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ON NEW GENERALIZATIONS OF HILBERT-PACHPATTE
TYPE INTEGRAL INEQUALITIES

LU ZHONGXUE

Abstract. In this paper, some new generalizations of Hilbert-Pachpatte type inequalities are
given by introducing some parameters r;,1 € {1,2,...,n}.

1. Introduction

Hilbert’s double series inequality and its integral version [3, Theorem 316] have been
generalized in several directions (see [1-6,8,9]). Pachpatte [10-12] considered inequalities
similar to those of Hilbert. Recenty, G. D. Handley, J. I. Koliha and J. E. Pecari¢ [13]
considered a new class of Hilbert-Pachpatte type integral inequalities by specializing the
parameters and the functions ®;.

In this paper, we show some new generalizations of Hilbert-Pachpatte type integral
inequalities in [13] by introducing some parameters.

2. Notation and Preliminaries

The symbols N, Z, R have their usual meaning; R denotes the interval [0, 00). The
following notation and hypotheses will be used throughout the paper:

I={1,....,.n} neN

mi,iGI miEN
ki,iel kiE{O,...,mi—l}
xi,iel l‘iER,xi>0
Di,Gi,mi €1 Piqimi € Ry, 1/pi+1/qi=1-1/r
pq,r p=3 (Up), V/q+1/r=33(1/qi+1/ri)
ai, b, 1 €1 ai,biERJr, a;+b;,=1
wi,iGI ’U.)Z'GR, 'LUZ'>O, Z?:lwi:l

. qiri
a1 el ai—(ai—l—biiJrri)(mi—ki—l)
Biyi €1 Bi = ai(m; — k; — 1)
Ui, 4 €1 u; € C™i([0,2;]) for some m} > m;
q)i,iEI @iECl([O,xi]), d; > 0.
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Here the u; are given functions of sufficient smoothness, and the ®; are given contin-
uous nonnegative functions.

3. Statement of Results
Our main result is given in the following theorem.

Theorem 3.1. Let u; € C™i([0,x;]). forieI. If

) (s;)] < / (i — 7)™ % D, (r)dry s € [0,24], i€l (3.1)
0
Then
o ut (s0)
/ / ’L : (0( + )qqllrt:ul d51 o dsn
aitry T 1/Pi
< UHLL‘ diti H (/ (l‘z — Si)ﬁiJrl(I)i(Si)pidSi) (32)
i=1 WO
where 1
U=— (3.3)
q;+r;
[Tl + 1) 8+ 1)1/7]
=1

Proof. Factorize the integrand on the right side of (3.1) as

(ai &

(si — ) b (mi—ki=1) x (85 — 7;)(@i/POmi=ki=D) @ (7.

and apply Hoélder’s inequality [7, p.106]. Then

Si air; 1-1/p; Si 1/pi
|u§’“”<si)|§( / (si—m) " H0 R ><mikil>d79 < / (sin)a*mikiw@i(n)%;
0 0

(iDL 1/ps
= liﬂ (/ (si — Ti)ﬁlq’i(ﬁ)pldﬁ)
(o; + 1) @i 0

Using the inequality of means [7, p.15]

n
(ait1)Ltr Z (orit1) 2t
HS T S wi 1T ,
i=1

we get

a;+

(ai+1) ri M 8i 1/pi
H| | <w § w;S; girit H (/ (Si — Ti)ﬁiq)i(Ti)p7’dTi)
0

i=1 i=1
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where
1
W =

n
i+

H(ai +1)an
i=1

In the following estimate we apply Holder’s inequality and at the end, change the order

of integration:

H ud) (s9)|

1 T .
/ / dsy---dsy,
0 0 (O‘erl) Ll

AT Ws

S; 1/pi
/ (SZ —Ti)67’q)i(7'i)p7’d7'i) ds;
0

n Qi+7‘ x; Si 1/?1‘
W n q;it+r; T ; 1/ps

c\}
VRS

This proves the theorem.

Corollary 3.2. Under the assumptions of Theorem 3.1,

(ki)
[T u" (si)]
/ / P dsy---dsn

atry 1/pi
<p1/pUHJU @ <Z > / —5) ﬁl+ Dy(s )pid3i> (3.4)

i=1

where U is given by (3.3).
Proof. By the inequality of means, for any A; > 0,
n L y " 1/p
EAi <p’P <;p—zx41>

The corollary then follows from the preceding theorem.
In the following sections we discuss various choices of the functions ®;.
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4. The First Inequality

Theorem 4.1. Let u; € C™i([0,2;]) be such that ugj)(O) =0 forj e {0,---

1€ 1. Then
o H |u ) (s3)]
/ / dsy---dsy,
0 (e +1):jt o
z:l
n qi+r; M ZT; 1/1%‘
=t Hfﬂz‘qiri H (/ (i — Si)ﬁﬁl|Uz(-mi)(5i)|p%dsi)
i=1 i=1 0
where 1
U =—
TTim: — ki — Dl + 1) 55 (8, + 1)/71]
i=1
Proof. By [10, Eq.(7)]
(ki) 1 * (m)
ws) = (m; — k; — 1)! /0 (s = Ti)Mi_ki_lui S(m)dn

Inequality (4.1) is proved when we set

()]
Q)Z(SZ) o (mz — kz — 1)'
in Theorem 3.1.

