
and vy (1) < w1 (t) on J. Thus vy (£) < vy (1) < wy(f) < we(t). Assume that for some k > 1,

Vi1 () v (1) < wi () < wy_1(2) on J.

We claim that v (f) < V41 () < wi1(8) < wi(t) on J. To prove the claim, set p(t) = vi(t) —
V41 (1), we have

Dg+p(t) = Dgwk(t) —DgwkH(t)
< —M (1) = V1 (D] =N [0, (0(1) — Vi1 O(D)]
< —Mp(1) - Np@O(1)).
and
T T
p0) = v (0) —vg41(0) = _fo wk—1($)d8+f0 wi(s)ds

T T
< —f wk(s)ds+f wi(s)ds=0.
0 0

By Lemma 4.1, we get p(f) < 0, implies that vy (#) < vi4+1(#) on J. Similarly, we can prove that
Ui41(8) < wis1 (1) and wy1() < wi(f) on J. By the principle of mathematical induction, we
have

VWSV SV SVUrSWr<--<wy<w;<wyon J. (5.4)

Obviously, the sequences {v, (1)} and {w, ()} are uniformly bounded. We observe that {D(’;ﬁvn}
and {D(’;‘+ wy} are also uniformly bounded on J, in view of the relations (5.2) and (5.3). Then us-
ing Lemma 2.4 we can conclude the equicontinuous of the sequences {v, (1)}, {w,(#)}. Hence
by the Ascoli-Arzela theorem, the sequences {v,(#)} and {w,(#)} converge uniformly to v and
w, respectively on J. If n — oo, then we see that v, w are continuous solutions of the problem
(1.1) with A = —1. Now, we prove that v(t) and w(¢) are the minimal and maximal solutions of
the problem (1.1) with A = —1. Let u(#) be any solution of the problem (1.1) different from v(¢)
and w(t), so that there exists k such that v (f) < u(f) < w(t) on J. Set p(t) = vVi41(8) — u(e).

we have
D{. p(t) = Dy Vi1 (1) — Dy, u(t)
< M [Vis1 () —u(®)] = N [Ug410(0)—u@(1))]
< -Mp(t)- Np©(1),
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T
p(0) = vr41(0) — u(0) = _fo (wi(s)—u(s)]ds=<0.

By Lemma 4.1, we get p(t) < 0, implies that vy (f) < u(¢) for all k on J. Similarly we can

prove u(t) < wy4+1(2) for all k on J. Since vy (1) < u(t) < uy(t) on J. By induction it follows that
V(1) < u(t) and u(t) < wy(¢) for all k. Thus vi(t) < u(t) < wi(¢) on J. Taking limit as k — oo, it

follows that v(z) < u(t) < w(t) on J. The functions v(t) and w(¢) are the minimal and maximal

solutions to the problem (1.1) with A = —1. The proofis complete. O

Next, we prove the uniqueness of solutions of the problem (1.1) as follows:

Theorem 5.2. Assume that:

() functionsvy(t) and wy(t) in C1—4(J,R) are weakly coupled lower and upper solutions of

the problem (1.1) with A = -1 such thatvy(t) < wy(t) on J,

(i) fu@),u@@)eCUxRxRR),0€CU,N), t=0)<T,te],

(iii) there exists nonnegative constants M, N such that function f satisfies the condition

f,v,v2) = f(t,uy, up) < My —ug) + N (V2 — up),

fOI’U()(l') SUI <V = wO(l'),U()(G(l')) SUp=U2 < wo(G(t))

(iv) lim [|w, () = va()]l = 0, where the norm is defined by £l = S5 | £(9)| ds then the prob-

lem (1.1) has a unique solution with A = —1.

Proof. It is as in Theorem 4.2. O
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