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ON NEW GENERALIZATIONS OF HILBERT-PACHPATTE

TYPE INTEGRAL INEQUALITIES

LÜ ZHONGXUE

Abstract. In this paper, some new generalizations of Hilbert-Pachpatte type inequalities are

given by introducing some parameters ri, i ∈ {1, 2, . . . , n}.

1. Introduction

Hilbert’s double series inequality and its integral version [3, Theorem 316] have been
generalized in several directions (see [1-6,8,9]). Pachpatte [10-12] considered inequalities
similar to those of Hilbert. Recenty, G. D. Handley, J. I. Koliha and J. E. Pečarič [13]
considered a new class of Hilbert-Pachpatte type integral inequalities by specializing the
parameters and the functions Φi.

In this paper, we show some new generalizations of Hilbert-Pachpatte type integral
inequalities in [13] by introducing some parameters.

2. Notation and Preliminaries

The symbols N , Z, R have their usual meaning; R+ denotes the interval [0,∞). The
following notation and hypotheses will be used throughout the paper:

I = {1, . . . , n} n ∈ N

mi, i ∈ I mi ∈ N

ki, i ∈ I ki ∈ {0, . . . , mi − 1}

xi, i ∈ I xi ∈ R, xi > 0

pi, qi, ri ∈ I pi, qi, ri ∈ R+, 1/pi + 1/qi = 1 − 1/ri

p, q, r 1/p =
∑n

i=1(1/pi), 1/q + 1/r =
∑n

i=1(1/qi + 1/ri)

ai, bi, i ∈ I ai, bi ∈ R+, ai + bi = 1

wi, i ∈ I wi ∈ R, wi > 0,
∑n

i=1 wi = 1

αi, i ∈ I αi = (ai + bi
qiri

qi + ri
)(mi − ki − 1)

βi, i ∈ I βi = ai(mi − ki − 1)

ui, i ∈ I ui ∈ Cm′

i([0, xi]) for some m′
i ≥ mi

Φi, i ∈ I Φi ∈ C1([0, xi]), Φi ≥ 0.
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Here the ui are given functions of sufficient smoothness, and the Φi are given contin-
uous nonnegative functions.

3. Statement of Results

Our main result is given in the following theorem.

Theorem 3.1. Let ui ∈ Cmi([0, xi]). for i ∈ I. If

|u
(ki)
i (si)| ≤

∫ si

0

(si − τi)
mi−ki−1Φi(τi)dτi si ∈ [0, xi], i ∈ I, (3.1)

Then

∫ x1

0

· · ·

∫ xn

0

∏n
i=1 |u

(ki)
i (si)|

∑n
i=1 wis

(αi+1)
qi+ri
qiriwi

i

ds1 · · · dsn

≤ U

n
∏

i=1

x
qi+ri
qiri

i

n
∏

i=1

(
∫ xi

0

(xi − si)
βi+1Φi(si)

pidsi

)1/pi

(3.2)

where

U =
1

n
∏

i=1

[(αi + 1)
qi+ri
qiri (βi + 1)1/pi ]

(3.3)

Proof. Factorize the integrand on the right side of (3.1) as

(si − τi)
(ai

pi−1

pi
+bi)(mi−ki−1)

× (si − τi)
(ai/pi)(mi−ki−1)Φi(τi)

and apply Hölder’s inequality [7, p.106]. Then

|u
(ki)
i (si)|≤

(
∫ si

0

(si−τi)
(ai+bi

qiri
qi+ri

)(mi−ki−1)
dτi

)1−1/pi
(
∫ si

0

(si−τi)
ai(mi−ki−1)Φi(τi)

pidτi

)1/pi

=
s
(αi+1)

qi+ri
qiri

i

(αi + 1)
qi+ri
qiri

(
∫ si

0

(si − τi)
βiΦi(τi)

pidτi

)1/pi

Using the inequality of means [7, p.15]

n
∏

i=1

s
(αi+1)

qi+ri
qiri

i ≤
n
∑

i=1

wis
(αi+1)

qi+ri
qiriwi

i ,

we get

n
∏

i=1

|u
(ki)
i (si)| ≤ W

n
∑

i=1

wis
(αi+1)

qi+ri
qiriwi

i

n
∏

i=1

(
∫ si

0

(si − τi)
βiΦi(τi)

pidτi

)1/pi
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where

W =
1

n
∏

i=1

(αi + 1)
qi+ri
qiri

In the following estimate we apply Hölder’s inequality and at the end, change the order

of integration:

∫ x1

0

· · ·

∫ xn

0

n
∏

i=1

|u
(ki)
i (si)|

n
∑

i=1

wis
(αi+1)

qi+ri
qiriwi

i

ds1 · · · dsn

≤ W
n
∏

i=1

[

∫ xi

0

(
∫ si

0

(si − τi)
βiΦi(τi)

pidτi

)1/pi

dsi

]

≤ W

n
∏

i=1

x
qi+ri
qiri

i

(
∫ xi

0

(
∫ si

0

(si − τi)
βiΦi(τi)

pidτi

)

dsi

)1/pi

=
W

n
∏

i=1

(βi + 1)1/pi

n
∏

i=1

x
qi+ri
qiri

i

n
∏

i=1

(
∫ xi

0

(xi − τi)
βi+1Φi(τi)

pidτi

)1/pi

This proves the theorem.

