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SOME NEW GAUSS-JACOBI AND HERMITE-HADAMARD TYPE
INEQUALITIES CONCERNING (7 + 1)-DIFFERENTIABLE
GENERALIZED ((h,, hy); (n1,1n2))-CONVEX MAPPINGS

ARTION KASHURI, ROZANA LIKO AND SILVESTRU SEVER DRAGOMIR

Abstract. In this article, we first introduced a new class of generalized ((h1, h2); (1,72))-
convex mappings and two interesting lemmas regarding Gauss-Jacobi and
Hermite-Hadamard type integral inequalities. By using the notion of generalized

((hy, h2); (n1,7m2))-convexity and the first lemma as an auxiliary result, some new esti-
mates with respect to Gauss-Jacobi type integral inequalities are established. Also, using
the second lemma, some new estimates with respect to Hermite-Hadamard type integral
inequalities via Caputo k-fractional derivatives are obtained. It is pointed out that some
new special cases can be deduced from main results of the article.

1. Introduction

The following notations are used throughout this paper. We use I to denote an interval on
the realline R = (—oo, +00). For any subset K < R”, where R” is used to denote a n-dimensional
vector space, K° is the interior of K. The set of integrable functions on the interval [a, b] is
denoted by L[a, b]. The set of functions such that f"”) is continuous on the interval [a, b] is
denoted by C"[a, b].

The following inequality, named Hermite-Hadamard inequality, is one of the most fa-

mous inequalities in the literature for convex functions.

Theorem 1.1. Let f: I <R — R be a convex function on I and a,b € I with a < b. Then the
following inequality holds:

a+b 1 [P f(a)+ f(b)
f( )SEL f(X)dXS T (1.1)

2

This inequality (1.1) is also known as trapezium inequality.
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The trapezium type inequality has remained an area of great interest due to its wide ap-
plications in the field of mathematical analysis. For other recent results which generalize, im-
prove and extend the inequality (1.1) through various classes of convex functions interested
readers are referred to [[1]-[32], [34], [36], [38], [40]-[44], [48], [51], [52]].

Let us recall some special functions and evoke some basic definitions as follows.

Definition 1.2. The Euler beta function is defined for a, b > 0 as

I'(a)T'(b)

Tath) (1.2)

1
,B(a,b):f “la-nblde=
0

Definition 1.3. For k € R* and x € C, the k-gamma function is defined by

17-1 -1
I'e(x)= lim M (1.3)
n—oo0 (x)n,k

Its integral representation is given by
(o.0] tk
Ti() :f “lemFdr. (1.4)
0
One can note that
I(a+k)=aly(a).
For k =1, (1.4) gives integral representation of gamma function.

Definition 1.4. For k € R* and x, y € C, the k-beta function with two parameters x and y is
defined as L
Br(x,y) = %f 111 - pElar. (1.5)
0

For k =1, (1.5) gives integral representation of beta function.

Theorem 1.5. Let x,y > 0, then for k-gamma and k-beta function the following equality holds:

IO (y)

. 1.6
I'e(x+y) (1.6)

Br(x,y) =

Definition 1.6. [28] Let a >0 and a ¢ {1,2,3,...}, n = [a] + 1, f € C"[a, b] such that ") ex-

ists and are continuous on [a, b]. The Caputo fractional derivatives of order a are defined as

follows: -
cHa _ M)
D, f(x) = Tn—a ), G—par dt, x>a (1.7
and , -
_1 n n
‘Dy_flx) = L) 70y i< (1.8)

Tn-a) s (t—x)ant1""
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Ifa =ne{l,2,3,...} and usual derivative of order 7 exists, then Caputo fractional deriva-
tive (°D?, f) (x) coincides with £ (x). In particular we have

(°DY, £) x0) = (“DY_f) () = f(x) (1.9)
where n=1and a =0.

Definition 1.7. [13] Leta >0, k=1and a ¢ {1,2,3,...}, n = [a] + 1, f € C"*[a, b]. The Caputo
k-fractional derivatives of order a are defined as follows:

X f(n)(t)

‘DL f(x) = f ——dt,x>a (1.10)
+f kTp(n-4%)Ja (x-pF !
and ) -
(=" R0
DYk £(x) = f - __dt, x<D. (1.11)
T e | APt

Definition 1.8. [50] A set S < R" is said to be invex set with respect to the mappingn:Sx S —
R", if x+ tn(y,x) € Sforevery x,y€ Sand ¢ € [0, 1].

The invex set S is also termed an n-connected set.

Definition 1.9. [33] Let i : [0,1] — R be a non-negative function and & # 0. The function f

on the invex set K is said to be h-preinvex with respect to 7, if

flx+my,0)<hQ-0fx)+hOfy) (1.12)
for each x, y € K and £ € [0, 1] where f(-) > 0.

Clearly, when putting h(#) = ¢ in Definition 1.9, f becomes a preinvex function [39]. If the
mapping n(y,x) = y — x in Definition 1.9, then the non-negative function f reduces to h-
convex mappings [47].

