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ON THE MODULAR FUNCTIONS ARISING
FROM THE THETA CONSTANTS

UGUR S. KIRMACI

Abstract. Some modular functions arising from the theta constants ¥2(7), 93(7), 94(7) are
investigated. Let n be an odd square-free positive integer as in [4,7]. It is obtained a neces-
r

8
sary and sufficient condition that s , 3(7) = HS\ | (gggi:;) is invariant with respect to
n,pln

transformations in 6(n). Also, It is deduced that @5 , ;(7) is a modular function on P~26(n)P?,
0(n), P~10(n)P, for i = 2,3, 4, respectively. Thus, the result of L. Wilson’s paper [7] is gener-
alized. Furthermore, let m and n denote positive integers. Let 7, r1, r2 be integers such that
r(m —1)(n 4+ 1) = 0(mod 8), r1(m — 1)(n — 1) = 0(mod 8), 72(n — m)(nm — 1) = 0(mod 8),

it is shown that T (r) = (M)7, H! (1) = (M)71 and

™M, 9; (mT)9; (mnT) m,n,i 9 ()9 (mnT)
” 9;(mr)\ "
®2 (1) = 92 (n) are modular functions on #(mn), when ¢ = 3. Similar results are
v i(nT

deduced for P~20(mn)P? and P~10(mn)P, the suffixes 3 being replaced by 2 and 4, respec-
tively. Therefore, the modular functions used in B. C. Berndt’s paper [1] is rewritten for theta

constants.

1. Introduction

We shall use x to denote the upper half-plane, Z for the set of rational integers
11 0 -1 10
and I'(1) for the modular group. Let be U = ( ), V = ( ), W = ( ),

01 1 0 11
P= (0 B 1).
1 1
r.(2),T,(2) and I',,(2) are defined by

I,(2)={Ser(1): S=1orS=U(mod 2)},
0=T,12)={Sel(1l): S=1TorS=V(mod 2)},
T'w(2)={SeT(1):S=1or S=W(mod 2)}
where T is the unit matrix. The three subgroups I';,(2), I',(2) and T',,(2) are conjugate
[6].
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The subgroup 6 = T',(2) of I'(1) is generated by U? and V. For an odd positive

b
integer n, the set of elements in # of the form (Zn d) is a subgroup of 6 which will be
denoted #(n). The subgroup I'g(k) is defined to be the set of elements in I'(1) of the

form , where k is a positive integer. I'g(2n) and 6(n) are conjugate subgroups of

a b
ck d)
I'(1). That is, To(2n) = W="0(n)W™. [7]

Let F denote the Ford fundamental region of §(n), where n denotes an odd square-
free positive integer. A complete set of non-equivalent parabolic points of #(n) in F is

given by
0,i00 and P(n) ={2/A:A|n, A>0}U{1/A:A|n, A>0}
[4], [7, Theorem 1].

We recall the theta constants 92(7), ¥3(7) and 94(7) defined by

9a(r) = 3 g 9(r) = 0s(r) = D¢, da(r) = D (~1)"g™

nez nez nez

for 7 € x and ¢ = ™. The Dedekind Eta function
[e.e]
77(7_) _ 671'17'/12 H(l _ eQﬂ'znT)
n=1

is a cusp form of weight 1/2 on I'(1) and satisfies
(M) = vy(M)(er + d)!/?n(r)

ab

for all M = [cd

] € I'(1). An important connection between ¥(7) and n(7) is given by.

o) =1 (T4 ) fntr+ 1) )

3]
Let T be a subgroup of T'(1). If f(r) is a modular form of weight & for T' with
multiplier system v, we write f(7) € M(T',k,v). If f € M(T,k,v) and L € T'(1), the
L-transform f;, of f is defined by

fo(r) = f()IL = {u(L,7)} " f(L7)

*

Here, u(L,7) = (cr + d)*, for L = (2 d>' If f1 € M(T,ky,v1) and fo € M(T, ka,v2),
then f1.fo € M(T, k1 + ko, v1.v9) and f1/fa € M(T, k1 — ko, v1/v2).
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Lemma 1. Suppose that f € M(T,k,v) and L € T(1). Then we have fi €
M(L™ITL, k,v%). [6]