Corollary 4.2. Under the assumptions of Theorem 4.1,

n

<’”< )|

/ / ( 1)q+r d81d8n
oi+1) =t

a4iTiWs

=1

a4 tri
< l/pU x; ;T / ﬁHrl u(mz)
pPUL H E b | (si)

=1

where Uy is given by (4.2).

;mifl}’

1/p
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5. The Second Inequality

Theorem 5.1. Let u; € C™iT1([0,2;]) be such that ugj)(O) =0 for j € {0,...,m;},
i €1, and let p € C'([0,00)). Then

HIU’”

/ / ( 1) Lt dor e dsn

4iTi Wy

z:l
aitrg T Sl{’i_l Si ps
<U1Hx"‘“ H[/ (s ([ ot ey |p7da)dsi] (5.1)

where Uy is given by (4.2).

Proof. By [10, Eq.(14)].

(ki) (o y — 1 S ke [ /Ti (ma)( Ny ) g
u; 7 (85) 777%‘—/%—1/0 (s; — i) <—p(Ti) ; (p(oi)u; " (04)) do; | d

By Holder’s inequality,

Ti it Ti 1/pi
| 0(eu™ @)Y 1o < 7,7 (/ [(plos)e™ (@) |’"d0) ,
0 0

and inequality (5.1) hold with
aitr;

oy 1 T, a7 Ti . u(ml) oy
0i(r) = =y (] letodn™ o)

1/pi
pid0i> .

in Theorem 3.1.

Corollary 5.2. Under the assumptions of Theorem 5.1.

’I’l

ul* (s:)]

/ / dsi---dsy,
_ a+1) 9547

AT W

1=1

n q;i+r; 1 T pi—1 S
< pl/ry x4 / T;—S; ikl % </ o; u(ml) o;
< ] Hl A ( ) o \ U |(p(0s) (o))

=1 i=1

1/p

pldo) dSZ] (5.2)

where Uy is given by (4.2).
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6. The Third Inequality
Theorem 6.1. Let u; € C?*™i([0,x;]), p € C™([0,00)) with m = max; m;, ul(-j)(O) =0
and (p(si)ugmi)(si))(j) =0ats;=0forje{0,....,m; —1},i€1. Then

H |u ) (s:)]
/ / ( o dsy---dsy,
Z Qi Giriwg

1/pi

gi+r; M ZTq 77L7p7
<U2H:U‘“” HV (i — )M“ 7 (/I ™ (o ‘m”l”idaz) dsi] (6.1)
1 0

1=

where

Proof. By [10, Eq.(21)].
(Bi) oy 1
i (SZ) (mi — 1)'(77% — k"i — 1)'

Si 1 Ti )
x / (i —7p)tmehim D (—/ (i — Uz‘)mi_l(P(Ui)ugml)(ai))(mi)dai) dr
0 p(7i) Jo

Ti

For brevity write
) = l(plos)u™ (0:) ).

By Holder’s inequality,

IN

i qiri(mi—1) 1-1/p; i 1/pi
(/ (Ti — O‘i)Wdai) (/ E(Ui)pidUi)
0 0
Fmi=1/pi i 1/pi
ST ( / E-(ai)pfdai)
Tqiri 0

(Bt
s

/ ’(Ti - Ui)m7’_1Fi(0'i)d0'i
0

and inequality (6.1) hold with

Tlmifl/ini Ti () . 1/pi
wi(r) = W ([ loto ™ oo )

p(Ti)
where
1
W= 1 q;+r;
(mi = D (m; — k; — 1)I(ETHT=) o
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in Theorem 3.1.

Corollary 6.2. Under the assumptions of Theorem 6.1.

(K:)
[ / L)y,
(a +1) qlr o
1/p

aitri ﬁl+1 mqpq—l (m
<p1/pU2qu” Z/ / (p(o)ul™ ()P dryds; | (6.3)

where Us is given by (6.2).

Remark. Let r; — 00, i € {1,...,n}, (3.2), (3.4), (4.1), (4.4), (5.1), (5.2), (6.1) and
(6.3) change into (3.2), (3.4), (4.1), (4.4), (5.1), (5.2), (6.1) and (6.3) in [13], respectively.
Hence (3.2), (3.4), (4.1), (4.4), (5.1), (5.2), (6.1) and (6.3) are generalizations of Hilbert-
Pachpatte inequalities in [13].
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