Definition 1.10. [49] Let S € R” be an invex set with respect to n: S x S — R”. A function f:
S — [0, +00) is said to be s-preinvex (or s-Breckner-preinvex) with respect to n and s € (0,1],
if for every x, y € Sand t € [0, 1],

flx+m@y,0)<Q-0°fx)+°f(p). (1.13)

Definition 1.11. [35] A function f: K — Ris said to be s-Godunova-Levin-Dragomir-preinvex
functions of second kind, if

flx+m@y,0)<Q-07°fX)+ ), (1.14)

foreach x,y€ K,t€(0,1) and s€ (0, 1].
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Definition 1.12. [10] A non-negative function f: I <R — [0, +00) is said to be P-function, if
fx+A-0y)<s fxX)+ f(y), Vx,yel, te[0,1].

Definition 1.13. [46] Let f : K <R — R be a non-negative function, a function f: K — Ris
said to be a tgs-convex function on K if the inequality

f(A=Dx+1y)<tQ-DIf () + f ()] (1.15)
grips forall x,ye K and ¢ € (0,1).

Definition 1.14. [30] A function f: I € R — R is said to M T-convex functions, if it is non-
negative and V x, y € I and ¢ € (0, 1) satisfies the subsequent inequality

Vit Vi—t
. 1.16
mf(x)+ NG f (1.16)

Definition 1.15. [36] A function: f: I <R — R is said to be m-MT-convex, if f is positive
and for Vx,ye I, and t € (0,1), among m € (0, 1], satisfies the following inequality

V1i-t
. 1.17
Vi fy (1.17)

fax+1-0ny) < 5

Vi
2V1-t

For m = 1, Definition 1.15 reduces to Definition 1.14.

fao+ 2

fltx+m(1-ny) <

The concept of n-convex functions (at the beginning was named by ¢-convex functions), con-
sidered in [15], has been introduced as the following.

Definition 1.16. Consider a convex set I <R and a bifunction n: f(I) x f(I) — R. A function
f:I1— Ris called convex with respect to n (briefly n-convex), if

fAx+A-Dy) < f) +An(f ), F), (1.18)

is valid for all x, ye I and A € [0, 1].

Geometrically it says that if a function is n-convex on I, then for any x, y € I, its graph
is on or under the path starting from (y, f(y)) and ending at (x, f(3) +n(f(x), f()). If f(x)
should be the end point of the path for every x, y € I, then we have n(x,y) = x — y and the
function reduces to a convex one. For more results about n-convex functions (see [[8], [9],
(14], [15]]).

Definition 1.17. [1] Let ] < Rbe an invex set with respectton; : I xI — R. Consider f: I — R
and 2 : f(I) x f(I) — R. The function f is said to be (1,12)-convex if

Fx+An1(y,0) < fO) +An2(f (), f (), (1.19)

is valid for all x, ye I and A € [0, 1].
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The Gauss-Jacobi type quadrature formula has the following
b +00
f x—a@)Pb-07fx)dx=Y Bmirfyr)+Rylfl, (1.20)
a k=0

for certain By, r, yr and rest Ry,| f| (see [45]).

Recently in [29], Liu obtained several integral inequalities for the left-hand side of (1.20)
under the Definition 1.12 of P-function. Also in [37], Ozdemir et al. established several inte-
gral inequalities concerning the left-hand side of (1.20) via some kinds of convexity.

Motivated by above works and references therein, the main objective of this article is
to establish some new estimates with respect to Gauss-Jacobi and Hermite-Hadamard type
integral inequalities using the notion of generalized ((h1, hy); (171,72))-convexity and two in-
teresting lemmas as auxiliary results. It is pointed out that some new special cases will be
deduced from main results of the article.

2. Main results
The following definitions will be used in this section.

Definition 2.1. [11] A set K < R" is named as m-invex with respect to the mapping 7 : K x
K — R" for some fixed m € (0, 1], if mx+ tn(y, mx) € K grips foreach x, y € K and any ¢ € [0, 1].

Remark 2.2. In Definition 2.1, under certain conditions, the mapping n(y, mx) could reduce
to n(y, x). When m = 1, we get Definition 1.8.

We next introduce the concept of generalized ((h1, h2); (171,72))-convex mappings.

Definition 2.3. Let K <R be an open m-invex set with respect to the mappingn; : KxK — R.
Suppose hy, hy : [0,1] — [0,+00) and ¢ : I — K are continuous. Consider f : K — (0, +00)
and 12 : f(K) x f(K) — R. The mapping f is said to be generalized ((hy, hy); (171,12))-convex,
if

F(mex) + tn1 (1), mp(x))) < [mhy () f7 (x) + hz(t)nz(fr(y),fr(x))]% 2.1

holds forall x, y € I, r #0, for any ¢ € [0, 1] and some fixed m € (0, 1].

