TAMKANG JOURNAL OF MATHEMATICS
Volume 50, Number 1, 61-69, March 2019
doi:10.5556/].tkjm.50.2019.2704

This paper is available online at http://journals.math.tku.edu.tw/index.php/TKJM/pages/view/onlinefirst

ON FACTOR RELATIONS BETWEEN WEIGHTED AND
NORLUND MEANS

G. CANAN HAZAR GULEC AND MEHMET ALI SARIGOL

Abstract. By (X, Y), we denote the set of all sequences € = (¢,) such that X¢,, a,, is summable
Y whenever Xa, is summable X, where X and Y are two summability methods. In
this study, we get necessary and sufficient conditions for € € (|N, gn, tn|,,|N, pn|) and
€ € (|N,pa|,|N,qn, un|,), k = 1, using functional analytic tecniques, where |N, p,,| and
N, qn, uy | & are absolute weighted and Norlund summability methods, respectively, [1],
[5]. Thus, in the special case, some well known results are also deduced.

1. Introduction

Let A = (ay,,) be an infinite matrix of complex numbers, Za, be a given infinite series
with nth partial sum s, and (u;) be a sequence of nonnegative terms. Then the series Za, is
called summable |A, u,l;, k = 1, if (see [16])

[e 0]
> Uk HAR(S) — Apo1(9)1F <00, Ai(5) =0, 1.1
n=0
where A(s) = (A;(s)), the A-transform sequence of the sequence s = (s,), i.e.,
[e 0]
Ap(s) = Z Any Sy
v=0

converges for n = 0. Note that if A is chosen as the Norlund matrix (resp.u, = n), then the
summability | A, up|y reduces to the absolute Norlund summability |N, p,, us|, [5] (resp. the
summability |N, p,|,., Borwein and Cass [2]), and also | N, pp|, = |N, pu|, Mears [9]. Further,
if p, = (’”Z‘l) and u,, = n, then the summability |N, p,, u,|, is the same as the summability

|C, ali in Flett’s notation [4]. By a Norlund matrix we mean one that

(1.2)
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where (pn) is a sequence of complex numbers with P, = po+ p1+---+ p, #0, P_(;+1) =0 for
n=0. Also, if A = (a,,) is the weighted matrix (resp.u, = P,/ py), i.e.

(1.3)

then the summability | A, u,|; reduces to the summability |N Py Un | . (resp. the summability
|N, pul;. Bor [1]), where (p,) is a sequence of positive numbers such that P, = pg+ p1 + -+ +
pn — 0o as n — oo, Sulaiman [22]. For example, for the summability |N, p,|,, the condition

(1.1) may be stated as
k

< 00.

1 (pn)l/k)k 00
—_— Py_1a
Pn 1 Pn 1;2::1 ! v

z

Throughout this paper, k*is the conjugate of k > 1, i.e., 1/k+1/k* =1, and 1/k* = 0 for
k=1.

For any real a and integers n = 0, we define

€n — Z A—a 1
whenever the series on right side of equality is convergent.

Let € be a sequence and X and Y be two methods of summability. If ¢, a,, is summable
Y whenever Za, is summable X, then ¢ is said to be a summability factor of type (X,Y) and
we denote it by € € (X,Y) [3]. The problems of summability factors dealing with absolute
Cesaro and absolute weighted mean summabilities were widely examined by many authors
(see [1-4],[8-11],[13-21]) et al. For example, for @ = 0, k > 1, the summability factors of type
(IC,al,|N, pn|), (IC,alk,|N,pal), (C,alk,1C,11) and (IC,1lk,|N, pn|) were characterized by
Mohapatra [11], Mazhar [8], Mehdi [10], Sarigol and Bor [17] and Sarigdl [18], respectively. In
a more recent paper, Sarigol [13] has extended these classes to @ > —1 and arbitrary positive
sequence (p,) in the following form.

Theorem 1.1. Leta > -1 and (p,) be arbitrary sequence of positive numbers. Then, necessary
and sufficient condition fore € (|C, ali, |N, pa|), k> 1, is

-a- 1€r o
Z ALl Pr 1 < oo. (1.4)

. k*+k*-1 -
a _
mX::1m (nzm PnPn 1

2. Main results

The purpose of this study is to generalize Theorem 1.1 by using Norlund mean in place

of Cesaro mean. Hence we characterize both classes (|N s un| o |N , pn|) and
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(|N, pn| , |N, dn» un|k), which gives us more than we need. In the special cases, some well
known results are also deduced.

Before stating the theorems we recall the following lemmas which plays important role

for the proof our theorems.
Lemma 2.1. Let1 < k <oo. Then, A(x) € ¢ whenever x € ¢ if and only if

o0 [ee] k*

Y (S lanl| <o
v=0 \n=0

where (. = {x = (x,) : Z|x,|¥ < oo} [13].

