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FURTHER PROPERTIES OF SOME MAPPINGS ASSOCIATED

WITH HERMITE-HADAMARD INEQUALITIES

S. S. DRAGOMIR

Abstract. New properties of some functionals associated to the Hermite-Hadamard integral

inequality for convex functions are given.

1. Introduction

Now for a given convex function f : [a, b] → R, let H : [0, 1] → R be defined by

H(t) :=
1

b − a

∫ b

a

f

(

tx + (1 − t)
a + b

2

)

dx.

The following theorem holds (see also [11], [13], [19] and [28]):

Theorem 1. With the above assumptions, we have:

(i) H is convex on [0, 1];
(ii) One has the bounds:

inf
t∈[0,1]

H(t) = H(0) = f

(

a + b

2

)

and

sup
t∈[0,1]

H(t) = H(1) =
1

b − a

∫ b

a

f(x)dx;

(iii) H increases monotonically on [0, 1];
(iv) The following inequalities

f

(

a + b

2

)

≤
2

b − a

∫

(a+3b)
4

(3a+b)
4

f(x)dx

≤

∫ 1

0

H(t)dt

≤
1

2

(

f

(

a + b

2

)

+
1

b − a

∫ b

a

f(x)dx

)

(1.1)
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hold.

Now, we shall introduce another mapping which is connected with H and the H .

−H . result.

Let f : I ⊆ R → R be a convex function and a, b ∈ I with a < b. Define the mapping

G : [0, 1] → R, given by

G(t) :=
1

2

[

f

(

ta + (1 − t)
a + b

2

)

+ f

(

(1 − t)
a + b

2
+ tb

)]

.

The following theorem contains some properties of this mapping [28]:

Theorem 2. Let f and G be as above. Then

(i) G is convex and monotonically increasing on [0, 1];

(ii) We have the bounds:

inf
t∈[0,1]

G(t) = G(0) = f

(

a + b

2

)

and

sup
t∈[0,1]

G(t) = G(1) =
f(a) + f(b)

2
;

(iii) One has the inequality

H(t) ≤ G(t) for all t ∈ [0, 1];

(iv) One has the inequalities

2

b − a

∫

(a+3b)
4

(3a+b)
4

f(x)dx ≤
1

2

[

f

(

3a + b

4

)

+ f

(

a + 3b

4

)]

≤

∫ 1

0

G(t)dt

≤
1

2

[

f

(

a + b

2

)

+
f(a) + f(b)

2

]

. (1.2)

Now, we shall consider another mapping associated with the Hermite-Hadamard in-

equality given by L : [0, 1] → R,

L(t) :=
1

2(b − a)

∫ b

a

[f(ta + (1 − t)x) + f((1 − t)x + tb)]dx

where f : I ⊆ R → R and a, b ∈ I with a < b.

The following theorem also holds [28]:

Theorem 3. With the above assumptions one has:



SOME MAPPINGS ASSOCIATED WITH HERMITE-HADAMARD INEQUALITIES 47

(i) L is convex on [0, 1];

(ii) We have the inequalities:

G(t) ≤ L(t) ≤
1 − t

b − a
·

∫ b

a

f(x)dx + t ·
f(a) + f(b)

2
≤

f(a) + f(b)

2
(1.3)

for all t ∈ [0, 1] and the bound:

sup
t∈[0,1]

L(t) =
f(a) + f(b)

2
; (1.4)

(iii) One has the inequalities:

H(1 − t) ≤ L(t) and
H(t) + H(1 − t)

2
≤ L(t)

for all t ∈ [0, 1].

Now, we shall introduce another mapping defined by a double integral in connection

with the Hermite-Hadamard inequalities:

F : [0, 1] → R, F (t) :=
1

(b − a)2

∫ b

a

∫ b

a

f(tx + (1 − t)y)dxdy

The following theorem holds [19] (see also [13]):

Theorem 4. Let f : [a, b] → R be as above. Then

(i) F (τ + 1
2 ) = F (1

2 − τ) for all τ ∈ [0, 1
2 ] and F (t) = F (1 − t) for all t ∈ [0, 1];

(ii) F is convex on [0, 1];

(iii) We have the bounds:

sup
t∈[0,1]

F (t) = F (0) = F (1) =
1

b − a

∫ b

a

f(x)dx

and

inf
t∈[0,1]

F (t) = F

(

1

2

)

= F (1) =
1

(b − a)2

∫ b

a

∫ b

a

f

(

x + y

2

)

dxdy;

(iv) The following inequality holds:

f

(

a + b

2

)

≤ F

(

1

2

)

(v) F decreases monotonically on [0, 1
2 ] and increases monotonically on [12 , 1];

(vi) We have the inequality:

H(t) ≤ F (t) for all t ∈ [0, 1].
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In what follows, we shall point out some reverse inequalities for the mappings H , G,

L and F considered above.