Lemma 2. The functions ¥2(7), 93(7) and 94(7) are entire modular forms of weight
1/2 for the groups T',,(2), T'y(2) and T',,(2), respectively. Further,

D5(7)|P = e 7™ 9,(7)
O5(7)|P? = e~ 37y (7) (2)

Also, for n > 0, 9%, 9% and ¥} are entire modular forms of weight n/2 for the groups
Tw(2), T'y(2) and T (2), respectively [6].

Lemma 3. Let n be an odd square-free positive integer. For each divisor § of n, with
0 > 1, let rs be any integer and let r1 = 0. Then

f(r) = [Ttoen) /o)y (3)

d|n

is tnvariant with respect to the transformations in 8(n) if and only if the following con-
ditions hold:

(i) 2 2sn (0 = 1)rs = 0(mod 8)
(ii) IIs, 6™ is the square of a rational number

The set of functions given by (3) and satisfying (i) and (ii) will be denoted F'(n). The
functions in F'(n) are modular functions on 6(n), where (1) = J3(7) [7, Theorem 3].
For relatively prime integers x and y with = # 0 and y odd, define

G- (5) = ) (e
0

where (ﬁ) is the Jacobi symbol and e(x) = x/|z|. We also define <%> = (I)*: 1
0

and (| — = —1.
- *

The multiplier system for J5(7) is given by

o(d) = { (4) exp(3ric) it A=V(mod 2)
(§), exp (ymi(d—1)) if A= I(mod 2)

*

where A = <Z d

) € 6. Thus, v(A) is an 8 root of unity and

HAT) =v(A)(er + d)1/219(7), Tex, 7]

This paper is a continuation of previous work [2]. We will develop some results in [1],
[4], [5] and [7]. The valences of functions in this paper are the same as those constructed



80 UGUR S. KIRMACI

in [4] and [7]. Certain theorems given in [4] and [7] carry over to the present setting with
only minor alterations in their proofs. The main results of this paper are the following
theorems.

2. The Modular Functions s, ;(7T)

Now, we define the functions ¢s,,; as follows:

spi(r) = T {0:6m)/0:(pr)}", i=2,3,4

3ln,p|n

Theorem 1. Let n be an odd square-free positive integer. For each divisor § and p of
n, with §,p > 1, 0 # p, let 7 = r5 be an integer and let r1 = 0. Then @53 is invariant
with respect to the transformations in 6(n) if and only if the following conditions hold:

i) > (p=0)rs=0 (mod8)

8|n,pln
n2\"
(i) H (5—> is the square of a rational number. (5)
p
3In,pln

Further ¢s,,3 is a modular function on 6(n).

a b

ncd
¢ >0 (since A and -A represent the same transformation) and such that A =V (mod 2)

“ 5b> and C' = (Z,C pb), where 66’ =

Proof. It is enough to consider only those matrices A = ( ) € 0 (n) such that

(since these generate 6 (n)). Let B = Sle d g

pp' =nsothat B, C =V (mod 2) and dAT = Bét, pAt = Cpr Then using (4) and (5),
we have

espa(AT) = T {967)/9(pm)}"

8|n,pln

= [ vB)/v(C)} o pspi(r)

8|n,pln

d\"
= H (5’/)’) k. @s,pi(T) = (g) exp {im’cﬁ}@é,p,i(ﬂ

8|n,pln

where, k =[5, ,jn(exp(1/4)mic(p" — &"))rs, & = 150, pn(6'0")7° and B =375, (0" —
5/)7’5

It remains to show that
(a) 8 =0 (mod 8) if and only if (i) holds, and

d
(b) (—) =1 for all even integer d relatively prime to n if and only if (ii) holds.
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Since n, ¢’ and p are odd, n* = (¢")> = (p')> =1 (mod 8) and so nf3 = 335, 1, (P —
d
d)rs (mod 8) and (a) follows. The “if” part of (b) is trivial. Assumming (a) =1 for all

even integers d relatively prime to n implies the same for all integers d relatively prime
to n. But if « is not a rational square, then by quadratic reciprocity and Dirichlet’s