Lemma 2.2. Let1 < k <oo. Then, A(x) € ¢ whenever x € ¢ if and only if

[e.°]
k
sup Z lanyl" < oo,
UV n=0

[71.

Now we begin with the theorem characterizing the class (| N, qn, uy | o |N ,Pn |) .

Theorem 2.3. Let gy be a non-zero number, (u,) be a sequence of positive terms and (C,) be a

sequence satisfying
Xn:Q C = 1, n=0 @.1)
=0 e 0, n=1. ’
Then necessary and sufficient condition fore € (|N, qn, tn|;,|N, pn|), k> 1, is
k
o0 1 o0 n
> — ( Y |52 Y PrrerGrm ) <oo 2.2)
m=1 Um \n=m|PnPn_1 /=m
where "
Gnr =Y, Cn—pQu. (2.3)
v=r

Proof. Let (#,) and (T,) be the sequences of Norlund mean (N, g,) and weighted mean
(N, pp) of the series Za,, and Z¢, a,, respectively, i.e

n

1 &2 1
In=— Z dn-vSy = — Z Qn-vay
n v=0 n

v=0
and
L
Tn= P_ Z (Pp—Py-1)€vay.

n v=0

Then we define sequences y = (y,) and j = () by

Yn= u;l/k* (th— ty-1) (2.4)
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and

yn: Ty—Th-1= P

ZP, 1€rar, n=1and jy = apeo
Pnpn 1r=1

Then, € € (|N, gn, un|k, |N, pn|) if and only if y € I whenever y € ;. On the other hand, since
go is anon-zero, there exists a sequence (Cj,) satisfying (2.1) and therefore it follows that

1
=— Z Qu_va, ifand only if a, = Z Cn_vQuty.

n y=0 v=0

Hence we get from (2.4),
ap = Z Cn-vQyu Z u_llk*

=0
n
Z JUE Z Chn—vQuyr= Z u, JUE Guryr
where G, is defined by (2.3), and so, forn = 1,

Pn

Vn = P._ie,a
Yn = PpPot : Z r—1€rar
_ P € u l/k*
Pnpn | Z r—1 rn;I GrmYm
Pn < I
=55 Z u;nl Z Pr1€,Grm | Ym
Pnpn—l m=1 r=m
n
= Z bpmym
m=1
where
—l/k*pn
3" Pr_16,Grm, mM=<n
Dum =3 PpP,_y —r=miroirymm (2.5)
0, m> n.

Then, y € l whenever y € [ if and only if

5 (z |bnm|) <o

m=1
by Lemma 2.1, which is same as the condition (2.2). This completes the proof. a

It may be remarked that in the special case g, = A%‘l and u, = n, Theorem 2.3 reduces
to Theorem 1.1. In fact, in this case it is obvious that |N, dn» un|k =|C, al . Also, we recall the
following well known equality of Bosanquet and Das [3], for a # —-1,-2,...,v =1,

UA“A_a_l

n
3 ATAGS = e 2.6)
r=v
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Now, it is easy to see that Cy = Aa“‘z =1,C,= A;”‘_z and A%, =0for n =1, and so, since

r mAaA—a 1
=) AYA;%2= T g <<y, andOfor r> v,
v=m r

by using (2.6), we get the matrix B = (by,;,) as

1/k pa
A n
TP Y A P, msn
bnm: Pnpn_l r=m

0, m>n.

So by A% ~ n%/T (a + 1) for a > —1 [4], it follows from applying Lemma 2.1 to the matrix B that

(2.2) is the same as (1.4), as asserted.

Note that 1 € (X, Y) leads us to a comparison of summability fields of methods X and
Y, where 1 = (1,1,...). So taking €;, = u,, = 1 for all n = 1 in Theorem 2.3 we get the following
result.

Corollary 2.4. Ifk>1, then, 1 € (|N,qn|,,|N, pa|) ifand only if

5 (5 | < e

m=1\n=m

PG
PnPnIZ r=1Y9rm

This result also extends the following result of Kayashima [6] to k > 1.

Corollary 2.5. If (p,) and (qy,) are positive and nonincreasing sequences and (qn+1/qy) is
nondecreasing, then1 € (|N, qn|,|N, pn|).