We shall start with the following result [17] (see also [58]).

Theorem 5. Let f : I ⊆ R → R be a convex mapping on I and a, b ∈ I
◦

with a < b.

Then we have the inequality:

0 ≤
1

b − a

∫ b

a

f(x)dx − H(t)

≤ (1 − t)

[

f(a) + f(b)

2
−

1

b − a

∫ b

a

f(x)dx

]

. (1.5)

for all t ∈ [0, 1].

Corollary 1. With the above assumptions, one has

0 ≤
1

b − a

∫ b

a

f(x)dx −
2

b − a

∫

(a+3b)
4

(3a+b)
4

f(x)dx

≤
1

2

[

f(a) + f(b)

2
−

1

b − a

∫ b

a

f(x)dx

]

.

Remark 1. If in (1.5) we choose t = 0, we obtain

0 ≤
1

b − a

∫ b

a

f(x)dx − f

(

a + b

2

)

≤
f(a) + f(b)

2
−

1

b − a

∫ b

a

f(x)dx,

which is the well-known Bullen result [62, p.140].

Another theorem of this type in which the mapping G defined above is involved, is

the following one:

Theorem 6. Let f : I ⊆ R → R be a convex mapping on I and a, b ∈ I
◦

with a < b.

Then we have the inequality:

0 ≤ H(t) − f

(

a + b

2

)

≤ G(t) − H(t) (1.6)

for all t ∈ [0, 1].

Proof. It is sufficient to prove the above inequality for differentiable convex functions.

By the convexity of f , we have that

f

(

a + b

2

)

− f

(

tx + (1 − t)
a + b

2

)

≤ t

(

a + b

2
− x

)

f ′

(

tx + (1 − t)
a + b

2

)
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for all x in (a, b) and t ∈ [0, 1].
Integrating this inequality over x on [a, b] one gets

f

(

a + b

2

)

− H(t) ≥
t

b − a

∫ b

a

(

a + b

2
− x

)

f ′

(

tx + (1 − t)
a + b

2

)

dx.

As a simple calculation (an integration by parts) yields that

t

b − a

∫ b

a

(

a + b

2
− x

)

f ′

(

tx + (1 − t)
a + b

2

)

dx = H(t) − G(t), t ∈ [0, 1],

then, the above inequality gives us the desired result (1.6).

Remark 2. If in the above inequality we choose t = 1, we also recapture Bullen’s
result [62, p.140].

2. Some New Results

Now, we shall investigate the case of the mapping F defined by the use of double
integrals ([17] and [58])

Theorem 7. Let f : I ⊆ R → R be a convex mapping on I and a, b ∈ I
◦

with a < b.

Then we have the inequality:

0 ≤
1

b − a

∫ b

a

f(x)dx − F (t)

≤ min{t, 1 − t}

(

f(a) + f(b)

2
−

1

b − a

∫ b

a

f(x)dx

)

(2.1)

for all t ∈ [0, 1].

Proof. As above, it is sufficient to prove the above inequality for differentiable convex
functions.
Thus, for all x, y ∈ (a, b) and f ∈ [0, 1] we have:

f(tx + (1 − t)y) − f(y) ≥ t(x − y)f ′(y).

Integrating this inequality on [a, b]2 over x and y, we obtain

∫ b

a

∫ b

a

f(tx + (1 − t)y)dxdy − (b − a)

∫ b

a

f(x)dx ≥ t

∫ b

a

∫ b

a

(x − y)f ′(y)dxdy

for all t ∈ [0, 1].
As a simple computation shows that

∫ b

a

∫ b

a

(x − y)f ′(y)dxdy = (b − a)

∫ b

a

f(x)dx − (b − a)2 ·
f(a) + f(b)

2
,
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the above inequality gives us that

1

b − a

∫ b

a

f(x)dx − F (t) ≤ t

[

f(a) + f(b)

2
−

1

b − a

∫ b

a

f(x)dx

]

for all t ∈ [0, 1].

As F (t) = F (1 − t) for all t ∈ [0, 1], if we replace in the above inequality t with 1 − t we

get the desired result (2.1).

Corollary 2. With the above assumptions, one has:

0 ≤
1

b − a

∫ b

a

f(x)dx −
1

(b − a)2

∫ b

a

∫ b

a

f

(

x + y

2

)

dxdy

≤
1

2

[

f(a) + f(b)

2
−

1

b − a

∫ b

a

f(x)dx

]

.

Now, let us define the mapping J : [0, 1] → R, J(t) := L(1 − t), i.e.,

J(t) =
1

2(b − a)

∫ b

a

[f(tx + (1 − t)a) + f(tx + (1 − t)b)]dx,

where t ∈ [0, 1].