Theorem there is a prime p with p{n and { =) = —1; so « must be a square, giving (ii).
«

By (1), we obtain

oer) 7 (55) T+ a2wier )
Wpt) — n2(EFL) n(pr +p)  P27)TA(T)
,_TH1 n07) 4w = 1)
where 7 5 , (1) = ) d U(r") )

Finally, we consider the expansions of ¢s , 3(7) at the parabolic cusps oo, 0, 2/A and
1/A. We have

@(T)exp{wT} <1+iake2““”> and fo(T)exp{m( }<1+Zb 62’”’”)

k=1

as the Fourier expansions of ® and 1 at co. [3, p.103]. Hence, by (6), ¢s,,,3(7) has the
Fourier expansion at co of the form

©s.p. 3 =1 + Z a/ 2mikT (7)

We have

(I)(T) —§5T/2 eXp{WZ(f }( +Zc e 27rzk/6'r)
. -1 )
\I/(T) _ p—7/2 exp { 7TZ(1P2PT )T } (1 n Z dke—%rzk/pﬂ')

k=1

as the Fourier expansion at 0 [3, p.103]. Hence, by (6), ¢s,5,3(7) has the Fourier expansion
at 0 of the form

05.p.3(T) = <§>T/26Xp <7;ZT”< 5 >)<1+Zake - 6p>> 8)

where, v(0, p) is a rational function of § and p. It is shown in [7] that f(S7) has the form

f(S7) = Z ar, exp{2mikT/(2n/A)}

k=0
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at the parabolic points 2/A. Hence, we have

©5,0,3(5T) = Z aj, exp{2mikT/(2n/A)}
k=0

2 b
where the a) are complex numbers independent of 7 with ag # 0 and S = < )

A d
Replacing 7 by S~17 = %, we obtain
©5.p.3 Z aj, exp{2mikS~'r/(2n/A)} 9)

(67)/9(7)
d(pr)/0(7)

as the Fourier expansion at the parabolic points 2/A. From the function

and the equation

((557‘ /19(57_ _c/ H 2mq2mAk/n)(1+c2m 1 (2m I)Ak/n) (1_q2m)—1(1+q2m—1)—2
(10)
in [7, Theorem 4], it follows that the valence v is 0. Where k = ng/Ado, ¢ = exp(inT)

and ¢, ¢ are non-zero constants.
It is shown in [7] that f(N7) has the form

f(NT) = Z b exp{2mi(k +v)7/(n/A)}

k=0

at the parabolic points 1/A. Hence, we have

05.p3(NT) Zbk exp{2mi(k + v)7/(n/A)}

k=0
. 10 .
where the b), are complex numbers with by # 0 and N = < A 1>. Hence, replacing 7 by
N-lr = ﬁ, we obtain
©5,0.3(T Zbk exp{2mi(k +v)N~'7/(n/A)}, (11)

k=0

as the Fourier expansion at the parabolic points 1/A. From the function

and the equation

19(5NT)/19(NT):C/ Z(k n/A)/8 H c2m 2mk (1+cm mk)(liz?mn/A)fl(1+Zmn/A)71

(12)
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in [7, Theorem 5], it is clear that the valence v is
1
5 > {(ng/Ad) — (ng'/Dpo)}rs
é|ln,pln

where g = (8,A), 809 = 8, pog’ = p, &' = (p,A), = = exp(2nilr/n), k = ng/Ad,
¢ = exp(—2mif/do), " = ' exp(—mifF/4do).

Theorem 2. Let n, 0, p, rs be as in Theorem 1. If the conditions (5) hold, then
©5.0.i(T) are modular functions on P~20(n)P? and P~10(n)P, for i = 2,4, respectively.