Theorem 2.6. Let k =1 and (u,) be a sequence of nonnegative terms. Then,
€€e (|N, pn| , |N, qn, un|k) ifand only if

«| €, P
sup{ k| 22 v }<oo 2.8)
v Qupv

and .

sup Y. |ul* (szev—v—ﬂzwlewl A4 1) <00, (2.9
vV n=v+1 Pv ’ v
where

Qq _ Qn—v _ Qn—v—l ;Q—l -0. (2.10)

e Qn Qn—l

Proof. As in proof of Theorem 2.3, we define sequences y = (y,) and 7 = (§,) by yo = €0 ao,

yn=ut® (t,— 1) = ul/* Z Quov _ Qn-v- evay,n=1 (2.11)
Qn Qn—l
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Jo=a0, Jn=Tn—Tn-1= Z Pryay, nzl (2.12)
PnPn 1r

Then, € € (|N, pul|,|N, qn, un|k) iff y € I whenever y € [. On the other hand, from (2.12) we

write P P
anz—nj/n n 2yn Lr=1land gy =
Pn Pn-1

Hence, by (2.11) we get

Uk N o4 Uk & ~q P,_ Py _
yn = un Z ané'vav = un Z anev p—yy — yV—l
v

v=1 v=1 v-1
I/k* Py 7 — v Py_1)\
= Qqnen Z (quev _QZ_V+1€1/+1 ) v
p v=1 p pV
n
= Z Cnv v
v=1
where
1/k* q P q Py
u, Qvev e=Qp pv)’ l=sv=n-1
Cnv = u%/k Qqné‘n 1;" v=n
0, v>n.

So y € Iy whenever j € [ if and only if

[o0)
k
sup Y lenyl® <00

vV n=v
by Lemma 2.2 or, equivalently,
«| e, P
sup{ Uks| Y v }<oo,v21
vav
and .
© . P Py1
sup Y. ul/* (QZVEV—V _QZ,V+1€V+1V_) < oo.
vV n=v+1 Pv v
Thus the proof is completed. O
Corollary 2.7. Ifk =1, then, 1 € (|N, p,|,|N, qu|,) if and only if
«| P
sup{v”k — }<oo (2.13)
v Qupv
and .
sup Y |n'/k (Qq -l = 1) < co. (2.14)
vV n=v+l Pv Pv
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Proof. Pute;,, =1 and u, = nforall n>1 in Theorem 2.6.
This result, for k = 1, reduces to the following theorem of Kayashima [6].
Corollary 2.8. If (py) and (g,) are positive and nondecreasing sequences and (qn+1/qn) is
nonincreasing, then1 € (|N, pu|,|N, qx|).
Proof. By considering that (p,) and (g,) are positive and nondecreasing sequences, we have

P, <n+1

QuPn  Qn

< q, "' forall n>0.

Also, by hypotheses on the sequence (¢,), it converges to a number, lim,, g,+1/ ¢, = o say. So,
there exists a nonincreasing null sequence (x,) such that g,+; = (0 +x,)q, for all n = 0, where

o = 1. Then, it can be written that

n
Qn=qo+0Qu-1+ Z qv-1Xp-1

v=1
which gives
Qn = o +o0+7Z,—0asn—oo (2.15)
Qn—l Qn—l
where
Zn= Qn | 4 Z qv-1Xv-1

Since (x,) is nonincreasing, it is easily seen that (Z,) is nonincreasing, which implies that
(Qr/Qp-1) is nonincreasing. So it follows that, for0 < v < n,
Qn v-1 Qn—v Qn

Qf = - >0
e Qn Qn— v-1 Qn—l

Further,
P pP,_
_09 Vv q v—1
Cuy = Uy = QL == 20,
In fact, if q,—y/Qn—qn-v-1/Qn-1 =0, then it is clear that C,, = 0, since

An-v _ dn-v-1 ) +f 2.16)

py
G = ( Qn Qn-1 my+1®

If 4n—v/Qn— Gn-v-1/Qn-1 <0, then, it can be deduced from the condition on (gy) that

dn—v _ dn-v-1 - qn—v—l( dn-m _ Qn )
Qn Qn—l B Qn dn-m-1 Qn—l

dn-m dn-m-1
>———— 0=m<vy,

Qn Qn—l
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which implies

U(Qn—u _ Qn—v—l) > = (Qn—m qn-m-1 — _Q?w'
Qn Qn—l Qn Qn 1

Also, since (p,) is a positive nondecreasing sequence, we can write P, < vp, for all v > 1,
which gives us, by (2.17),

q q
Q0 =-Qpp.

_v(qn—v _ qn—v—l) - _ Pv
Qn Qun-1 ) vpy

This means that C,,, = 0 for 0 < v < n. Hence, by considering (2.15), we have

g _Pv-1.q o [(Pvg  Pvig
sup Z an Qn vil| = SuPhan Z an Qn v+l
UV on=v+l v v n=v+1 Pv
< (Qm v qo ) Pv—lQm—v—l ]
supllm — -
v Qm Qu PvQm
_ Pv 1 qo Py
= sup gl R < 00,
v |pv\O Qy PvO
which completes the proof. O

Further the following result of [12] is obtained form Corollary 2.7 by choosing g, = 1 for

n=1.

Corollary 2.9. Ifk =1, then, 1€ (|N, py|,|C, 1|x) ifand only if

sup < oo.

v Ul/kpv
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