We have the following result:

Theorem 8. Let f and a, b ∈ I
◦

be as above. Then we have the inequality:

0 ≤ F (t) − H(t) ≤ J(t) − F (t) (2.2)

for all t ∈ [0, 1].

Proof. As above, it is sufficient to prove the above inequality for differentiable convex

functions.

By the convexity of f on [a, b] we have that

f

(

tx + (1 − t)
a + b

2

)

− f(tx + (1 − t)y) ≥ (1 − t)f ′(tx + (1 − t)y)

(

a + b

2
− y

)

for all x, y ∈ (a, b) and t ∈ [0, 1].

If we integrate over x and y on [a, b]2, we get that:

∫ b

a

∫ b

a

f

(

tx + (1 − t)
a + b

2

)

dxdy −

∫ b

a

∫ b

a

f(tx + (1 − t)y)dxdy

≥ (1 − t)

∫ b

a

∫ b

a

f ′(tx + (1 − t)y)

(

a + b

2
− y

)

dxdy



SOME MAPPINGS ASSOCIATED WITH HERMITE-HADAMARD INEQUALITIES 51

which gives us that:

0 ≤ F (t) − H(t)

≤
1 − t

(b − a)2

∫ b

a

∫ b

a

f ′(tx + (1 − t)y)

(

y −
a + b

2

)

dxdy =: A(t)

for all t ∈ [0, 1].
Define

I1(t) :=
1 − t

(b − a)2

∫ b

a

∫ b

a

f ′(tx + (1 − t)y)ydxdy

and

I2(t) :=
1 − t

(b − a)2

∫ b

a

∫ b

a

f ′(tx + (1 − t)y)dxdy.

Note that, for t = 1, the inequality (2.2) is obvious. Assume that t ∈ [0, 1). Integrating
by parts, we get that:

∫ b

a

f ′(tx+(1−t)y)ydy =
f((1−t)b+tx)b− f((1−t)a+tx)a

1 − t
−

1

1 − t

∫ b

a

f((1−t)y+tx)dy.

Thus, we deduce that

I1(t) =
b
∫ b

a
f(tx + (1 − t)b)dx − a

∫ b

a
f(tx + (1 − t)a)dx

(b − a)2
− F (t).

We also have
∫ b

a

f ′(tx + (1 − t)y)dy =
f(tx + (1 − t)b) − f(tx + (1 − t)a)

1 − t
,

and thus

I2(t) =

∫ b

a
f(tx + (1 − t)b)dx −

∫ b

a
f(tx + (1 − t)a)dx

(b − a)2
.

Now, we get that

A(t) =
b
∫ b

a
f(tx + (1 − t)b)dx − a

∫ b

a
f(tx + (1 − t)a)dx

(b − a)2
− F (t)

−
a + b

2
·

∫ b

a
f(tx + (1 − t)b)dx −

∫ b

a
f(tx + (1 − t)a)dx

(b − a)2

=
b−a
2

∫ b

a
f(tx + (1 − t)b)dx + b−a

2

∫ b

a
f(tx + (1 − t)a)dx

(b − a)2
− F (t)

= J(t) − F (t)

and the theorem is proved.
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Corollary 3. With the above assumptions, we have:

0 ≤ F (t) −
H(t) + H(1 − t)

2
≤

L(t) + L(1 − t)

2
− F (t)

for all t ∈ [0, 1].

Finally, the following theorem holds.

Theorem 9. Let f : I ⊆ R → R be a convex function on I and a, b ∈ I
◦

with a < b.

Then one has the inequality

0 ≤ F (t) − F

(

1

2

)

≤
1

2t(1 − t)

[

(1 − 2t)2F (t) −
1 − 2t

b − a
·

∫ ta+(1−t)b

(1−t)a+tb

f(x)dx

]

(2.3)

for all t ∈ (0, 1).

Proof. As above, we can prove the inequality (2.3) only for the case where f is a

differentiable convex function.

By the convexity of f we have that:

f

(

x + y

2

)

− f(tx + (1 − t)y)

≥

[

x + y

2
− (tx + (1 − t)y)

]

f ′(tx + (1 − t)y)

=
1 − 2t

2
(x − y)f ′(tx + (1 − t)y) (2.4)

for all x, y ∈ (a, b) and t ∈ [0, 1].

If we integrate the inequality (2.4) over x, y on [a, b]2 we can deduce

F

(

1

2

)

− F (t) ≥
1 − 2t

2
·

1

(b − a)2

∫ b

a

∫ b

a

(x − y)f ′(tx + (1 − t)y)dxdy.