Corollary 3.2. Under the assumptions of Theorem 3.1,

∫ x1

0

· · ·

∫ xn

0

∏n
i=1 |u

(ki)
i (si)|

∑n
i=1 wis

(αi+1)
qi+ri
qiriwi

i

ds1 · · · dsn

≤ p1/pU

n
∏

i=1

x
qi+ri
qiri

i

(

n
∑

i=1

1

pi

∫ xi

0

(xi − si)
βi+1Φi(si)

pidsi

)1/pi

(3.4)

where U is given by (3.3).

Proof. By the inequality of means, for any Ai ≥ 0,

n
∏

i=1

A
1/pi

i ≤ p1/p

(

n
∑

i=1

1

pi
Ai

)1/p

The corollary then follows from the preceding theorem.

In the following sections we discuss various choices of the functions Φi.



66 LÜ ZHONGXUE

4. The First Inequality

Theorem 4.1. Let ui ∈ Cmi([0, xi]) be such that u
(j)
i (0) = 0 for j ∈ {0, · · · , mi − 1},

i ∈ I. Then

∫ x1

0

· · ·

∫ xn

0

n
∏

i=1

|u
(ki)
i (si)|

n
∑

i=1

wis
(αi+1)

qi+ri
qiriwi

i

ds1 · · · dsn

≤ U1

n
∏

i=1

x
qi+ri
qiri

i

n
∏

i=1

(
∫ xi

0

(xi − si)
βi+1|u

(mi)
i (si)|

pidsi

)1/pi

(4.1)

where

U1 =
1

n
∏

i=1

[(mi − ki − 1)!(αi + 1)
qi+ri
qiri (βi + 1)1/pi ]

(4.2)

Proof. By [10, Eq.(7)],

u
(ki)
i (si) =

1

(mi − ki − 1)!

∫ si

0

(si − τi)
mi−ki−1u

(mi)
i (τi)dτi

Inequality (4.1) is proved when we set

Φi(si) =
|u

(mi)
i (si)|

(mi − ki − 1)!
(4.3)

in Theorem 3.1.

Corollary 4.2. Under the assumptions of Theorem 4.1,

∫ x1

0

· · ·

∫ xn

0

n
∏

i=1

|u
(ki)
i (si)|

n
∑

i=1

wis
(αi+1)

qi+ri
qiriwi

i

ds1 · · · dsn

≤ p1/pU1

n
∏

i=1

x
qi+ri
qiri

i

(

n
∑

i=1

1

pi

∫ xi

0

(xi − si)
βi+1|u

(mi)
i (si)|

pidsi

)1/p

(4.4)

where U1 is given by (4.2).
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5. The Second Inequality

Theorem 5.1. Let ui ∈ Cmi+1([0, xi]) be such that u
(j)
i (0) = 0 for j ∈ {0, . . . , mi},

i ∈ I, and let ρ ∈ C1([0,∞)). Then

∫ x1

0

· · ·

∫ xn

0

n
∏

i=1

|u
(ki)
i (si)|

n
∑

i=1

wis
(αi+1)

qi+ri
qiriwi

i

ds1 · · ·dsn

≤ U1

n
∏

i=1

x
qi+ri
qiri

i

n
∏

i=1

[

∫ xi

0

(xi−si)
βi+1 spi−1

i

ρ(si)pi

(
∫ si

0

|(ρ(σi)u
(mi)
i (σi))

′|pidσi

)

dsi

]1/pi

(5.1)

where U1 is given by (4.2).

Proof. By [10, Eq.(14)].

u
(ki)
i (si) =

1

mi − ki − 1

∫ si

0

(si − τi)
(mi−ki−1)

(

1

ρ(τi)

∫ τi

0

(ρ(σi)u
(mi)
i (σi))

′dσi

)

dτi

By Hölder’s inequality,

∫ τi

0

|(ρ(σi)u
(mi)
i (σi))

′|dσi ≤ τ
qi+ri
qiri

i

(
∫ τi

0

|(ρ(σi)u
(mi)
i (σi))

′|pidσi

)1/pi

,

and inequality (5.1) hold with

Φi(τi) =
1

(mi − ki − 1)!