Remark 2.4. In Definition 2.3, if we choose m =r =1, hi(t) =1, hao(t) = t, N1 (@(y), me(x)) =
©() —mex), n2(f" (), fHx) =n(f" (), fM(x)) and ¢(x) = x, Vx € I, then we get Definition
1.16. Also, in Definition 2.3, if we choose m =r =1, hy(t) =1, ho(t) = t and @(x) = x, Vx € I,
then we get Definition 1.17. Under some suitable choices as we done above, we can get also
the Definitions 1.10 and 1.11.

Remark 2.5. For r =1, let us discuss some special cases in Definition 2.3 as follows.
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() If taking hy(f) = hy(t) = 1, then we get generalized ((m, P); (1,12))-convex mappings.
(I1) If taking hy(¢) = h(1 — 1), ha(t) = h(t), then we get generalized ((m, h); (11,12))-convex
mappings.
(I1) If taking hy (£) = (1 — 1)%, ha (1) = t* for s € (0, 1], then we get generalized ((m, s); (171,72))-
Breckner-convex mappings.
(IV) Iftaking hy(£) = (1—1)%, ho(t) = t~* for s € (0, 1], then we get generalized ((m, s); (171,72))-
Godunova-Levin-Dragomir-convex mappings.

(V) Iftaking hy () = ha(f) = t(1 — 1), then we get generalized ((m, tgs); (11,712))-convex map-

pings.
Vit Vit
(VD) Iftaking hq(t) = ———, ho(1) = , then we get generalized (m; (n1,n2))-M T-convex
g Wi 2 Wi getg ni,n2
mappings.

It is worth to mention here that to the best of our knowledge all the special cases discussed

above are new in the literature.

Let see the following example of a generalized ((h1, h2); (171,72))-convex mapping which

is not convex.

Example 2.6. Lettake m=r =1, h1(t) =1, hy(t) = t and ¢ an identity function. Consider the
function f: [0, +00) — [0, +00) by

x, 0<x<2;
flx)=
2, x>2.

Define two bifunctions 7; : [0, +00) x [0, +00) — R and 12 : [0, +00) x [0, +00) — [0, +00) by

-y, 0=sy=<2
mx,y) =
Xty y>2,
and
xX+y, x<y
n2(x,y) =
4(x+y), x> ).

Then f is generalized ((1, £); (71,12))-convex mapping. But f is not preinvex with respect to

71 and also it is not convex (consider x =0,y =3 and ¢ € (0, 1]).

For establishing our first main results regarding some new Gauss-Jacobi type integral
inequalities associated with generalized ((hy, h2); (n1,12))-convexity, we need the following

lemma.



SOME NEW GAUSS-JACOBI AND HERMITE-HADAMARD TYPE INEQUALITIES 323

Lemma 2.7. Let ¢ : I — K be a continuous function. Assume that f : K = [m@(a), me(a) +
n(p(b), mp(a))] — R is a continuous mapping on K° with respect ton : K x K — R, where

n(@(b), me(a)) > 0. Then for some fixed m € (0, 1] and any fixed p, q > 0, we have
me(a)+n(pb),my(a))
f (x = mo(a)? (me(a) +n(p(b), mp(a) - x) f (x)dx

me(a)

1
=P (@ (b), mep (@) fo P (1= 0 f(me(a) + in(@(b), mp(a))dt.

Proof. It is easy to observe that

fm<p(a)+n(<p(b).m<p(a))

“ (x—me(a)” (me(a) +n(pb), mep(a) — x) f(x)dx
mey(a

1
=n(p(b), m(p(a))fo (me(a) + tm(pb), mp(a)) — me(a)P
x(me(a) +n(@(b), mp(a)) — me(a) — (@), me(a)? f(me(a) + tn(eb), me(a)dt

1
=PI (@ (b), my (@) fo P (1= 07 f(me(a) + m(@b), meay)dt.

This completes the proof of the lemma. O
Using Lemma 2.7, we now state the following theorems.

Theorem 2.8. Let k > 1 and 0 < r < 1. Suppose K = [m@(a), mp(a) +n1(p(b), np(a))] < R
be an open m-invex subset with respect to 1 : K x K — R for some fixed m € (0,1], where
M1 (p(b), me(a)) > 0. Also, let hy, hy : 10,1] — [0,+00) and ¢ : I — K are continuous. Assume
that f : K — (0,+00) be a mapping on K° such that f € L(K) andn, : f(K) x f(K) — R. If
f% is generalized ((h1, h»); (11,12)) -convex mapping, then for any fixed p, q > 0, the following
inequality holds:

/mtp(a)+m(<p(b),mw(a))

“ (x—me(@)? (me(a) +n1 (@), mep(a)) — )9 f(x)dx
me(a

< )" (o), mg(an {/ Bkp +1,kq+ 1)

