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ON SOME BOUNDS FOR THE MODULI OF ZEROS OF POLYNOMIALS

SANJEEV KUMAR AND HARPREET SINGH MAAN

Abstract. In this article, we specify some sufficient conditions which yield some signifi-
cant bounds for the moduli of zeros of polynomials with real or complex coefficients. The
paper proves the main result of [M. H. Gulzar, S. Bashir, Bounds for the moduli of zeros of
polynomials, International Research Journal of Advanced Engineering and Science, 2:2
(2017), 51-53] as a special case.

1. Introduction

n .
In 2004, Shah et al. proved that if f(z) = Z a;z' be a polynomial with real or complex

i=0
n—1

coefficients such that Z la;| < |ayl, then the zeros of f(z) lie in the region |z| < 1 (see [4], [2,
i=0

Theorem D]). Recently, Gulzar et al. with a weaker hypothesis proved the following results ([2,
Theorem 1, Theorem 2]).

n .
Theorem 1.A. Let f(z) = ) _ a;z' be a polynomial of degree n with real or complex coefficients

i=0

n
a
satisfying Z la; — ai_1| < |anl,a_1 =0, then the zeros of f(z) lie in the annulus ¢ <
=0 2|an| - laopl

|z| < 1.

n .
Theorem 1.B. Let f(z) = Z a;z' be a polynomial of degree n with real or complex coefficients
i=0
n

satisfying Z la; — ai—1| < |ayl,a-1 =0, then the zeros of f (z) lie in the annulus
i=0
laol
lan|r"(r+1) —|aol

<lzl<1, ifr=1

and
lapl

— — <lzl<1, ifr<1.
lap|r(r"+1) —|apl
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In this article, we aim at devising some suffiicient conditions which yield some succint
bounds for the moduli of zeros of polynomials. It must be pointed out that Theorems 1.A and
1.B, mentioned above are infact special cases of the results proved here, which are precisely
stated below.

n

Theorem 1.1. Let f(z) = Z a;z' be a polynomial of degree n with real or complex coefficients
i=0
n .
such that for any real number a = 1, Z la; —aai_1|a""" < |ayl,a-1 = 0. Then the zeros of f(z)
i=0
laol

1
liein the annulus <l|zl<— forr=1.
a

laylr™(ar +1) —|agl

n .
Theorem 1.2. Let f(z) = Z a;z' be a polynomial of degree n with real or complex coefficients
i=0

n .
such that for any real number a = 1, Z la; —aai_1|a""" < |ayl,a-1 = 0. Then the zeros of f(z)
i=0
lag|

1
liein the annulus <l|zl<—forr<1.
a

lanlr(ar™+1) —|agl

n

Corollary 1.3. Let f(z) = Z a;z' bea polynomial of degree n with real or complex coeffi-
i=0
n .
cients such that Z la; —2a;_112""" < |ayl,a-1 = 0. Then the zeros of f(z) lie in the annulus
i=0

lag| 1
<|z| < -.

3lan| —lapl 2

n .
Corollary 1.4. Let f(z) = Z a;z' be a polynomial of degree n = 2 with real or complex coeffi-
i=0
cients such that

n
Z la;i—2a; 112" "' <2, ap=1,a_, =0.
i=0

N~

1
Then the zeros of f (z) lie in the annulus T <zl <

Example 1.5. The zeros of the polynomial f(z) = i z' lie on the unit circle.

i=0
Remark. Theorems 1.1 and 1.2 together on taking a = 1 yields Theorem 1.B. Theorem 1.A can
be obtained from either Theorem 1.1 or Theorem 1.2 on taking ¢ = 1 and r = 1. Theorems
1.1 and 1.2 coincide for @ = 1 and r = 1. Corollary 1.3 follows immediately from Theorem
1.1 or Theorem 1.2 with @ = 2 and r = 1. Corollary 1.4 follows from Theorem 1.2 on taking
a=2,r= %, lapl = 1 and |a,| = 2". Example 1.5 can be quickly deduced from either Theorem

1.1 or Theorem 1.2witha=1=r.
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We now proceed to the next section containing some results which pave the way for the
construction of the proof of Theorem 1.1 and Theorem 1.2.

2. Preliminary results

The following auxiliary results are necessary for establishing Theorem 1.1 and Theorem
1.2.

n .
Lemma 2.1. Let f(z) = Z a;z' be a polynomial of degree n with real or complex coefficients
i=0
such that for any real number a = 1,

n
Y lai—aai—1la""" <|apl,a-1 =0.
i=0

1
Then the zeros of f(z) liein|z| < pt

Proof. Consider the polynomial

g@=0-az)f(z) =—az"" + Y (ai— aa;_1)z".
i=0

1
If |z] > p then a|z| > 1 and we observe that the absolute value of g(z) equals

n n
|—apaz™ '+ (a;—aa;i-)z' | = |- apaz" | - [ Y lai— aai_lllzll].
i=0 i=0

Further observe that

n+l < il _n = lai—aai-|
|—anaz" |~ | Y lai—aa;i-llzl' | = 12" lanallz] - ZW :
i=0 i=0

1
Keeping in mind that |z| > —, we get that the last inequality is strictly greater than
a

n .
2" lanallzl - | Y- la; - aa;11a™" |}
i=0
which is infact atleast

12" |(|lanallz] — anl) = 12" lay|(lallz] — 1) > 0.