Proof. By Lemma 2, using the equality ¥3(7) | P = e’i”m(ﬂ, we have

©5,0,3(T) | P = 5,0,4(T)
By Lemma 1, ¢s,4(7) is a modular function on P~16(n)P. By Lemma 2, using the
equality 95(7) | P2 = e~ 3™,(7), we obtain

©6,0,3(T) | P? = ©5,0,2(T)

By Lemma 1, @5 ,2(7) is a modular function on P~26(n)P?. This concludes the proof.

3. The Modular Functions Ty, n,i(7), Hpmyn,i(T)s Pm,n,i(T)

Now we consider the following functions:

05 ()0; (n7) Ji(m7)V; ()

_ NN ()= Vs (m7)
dimn)I;mn7)’ 9;()9i(mn7)’

and @, (1) = D) for i=2,3,4

T n,dT) =

The following theorems show that, under appropriate conditions T;,M(T), H 7’;””(7') and
@%’nﬂ-(r) are modular functions holomorphic on x, with respect to the transformations
of appropriate subgroups of finite index of the modular group, i.e., modular forms of

weight 0.

Theorem 3. Let m and n denote positive integers and suppose that r is an integer
such that r(m — 1)(n 4+ 1) = 0 (mod 8). Then T}, ,, 5(1) € M(6(mn),0,1). Moreover,
Ty, 1.3(7) is analytic on x.

Proof. The last assertion in Theorem 3 is obvious from the definition of T, ,, 3(7).

b
Let A= (a d) € O(mn). Then, for 7 € ¥,
c

V(A7) = v(A)(er + d)Y?0(7)

and for s | ¢,

9(sAT) = 0 (%) - V(Z/S SZ) (er + d)/29(s7)
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where v(A) is given by (4). Thus,

T (AT) = v1(A) T 0 (1)

a b a nb
where v1(A) = V(V'}(L”;L’i’g:%ia f")’éb)' Suppose first that A =V (mod 2). Then from (4),

vi(A) = Cgf(ch,—if,—fo,,fn) _ Cg—c(m—l)("-i-l)/mn

Since r(m — 1)(n+1) = 0 (mod 8), 1] (A) = 1. Where (g = exp(27i/8).

Secondly, suppose that A = I (mod 2). Then v](A) = 1. Thus, in both instances,

mn3(AT) mn3( )

For § = 1, p = m and § = n, p = mn in the equation (8), we have the Fourier
expansion of T}, |, 3(7) at 0 of the form

mr{l—m n—mn > 2mik
" =m".exp — 1 age” 7 (m.n)
o= S ) (o Fe0e0)

where, v(m, n) is a rational function of m and n. Similarly, from the equations (7), (9),
(11), we obtain the Fourier expansions of T}, ,, 5(7) at the indicated other cusp points of
the forms

2:/2k
mn3 71+ a TIRT OO

T na(T Zakexp{kas r/(2mn/A)},  at 2/A
k=0

Ty s (T Zbkexp{zm(kw N='7/(mn/A)},  at 1/A,
k=0

I(nt)/9(T r
From the function (19(mT)/ﬁ((T)))({?(;iT)/ﬁ(T)) and the equation (10), we find that T}, ,, 5(7)

has valence 0 at the parabolic points 2/A. From the same function and the equation
(12), T}, . 3(7) has valence

S{(mn /) + (mng! [Ang) — (mng" [ Amg) — (mng"” | Amano) }r (13)

at the parabolic points 1/A (A | mn, A > 0), where ¢’ = (n,A), ¢’ = (m,A), ¢ =
(mn, A), nog’ = n, mog” = m, moneg” = mn.

Theorem 4. Let m,n,r be as in Theorem 3. Then, Ty, ,, ,(7) € M(P~'6(mn)P,0,1)

and T}, ,, o(T) € M(P~20(mn)P?,0,1)
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Proof. Using the equations (2), we have T}, , 5(7) | P =T}, ,, 4(7) and Ty, ,, 5(7) |

P2 =Ty . (7). Hence, we have the conclusion.