X

Tk ok Tk , &
mFE @I (0 7) + s £ (0), 5 @) I ha(01)| ™,
where -

Mhiteini= [ wiod, vi=1.2.
0

Proof. Since f = is generalized ((hy, hy); (n1,1n2))-convex mapping, combining with Lemma
2.7, Holder inequality, Minkowski inequality and using properties of the modulus, we have

me(a)+n1 (@ (b), me(a))
f (x — me(a)? (me(a) + 1, (p(b), mp(a)) —X)qf(x)dx

me(a)
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f kp(l—t)kth]
0

X f If(mqo(a)+tnl(tp(b),mtp(a)))l

< N1 (@(b), mp(a)|PFIH!

k-1
k

p+q+1

<" (b), mep(@) {/ Bkp+1,kq +1)

1 r r r l %
x f [ (0 f 55 (@ + ha(0m2 (FE5 (), £ (@) | ’dt]

<1} (), mp(a)) {/ Blep+1,kq +1)

k-1
"5

v k. rk_ 1
fo up (fk-l(b),fk-l(a))hz’(t)dt) ]

=1} " (p(b), me@) { ptkp+1,kq+1)

x (f m%fr'“l(a)h{(t)dt) +
0

Tk Tk . et
(@51 +12 (FE5 (), F 55 @) I (2357
So, the proof of this theorem is completed. a
We point out some special cases of Theorem 2.8.

Corollary 2.9. In Theorem 2.8 for k = 2, we have the following inequality:

mep(a)+n1 (p(b),mp(a))
f (x — me(a)? (me(a) + 1, (pb), me(a)) - x) f(x)dx

me(a)

< 1" (o), mp(an [ B2p+1,2q+ 1)

x [m @I (hy(0; 1) +m2 (F2(0), £ (@) I (ha (0); r)] ¥ 2.2)

Corollary 2.10. In Theorem 2.8 for h(t) = ho(t) =1, m =1, n1(p(b), me(a)) = ¢(b) — m(a),
@(x) =x and f(x) < L, Vx € I, we get the following inequality:

k-1
rk -

b
f x—a)’ (b-x)f(x)dx < (b-a)PTT L/ Bkp+1,kq+1) % [kakl +12 (LE,LFICI)] @23)

Corollary 2.11. In Theorem 2.8 for hy(t) = h(1 — 1), ho(t) = h(t),m = 1,n,(@p(b), mp(a)) =
@(b) —me(a),p(x) =x and f (x) < L, Vx € I, we get the following inequality:

b
f x—a)’(b-x)7f(x)dx

k1
k

< (- @1/ Blp+1,kq+ DI'T (R D[ LET 43 (157, L5) | *. @)
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Corollary 2.12. In Corollary 2.11 for hy(t) = (1—1)%, ha(t) = t°, we get the following inequality:
b
f x—a)’b-x)7f(x)dx
a

k-1

< (b—a@)P T Blkp +1, kq+1)( ) [Lk1+172( L Lk’T"l) " 2.5)

Corollary 2.13. In Corollary 2.11 for hy(t) = (1—6)7%, hao(f) = t7° and 0 < s < 1, we get the
following inequality:

b
/ x—a)’(b-x)7f(x)dx

< (b—-a)P* I Bkp+1, kq+1)( ) [Lk1+172( L Lk’T"l) i 2.6)

Corollary 2.14. In Theorem 2.8 for hi(t) = ho(t) = t(1—1), m =1, n1(p(b), me(a)) = ¢(b) -
me(a), p(x) = x and f(x) < L, Vx € I, we get the following inequality:

b
f (x—a)’(b-x)7f(x)dx

k=1

D1 1\ o
< (b-aP* T/ Blkp+1,kq+ DT (1+ “1+ —) [kakl +15 (Lk_lek_kl)] e
r r

vi—t
Corollary 2.15. In Corollary 2.11 for hy(t) = ———, hy(t) =

Vi
2V1 2V1-1¢

andr € (%, 1], we get the
following inequality:

b
f x—a)’b-x)7f(x)dx

k-1
rk

: 1 1\ 2 : =
< (b-@)P TV Bkp+1,kg+ 1B T (1—5,1+§) [Lr'i +12 (Lk_—kl,Lﬁ) 28

Theorem 2.16. Letl =1 and 0 < r < 1. Suppose K = [mp(a), mp(a) +n1(pb), np(a))] <R
be an open m-invex subset with respect to 1, : K x K — R for some fixed m € (0,1], where
M1 (p(b), me(a)) > 0. Also, let hy, hy : [0,1] — [0,+00) and ¢ : I — K are continuous. Assume
that f : K — (0,+00) be a mapping on K° such that f € L,(K) andn, : f(K) x f(K) — R. If
fl is generalized ((hy, hy); (1,12))-convex mapping, then for any fixed p,q > 0, the following
inequality holds:

me(a)+n1(pb),mp(a))
f (x—me(a)? (me(a) +n1 (@), me(a)) —x)9 f(x)dx

mey(a)

p+q+1
<1’1

x {/mfri@ I (0; p,q, 1) + 12 (F71B), @) I (o (0); p, 1), (2.9)