τ
qi+ri
qiri

i

ρ(τi)

(
∫ τi

0

|(ρ(σi)u
(mi)
i (σi)

′)|pidσi

)1/pi

.

in Theorem 3.1.

Corollary 5.2. Under the assumptions of Theorem 5.1.

∫ x1

0

· · ·

∫ xn

0

n
∏

i=1

|u
(ki)
i (si)|

n
∑

i=1

wis
(αi+1)

qi+ri
qiriwi

i

ds1 · · · dsn

≤P 1/pU1

n
∏

i=1

x
qi+ri
qiri

i

n
∏

i=1

[

∫ xi

0

(xi−si)
βi+1 spi−1

i

ρ(si)pi

(
∫ si

0

|(ρ(σi)u
(mi)
i (σi))

′|pidσi

)

dsi

]1/p

(5.2)

where U1 is given by (4.2).
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6. The Third Inequality

Theorem 6.1. Let ui ∈ C2mi([0, xi]), ρ ∈ Cm([0,∞)) with m = maxi mi, u
(j)
i (0) = 0

and (ρ(si)u
(mi)
i (si))

(j) = 0 at si = 0 for j ∈ {0, . . . , mi − 1}, i ∈ I. Then

∫ x1

0

· · ·

∫ xn

0

n
∏

i=1

|u
(ki)
i (si)|

n
∑

i=1

wis
(αi+1)

qi+ri
qiriwi

i

ds1 · · · dsn

≤ U2

n
∏

i=1

x
qi+ri
qiri

i

n
∏

i=1

[

∫ xi

0

(xi−si)
βi+1 smipi−1

i

ρ(si)pi

(
∫ si

0

|(ρ(σi)u
(mi)
i (σi))

(mi)|pidσi

)

dsi

]1/pi

(6.1)

where

U2 =
1

n
∏

i=1

[(mi − 1)!(mi − ki − 1)!(
pimi − 1

pi − 1
)

qi+ri
qiri (αi + 1)

qi+ri
qiri (βi + 1)1/pi ]

(6.2)

Proof. By [10, Eq.(21)].

u
(ki)
i (si) =

1

(mi − 1)!(mi − ki − 1)!

×

∫ si

0

(si − τi)
(mi−ki−1)

(

1

ρ(τi)

∫ τi

0

(τi − σi)
mi−1(ρ(σi)u

(mi)
i (σi))

(mi)dσi

)

dτi

For brevity write
Fi(σi) = |(ρ(σi)u

(mi)
i (σi))

(mi)|.

By Hölder’s inequality,

∫ τi

0

(τi − σi)
mi−1Fi(σi)dσi ≤

(
∫ τi

0

(τi − σi)
qiri(mi−1)

qi+ri dσi

)1−1/pi
(
∫ τi

0

Fi(σi)
pidσi

)1/pi

=
τ

mi−1/pi

i

(pimi−1
pi−1 )

qi+ri
qiri

(
∫ τi

0

Fi(σi)
pidσi

)1/pi

and inequality (6.1) hold with

Φi(τi) = W
τ

mi−1/pi

i

ρ(τi)

(
∫ τi

0

|(ρ(σi)u
(mi)
i (σi))

(mi)|pidσi

)1/pi

.

where

W =
1

(mi − 1)!(mi − ki − 1)!(pimi−1
pi−1 )

qi+ri
qiri
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in Theorem 3.1.

Corollary 6.2. Under the assumptions of Theorem 6.1.

∫ x1

0

· · ·

∫ xn

0

∏n
i=1 |u

(ki)
i (si)|

∑n
i=1 wis

(αi+1)
qi+ri
qiriwi

i

ds1 · · · dsn

≤p1/pU2

n
∏

i=1

x
qi+ri
qiri

i

[

n
∑

i=1

∫ xi

0

(xi−si)
βi+1smipi−1

i

piρ(si)pi

∫ si

0

|(ρ(σi)u
(mi)
i (σi))

(mi)|pidσidsi

]1/p

,(6.3)

where U2 is given by (6.2).

Remark. Let ri → ∞, i ∈ {1, . . . , n}, (3.2), (3.4), (4.1), (4.4), (5.1), (5.2), (6.1) and
(6.3) change into (3.2), (3.4), (4.1), (4.4), (5.1), (5.2), (6.1) and (6.3) in [13], respectively.
Hence (3.2), (3.4), (4.1), (4.4), (5.1), (5.2), (6.1) and (6.3) are generalizations of Hilbert-
Pachpatte inequalities in [13].
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