1
Thus the polynomial g(z) has no zeros in the region |z| > pt Therefore all the zeros of
1
g(z) and hence of f(z) liein |z| < —.
a

The following result is the celebrated Schwarz Lemma (1, §1, Theorem, p. 260], [3, Chap-
ter VI, §1, Theorem 1.1, p. 210]), which is a simple yet powerful tool in establishing bounds
on the moduli of zeros of polynomials with real or complex coefficients.
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Lemma 2.2. Let f(z) be analytic for |z| < 1. Suppose that |f (z)| <1 for all |z| <1 and f(0) = 0.
Then |f (2)| < |z| for |z| < 1. Further, if for some point zg # 0,1f (z9)| = |zol, then f(z) = Az for

some constant A of unit modulus.

With the above results, we proceed to the next section to prove the main results of this

article.

3. Proof of Theorems 1.1 and 1.2.

Lemma 2.1 paves the way for the assertion that the zeros of polynomials satisfying the
hypothesis of Theorems 1.1 and 1.2 lie in the region |z| < é. The proofs of the inequality
associated with the inner boundary of the annuli in Theorems 1.1, 1.2 runs on the same lines
as that of Theorem 2 of [2].

Proof of Theorem 1.1. With f(z), g(z) as in the proof of Lemma 2.1, consider the polynomial
h(z) such that g(z) — h(z) = ap so that

n
h(z) = —azaz™'+) (a;— aa;1)z".
i=1
Now that h(z) is analytic for |z| < r, h(0) = 0,7 = 1, observe that
n .
|h(2)| = |- apaz"™" + ) (a;i-aa;-1)7'|
i=1
n
< laqalr™! +r”[Z |a; —aai_ll] ~laol
i=0
n .
< |apalr"! +r"[Z la; —aai_lla"“] —lagl,
i=0

which in view of the hypothesis of Theorem 1.1 yields that the last expression is less than or
equal to

n+1

lanalr™ + 1" ay| —|agl = ay|r" (ar +1) —|agl.

Now by Lemma 2.2, for r = 1 and |z| < r, we have
|h(2)| < [lanlr" (ar +1) —lagl]| 2|

and hence g(z) = |ag| — |h(2)| = |ag| — [|an|r" (ar + 1) — |agl]| z|, which is positive iff
lao

|z] < . Therefore no zeros of g(z) and hence f(z) lie in the region
lan|r™(ar +1) —|ag]
a
|z] < |0 for r = 1. Thus all the zeros of f(z) lie in the annulus
lan|r™(ar +1) —|ag]

laol

1
< |z| = —. This proves the theorem.
|anlr™(ar +1) —|aol a
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Proof of Theorem 1.2. With f(z), g(z) and h(z) as considered in the proof of Theorem 1.1,

note thatforr<1land|z|<T,

n

+1 i

(@) = |- apaz"™ + ) (a;—aa;-1)z'|
i=1

n
< lapalr™! +r[ Y la; —aai_ll] —|ay|
i=0
n .
< lapalr™! +r[ Y la; —aai_lla”"] —laol,
i=0

which in view of the hypothesis of Theorem 1.2 leads to the fact that the last expression is less
than or equal to

n+1

lanalr™ " +rlan|—laol = lay|r(ar™ +1) —|aol.

Now by virtue of Lemma 2.2, for r < 1 and |z| < r, we have

|h(2)| < [laylr(ar™ +1) —|aglllzl

and hence g(z) = |ag| — |h(2)| = |ag| — [|an|r(ar™ + 1) —|agll| z|, which is positive iff
lag|

|z] < . Therefore no zeros of g(z) and hence f(z) lie in the region
lan|r(ar™+1)—laopl
a
|z] < 14l for r < 1. Thus all the zeros of f(z) lie in the annulus
lan|r(ar™+1)—lagl

lap|
laylr(ar™+1) —|agpl

1
<|z| = — and the theorem follows.
a

Remark. In Theorems 1.1 and 1.2, in case |ag| = |a,| = 1,r = 1, then the roots of the polyno-

mial f(z) lie on the circle |z| = —. Hence in particular with a = 1, the zeros of the polynomial
a

n
f(z)=)_z',lie on the unit circle.
i=0
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