(@(b), mp(@)B T (p+1,q+1)

where 1 )
I(h,-(t);p,q,r)::/O t’”(l—t)th?(t)dt, Vi=1,2.
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Proof. Since f! is generalized ((h1, hy); (171,72))-convex mapping, combining with Lemma
2.7, the well-known power mean inequality, Minkowski inequality and using properties of the

modulus, we have

me(a)+n1(pb),me(a))
f “ (x— mo(@)? (mg(a) +n1 (@), mp(a)) —x)9 f(x)dx
me(a

1 -1 1
:n;’“’“((p(b),m(p(a))fo [Pa—-o7] T[ra-n9|" fomg(@ + mi ob), mp@)dt

1
< In1(p(b), mp(a)|PT+! fo tPA-09dt

1 T
x fo tp(l—t)”’lf(mqo(a)+tn1(<p(b),m<p(a)))|ldt]

p+q+1

<7 T @), me(@)p T (p+1,q+1)

) 17
§ fo (1= 09 mhy (0 £ (@) + ho (s (£ ), £ (@) rdt]

<" (@(b), mp(@) T (p+1,q+1)

1

Loy 1 r L1 1 17
x (fo m?fl(a)t”(l—t)qh{(t)dt) +(f0 n; (frl(b),frl(a))tp(l—t)qhzr(t)dt) ]l

= n’fwﬂ (p(b), mqo(a)),Bl_T1 (p+1,g+1)
X '\’/Mf”(a)lr(hl(t);n g, 1)+ 02 (fT ), frH(@) I (ha(1); p, g, 7).

So, the proof of this theorem is completed. a
We point out some special cases of Theorem 2.16.

Corollary 2.17. In Theorem 2.16 for | = 1, we have the following inequality:

me(a)+n1(p(b),mp(a))
f (x—me(a)? (me(a) +n:1(@b), mp(@) - x)? f (x)dx

me(a)

p+q+1

sny, " (p(b), mp(a)) {/mf’(a)lr(m(t); p,q, 1) +n2(f" (D), [T (@) I"(ha(1); p, g, 7). (2.10)

Corollary 2.18. In Theorem 2.16 for hy(t) = ho(t) =1, m =1, n1(@(b), mp(a)) = ¢(b) — me(a),
@(x) =x and f(x) < L, Vx € I, we get the following inequality:

b
f x—a)’b-x)7f(x)dx<(b-a)’ T B(p+1,qg+1) ’\’/Lrl +1m2 (L', L. (2.11)

Corollary 2.19. In Theorem 2.16 for hi(t) = h(1 - 1), ho(t) = h(t), m = 1, n1(p(b), me(a)) =
@(b)—mep(a), p(x) =x and f(x) < L, Vx € I, we get the following inequality:

b
f (x—a)P(b-x)7f(x)dx
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-1

< (b-a)’" BT (p+1,qg+ 1) \/ LT (h(1); g, p, 1) +12 (L7 L) T (R(2); p, q, 7). (2.12)

Corollary 2.20. In Corollary 2.19 for hy(t) = (1—1)%, ha(t) = t°, we get the following inequality:
b
f x—a)P(b-x)9f(x)dx
a
-1

<(b-a)Pt BT (p+1,9+1)

x ’\I/Lrlﬁ’(q+;+l,p+1) +12 (Lrl,L’l),Br(p+;+1,q+1). (2.13)

Corollary 2.21. In Corollary 2.19 for hy(t) = (1—6)7%, hao(f) = t7° and 0 < s < 1, we get the
following inequality:

b -1
f (x—a)P(b-09fxdx<b-al BT (p+1,qg+1)

x ’\I/Lrlﬁ’(q—;+l,p+1) +no (L7, L) BT (p—;+1,q+1). (2.14)

Corollary 2.22. In Theorem 2.16 for hi(t) = hy(t) = t(1—1),m = 1, n1(p(b), mp(a)) = @(b) —
me(a),p(x) =x and f(x) < L, Vx € I, we get the following inequality:

b
/ (x—a)’(b-x)7f(x)dx

- 1 1
< (b-aP BT (p+1,q+ DI p+—+1,6]+—+1) ’\’/Lrl+n2(Lrl,Lrl). (2.15)
r r

vi—-t t
, ha (1) = Vi

2Vt 2V1-t

Corollary 2.23. In Corollary 2.19 for hy(t) = andr € [%, 1], we get the

following inequality:
b
/ x—a)P(b-x)9f(x)dx

1
1\ _
< (E) l (b- a)p+‘7+1[3171(p+ 1,g+1)

1 1 1 1
o 1 Lrlﬂr(q+_+1’p_—+1 +1]2(Lrl,Lrl)'3" p+—+1,g——+1|. (2.16)
2r 2r 2r 2r

For establishing our second main results regarding some new Hermite-Hadamard type
integral inequalities associated with generalized ((h1, h2); (n1,72))-convexity via Caputo k-
fractional derivatives, we need the following lemma.