Theorem 5. Let m and n denote positive integers and suppose that r is an integer
such that r(m —1)(n — 1) = 0 (mod 8). Then, Hy, , 5(7) € M(6(mn),0,1). Moreover,
Hy, ., 5(7) is analytic on x.

Proof. The proof is analogous to that of Theorme 3.

Theorem 6. Let m,n,r be as in Theorem 5. Then, H, . (1) € M(P~'6(mn)P,0,1)
and H}, ,, »(T) € M(P~20(mn)P?,0,1).

Proof. As the proof of Theorem 4, from the equations Hy, ,, 3(7) | P = Hy, ,, 4(7)
and H" . (1) | P> = H, , ,(7), the assertion follows.

m,n,3 m,n,2

Theorem 7. Let m and n denote positive integers and suppose that r is an integer

such that r*(n —m)(nm — 1) = 0 (mod 8). Then, ®}, , 5(7) is a modular function on

d T
O(mn), with multiplier system <—> .
mn

a b

Proof. Let A = <c d> € 8(mn). Then for 7 € ¥,

_I(mAr)  9(Aymr)  v(Ar)I(mT)
D,y n,3(AT) = I(nAT)  9(Aant)  v(Az) I(nT)

a mb a nb .
where A; = <c/m d >, Ay = <c/n d>' If Ay, Ay = V (mod 2), by (4),

d 3 n—m d T
= (— e "), Si — = T = (=
v(A) (mn)e 1 . Since r(n —m) = 0 (mod 8), we have v"(A) (7%) .
If A1, Ao =1 (mod 2), by (4) and quadratic reciprocity law, we have v(A) = (7) =
d nm—1y,d—1 d \"
—~ ) (=1)( (55 S — 1) = T = (= i
(nm)( Tz = ). Since r(nm — 1) = 0 (mod 8), v"(A) (nm) . Thus, in both

instances, we have @}, , 5(A7) = v"(A)®7, ,, 5(7). Now we consider the Fourier epansions

of 7 . 4(7) at the cusps of §(mn). For § = m, p = n in the equations (7), (8), (9), (11),

m,n,3
we obtain the Fourier expansions of @7, ,, 5(7) at the parabolic points oo, 0, 2/A, 1/A,
W(m)/9(7)
I(nT)/9(7)
note that ®7, . 5(7) has valence 0 at the parabolic points 2/A. From the same function

and the equation (12), we find that ®] , +(7) has valence

m,n,3

respectively, (A | mn, A > 0). From the function and the equation (10), we

5 ((mng/ Amo) — (mng'/ Amo)}

at the parabolic point 1/A, where g = (m,A), mog = m, ¢ = (n,A), nog’ = n. Thus

7, 3(T) € M(@(mn), 0, (miy)

n
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Theorem 8. Let m,n,r be as in Theorem 7. Then @, , (1) € M(P~'0(mn)P,0,1)
and ®7. (1) € M(P~20(mn)P?,0,1).

m,n,2

Proof. By the equations (2), since ®7 , 5(7) | P =®7 . ,(7) and ®7, , (1) | P? =

m,n,3 m,n,4 m,n,3
T .m.o(T) the assertion follows.

m,n,2

4. Conclusion

It is a simple matter, using the work already done in this paper, to formulate and
prove analogous results for functions in T'g(2mn). The key is the equation T'g(2mn) =
W=mm0(mn)W™", where m and n are odd positive integers. The functions T}, ,, sW™"7),
Hppn sW™7) and @y, sV™"7) are modular functions on I'g(2mn). The functions
©s,p,3(W"T) are modular functions on I'g(2n), for an odd square-free positive integer
n. For example, the functions T, » 3(W™"r) are modular functions on I'g(2mn) with
valence 0 at the parabolic points W~™"S(ic0) and valence (13) at the parabolic points

2 1
W—mn+A(joo), (A | mn, A > 0), where S = (A Z) and W = ( 0

1 1). In this setting,
the natural parabolic point in which to expand the function is ioco.
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