Denote

I(t) :=
1

(b − a)2

∫ b

a

∫ b

a

(x − y)f ′(tx + (1 − t)y)dxdy,

I1(t) :=
1

(b − a)2

∫ b

a

∫ b

a

xf ′(tx + (1 − t)y)dxdy

and

I2(t) :=
1

(b − a)2

∫ b

a

∫ b

a

yf ′(tx + (1 − t)y)dxdy.
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Then we have I(t) = I1(t) − I2(t) for all t ∈ [0, 1].
An integration by parts gives us that

∫ b

a

xf ′(tx + (1 − t)y)dx =
xf(tx + (1 − t)y)

t

∣

∣

∣

b

a
−

1

t

∫ b

a

f(tx + (1 − t)y)dx

then

I1(t) =
1

(b−a)2

∫ b

a

[

f(tb+(1−t)y)b−f(ta+(1−t)y)a

t
−

1

t

∫ b

a

f(tx + (1 − t)y)dx

]

dy

=
1

(b − a)2
·
1

t

[

b

∫ b

a

f(tb + (1 − t)y)dy − a

∫ b

a

f(ta + (1 − t)y)dy

]

−
1

t
F (t).

Also, by an integration by parts, we have:

∫ b

a

yf ′(tx + (1 − t)y)dx =
f(tx + (1 − t)y)y

1 − t

∣

∣

∣

b

a
−

1

1 − t

∫ b

a

f(tx + (1 − t)y)dy

then we obtain:

I2(t) =
1

(b−a)2

∫ b

a

[

f(tx+(1−t)b)b−f(tx+(1−t)a)a

1 − t
−

1

1−t

∫ b

a

f(tx+(1−t)y)dy

]

dx

=
1

(b−a)2
·

1

1−t

[

b

∫ b

a

f(tx + (1 − t)b)dx − a

∫ b

a

f(tx + (1 − t)a)dx

]

−
1

1−t
F (t).

Thus, we have

I(t) =
1

t(b − a)2
·

[

b

∫ b

a

f(tb + (1 − t)y)dy − a

∫ b

a

f(ta + (1 − t)y)dy

]

−
1

t
F (t)

−
1

(1−t)(b−a)2
·

[

b

∫ b

a

f(tx + (1 − t)b)dx − a

∫ b

a

f(tx + (1 − t)a)dx

]

+
1

1−t
F (t)

=
2t − 1

t(1 − t)
· F (t) +

1

t(1 − t)(b − a)2
· V (t),

where

V (t) = (1 − t)b

∫ b

a

f(tb + (1 − t)y)dy − (1 − t)a

∫ b

a

f(ta + (1 − t)y)dy

−tb

∫ b

a

f(tx + (1 − t)b)dx + ta

∫ b

a

f(tx + (1 − t)a)dx

= b

∫ b

(1−t)a+tb

f(u)du − a

∫ (1−t)b+ta

a

f(u)du − b

∫ b

ta+(1−t)b

f(u)du + a

∫ tb+(1−t)a

a

f(u)du
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= b

∫ ta+(1−t)b

(1−t)a+tb

f(u)du − a

∫ ta+(1−t)b

(1−t)a+tb

f(u)du

= (b − a)

∫ ta+(1−t)b

(1−t)a+tb

f(x)dx.

Consequently, we have

F

(

1

2

)

− F (t) ≥
1 − 2t

2
· I(t)

=
1 − 2t

2

[

2t − 1

t(1 − t)
· F (t) +

1

(b − a)t(1 − t)

∫ ta+(1−t)b

(1−t)a+tb

f(x)dx

]

=
1 − 2t

2(b − a)t(1 − t)

∫ ta+(1−t)b

(1−t)a+tb

f(x)dx −
(2t − 1)2

2t(1 − t)
F (t)

for all t ∈ (0, 1), which is equivalent with the desired inequality (2.3).
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[33] S. S. Dragomir, J. E. Pečarić and J. Sándor, A note on the Jensen-Hadamard inequality,

Anal. Num. Theor. Approx. 19(1990), 21-28. MR 93b: 260 14. ZBL No.733:26010.

[34] S. S. Dragomir and G. H. Toader, Some inequalities for m−convex functions, Studia Univ.
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[41] G. H. Hardy, J. E. Littlewood and G. Pólya, Inequalities, 2nd Ed., Cambridge University

Press, 1952.

[42] K.-C. Lee and K.-L. Tseng, On a weighted generalisation of Hadamard’s Inequality for

G−convex functions, Tamsui Oxford Journal of Math. Sci. 16(2000), 91-104.
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[44] A. Lupaş, A generalisation of Hadamard inequalities for convex functions, Online: (http://

rgmia.vu.edu.au/authors/ALupas.htm).
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[47] D. M. Makisimović, A short proof of generalized Hadamard’s inequalities, Univ. Begrad.

Publ. Elektrotehn. Fak. Ser. Mat. Fiz. No.634-677(1979), 126-128.
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