Lemma 2.24. leta>0,k=1anda ¢ {1,2,3,...}, n=[a]l+1. Let ¢ : | — K be a continuous
function. Suppose K = [m(a), me(a) +n(p(b), me(a))] <R be an open m-invex subset with
respect ton : K x K — R for some fixed m € (0, 1], where (¢ (b), m@(a)) > 0. Assume that f :
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K — R is a mapping on K° such that f € C"*}(K). Then we have the following equality for
Caputo k-fractional derivatives:

" E (@p(x), mp(a) £ (me(a) +1(p(x), me(a)))
n(@(b), mp(a))
"k (@), meb) £ (me(b) +n(p(x), mp (b)) et {1k T (n-%)

+ (-1
n(p(b), me(a)) ( n(p(b), me(a))

(mp(@) = “DEX i mpyy- LMD

C
Ditar 1o, m<p(a))) f

0"~ (p(x), me(a))
n(e(b), me(a)) 0
" o), me) [
n(p(b), me(a)) 0

”“f ") (mep(a) + t(@(x), mp(a)dt

" E FD (mep(b) + (@ (x), mp(b)))dr.
We denote

Ifne(xa, k,n,m,a,b)
" (p(x), mo(a)
n(e(b), me(a)) 0
" px), me (b))
n(e(b), mep(a)) 0

1
8 F D (mep(@) + (), mp(@))d i

1
7% £ (mg(b) + (@ (x), me(b)))dt. (2.17)

Proof. Integrating by parts, we get

Ifno(xa,k,n,m,a,b)

"7 £ (me(a) + m(p(x), me(a)) ||
n(p(x), me(a))

"t (@ (x), mo(a)
n(p(b), me(a))
n-f
_n(<p(x), me(a)) Jo
" ), mb) [ t"E F (mep(b) + m(p(x), mp(b)) |
n(p(b), me(a)) n((x), mo(b))
n—%
n(px), mp(b)) Jo
Nk (p(x), mp(a) 7 (mep(a) +n(p(x), me(a)))
n(p(b), me(a))
_ 0" E @), mp®DF* mp(h) + 09, mpb)) 1 (2K = DTk (2 )

0

L (meg(a) + (), m(p(a)))dt]

0

L (g (b) + t(@(x), m(p(b)))dt]

+ (-1
n(@(b), mp(a)) n(p(b), m(a))
k
CD(m(p(a)H;((p(x) mo(ay-f (Mp(a) = CDam(p(b)+n (x),m )))-f(m‘p(b))]'
This completes the proof of the lemma. a

Using Lemma 2.24, we now state the following theorems for the corresponding version
for power of (n + 1)-derivatives.
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Theorem 2.25. Leta >0,k =1,0<r<1anda ¢ {1,2,3,...}, n = [a] + 1. Also, let hy, hy :
[0,1] — [0, +00) and ¢ : I — K are continuous. Suppose K = [me(a), me(a)+n,(p(b), me(a))]
< R be an open m-invex subset with respect ton; : K x K — R for some fixed m € (0, 1], where
11 (@(b), me(a)) > 0. Assume that f : K — (0, +00) is a mapping on K° such that f € Cc™1(K)
and ny : f(K) x f(K) — R. If (f*D(x))? is generalized ((hy, h2); (1,12)) -convex mapping,
q>1, p~t+q7! =1, then the following inequality for Caputo k-fractional derivatives holds:

1 1

|1 (x;a,k,n,m,a,b)| <
L m@m), mp(@) \| (n- %) p+1

a
n—E+1

X{Im((p(x),mqo(a))l

x Um (oD (@) 17 (hy (0;7) + 02 (FP* D 0)™, (F*+ D (@) ) 17 (ha(0);7)
+1 (@ (x), me (b))~ *

x m (D m) 71 (hy (0;7) +n2 (FPD0)™, (FR+D (1)) 17 (hy (1); r)}, (2.18)

where I(hi(t);r), foralli = 1,2, are defined as in Theorem 2.8.

Proof. From Lemma 2.24, generalized ((h1, h2); (n1,72))-convexity of (f(”“) (x))q, Holder in-

equality, Minkowski inequality and properties of the modulus, we have

o a k,nm,a,b)l
n-%+1 pl1
< Inll(:(z;,(;r;wn(z)(lam" fo "k £ (mep(a) + i1 (p(x), mp(a)|dt
1 ’
MUNCERTIO
11 (@(b), me(a))]

1
fo tE FUY (me(b) + tn1 (@ (x), me(b)|dt

a

n—-2+1 1 . % 1 1
< |T’1((p(x);m(p(a))| k (/ t(n—F)pdt) (/ (f(n+1)(m(p(a) + tnl((P(x),m(P(a))))q dt)q
n1(p(b), me(a)) 0 0

11 (@ (x), m (b)) ! ( fl (-2
N1 (@(b), mp(a)) 0

_ Im, mp@)" £+ ([ dosmar]’
n1(p(b), mp(a)) 0

1

1
(fo (F7*D (me(b) + 10 (@(x), mpb))))’ dt) !

1
q

: 1
* ([) [mhl(t) (f(n+1)(a))rq " hz(t)TIZ ((f(n+1)(x))rq ’ (f(n+1)(a))rq) ] r dt)

im0, mpby" i (/1 t(n—%)pdt)E
M1 (@(b), me(a)) 0

1
q

) 1
y (f [mhl(l‘) (f(”“)(b))rq + hz(t)nz((f(n+1) (x))rq,(f("“)(b))rq)] rdt)
0
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_ Impw, mp@)" ! (fl t(n_%)pdtr
M (p(b), mp(a)) 0

LTSN ' Lo ) T (et l) 7 "\
x{(fo m* (£ (a) hl’(t)dt) +f0n2r((f @), (F" (@) )hzrmdr)}

Lm0, memI £ ([ do-tva)
M (@(b), me(a)) 0

1

L 1 4 11 r r 1 ")
x{(fo mr (f(nﬂ)(b))th’(t)dt) +(f0 5 ((f(””)(x)) T (F (b)) ")hzr(t)dr) }”

1 1
~ m@mb), me@) \| (n-%)p+1

x { N1 (p(x), mp(a))|" !

x 'V m(f(n+1)(a))”7 I7(hy (8); 1) +n2((f(n+1)(x))”7,(f(n+1)(a))rq) I7(ho(8); 1)
+11(p(x), me(b))|"~ !
x Vm (D) I (hy (0;7) + 12 (FPD 0)), (FAD (1)) 17 (hy (1) r)}.

So, the proof of this theorem is completed. O
We point out some special cases of Theorem 2.25.

Corollary 2.26. In Theorem 2.25 for p = q = 2, we have the following Hermite-Hadamard type
inequality for generalized ((hy, hy); (11,12)) -convex mappings via Caputo k-fractional deriva-
tives:

1 1

[2(n—%)+1 m (@), me(a))

x \/ m (oD (@) I7 (hy (10; 1) +12 ((f(”“) @)%, (for+D (a))z’) I (ha(0); 1)

a
n—z"—l

¢ n,o(xa k,n,m,a,b)| < {Im(qo(x), me(a))l

a
n—z+1

+Im1 (p(x), me (b))
x \/ m (£ D) 1y (03 7) + 2 (oD @) (P D 1)) 17 (o (03 r)}. (2.19)

Corollary 2.27. In Theorem 2.25 for hy(t) = ho(t) = 1 and f""*V(x) < L, Vx € I, we get the fol-
lowing Hermite-Hadamard type inequality for generalized ((m, P); (11,12)) -convex mappings

via Caputo k-fractional derivatives:

1
mpb), me@) \| (n-¢)p+1

mLT +n, (L79,L79).  (2.20)

[If o5 a k,n,m,a,b)|<

x |11 (@), m(@))"™™ F1 + |1 ((x), mep(b))|"~ !
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Corollary 2.28. In Theorem 2.25 for hy(t) = h(1 —t), ho(t) = h(t) and f"V(x) < L,Vx € I, we
get the following Hermite-Hadamard type inequality for generalized ((m, h); (11,12)) -convex
mappings via Caputo k-fractional derivatives:

1 ﬁ(h(t);r)
I (x; ,k, U )b) =
(o @ k,n,m, a,b)] mmw(b),m(ﬂ(m)

x| 11 (@(x), mp(@) "™+ + 101 (@(x), mob)|"™ ¥ | Y/ mLTa +n, (L7, 179).  (2.21)

Corollary 2.29. In Corollary 2.28 for hy(t) = (1 —t)°, ho(t) = t°, we get the following Hermite-
Hadamard type inequality for generalized ((m, s); (n1,1n2)) -Breckner-convex mappings via Ca-
puto k-fractional derivatives:

1 r i !
I ; ,k, U )b = '
g5 ok m, a, D)l < o ) (r+s) (n-F)p+1

x| 171 (@(x), mp(a) "™ ! + 101 ((x), mob)|"™ ¥ | \/mLrd +n, (L7, L79).  (2.22)

Corollary 2.30. In Corollary 2.28 for hy(t) = (1—1)7%, hy(t) = t~° and 0 < s < r, we get the fol-
lowing Hermite-Hadamard type inequality for generalized ((m, s); (n1,12)) -Godunova-Levin-

Dragomir-convex mappings via Caputo k-fractional derivatives:

1 r \g 1
I f1,0 (6 @, k,n,m, a,b)| < !
e n1(@(b), me(a)) (r—s) (n-%)p+1

x| 11 (@(x), mp(@) "™+ + 101 (@(x), mob)|"™ ¥ | /mLTa +1, (L7, L79).  (2.23)

Corollary 2.31. In Theorem 2.25 for h(t) = ho(t) = t(1—-1) cmdf("“) (x) <L, Vxe I, wegetthe
following Hermite-Hadamard type inequality for generalized ((m, tgs); (n1,12)) -convex map-
pings via Caputo k-fractional derivatives:

1
1 Be(1+11+1)
I (x;a, k,n,m,a,b)| < T
AR | S/ (n-4)p+1n1(pb), mp(a)

YmL +n, (LT9,L79).  (2.24)

x| I (@), mp(@)"™E + 1 (), mep(D)" !

vi-t t
Corollary 2.32. In Corollary 2.28 for hi(t) = ———, ha(t) = v

2Vt 2V1-t

following Hermite-Hadamard type inequality for generalized (m; (n1,1m2))-M T -convex map-

andr € (%, 1], we get the

pings via Caputo k-fractional derivatives:

1
[T Bi(-g1+5)
I (x;a,k,n,m,a,b)| < ! .
e | (n-9)p+1 nileb), mp(a)

YmLT +n, (L79,L79).  (2.25)

x| 1M (@(0), mp(@)|" ¥ 411 (p(x), mep (b))~ ¢!
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Theorem 2.33. Leta >0,k =>1,0<r<1anda ¢ {1,2,3,...}, n = [a] + 1. Also, let hy, hy :
[0,1] — [0, +o00) and ¢ : I — K are continuous. Suppose K = [me(a), me(a)+n1(p(b), me(a))] <
R be an open m-invex subset with respect ton; : K x K — R for some fixed m € (0,1], where
n1(p(b), mp(a)) > 0. Assume that f : K — (0,+00) is a mapping on K° such that f € C"*(K)
andny : f(K) x f(K) — R. If (fO*D (x))q is generalized ((hy, hy); (n1,M2)) -convex mapping,

q = 1, then the following inequality for Caputo k-fractional derivatives holds:

|Ify771,<P (x; a, k! n,m,a, b)l

1
<

_(n—%+1) nl(w(b),mw(a)){

a
n—z"—l

m(f V@) " 1" (hy (0); n, 0, k, 1)

In1(p(x), me(a))l

L
rq

+1)2 ((f("“) ), (D (a))rq) I"(hy(0;n,a, k, 1)

+1 (@), mp)"E  m (F7 D 1) 17 (hy (05 1, @, K, 1)

2 ((F 0 0) 7 (F VW) ) 1 (ha (05, 0.k, 1)

where

%
}, (2.26)

1 1
I(hi(t);n,a,k,r):zf t""khI(ndt, Vi=1,2.
0

Proof. From Lemma 2.24, generalized relative semi-(r; m, hy, hy)-preinvexity of ( £V (x))7,
the well-known power mean inequality, Minkowski inequality and properties of the modulus,
we have

L., k,n,m,a,b)|
_ Im @), me(ay|" !
(71 (@(b), mp(a))|
s 1 (p(x), mep(b)) "~ %+
71 (@(b), mep(a))|

n—<+1 1
- N1 (@ (x), mp(a)|" & (f t”‘%dt)
n1(@(b), my(a)) 0

1
ﬁ % |f(”+1)(m(p(6l) + 1 (p(x), mp(a))|dt

1
ﬁ % If(n+1)(m(p(b) + 11 (p(x), mp(b)|dt

1
lq

1
q

1
x (fo "7k (7D (mep(a) + t1 (@ (x), m(p(a))))th)

1
1, -3
f t" kdt)
0
1

1
x (fo "k (£ (me(b) + tn1 (@(x), m(p(b))))th) !

N In1(@(x), mep(b))|"~ %+
1n1(p(b), me(a))

_ Imp@), mp@)" ! ( fl g dt)l-%
T mileb), me(a) )
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1 a r r r % @
x ( fo e [ mhn (0 (£ V@) + hatoma (£ 0 @) (£ @) ) | dt) q

L Im @), mpm)I" ( /1 -t dt)l-%
n1(@(b), mp(a)) 0

1 1
" (fo "m0 (7 @) + oo (£ @) (7 @) ) t)q

n—-%4+1 1 1-1 1 . " 1 r
s'nl(sl(::;’(gfp’fz)(la))k (fo t”‘rdt) q{(fo m?t”‘%(f("H)(a))qh{(t)dt)

1 o« 1 r r v '
[ et (o) (@) g oae)

Im(w(x),mw(b)n"—%“(/l - )1—%{(/1 e el )
T ), me(a) LRt et E(FD ) Rl (ndt

+

1 1 r r v Ay
o[ et (e o w) ) o] |

171 (@(x), me(a)|"~ e+

m(f(”“)(a))rq I"(hi(D);n,a, k, 1)

1 \l9
(n— T+ 1) nl(w(b),mw(a)){

1

rq

(0 00) 7 (P V@) ) 1 (a0 my e k)

m(f" V) 17 (hy (0 m, 0, k, 1)

+1 (@ (x), me(b))|"~ E !
1 (£ 0) " (F D)) 1 o0 m s, r)] ’ }

So, the proof of this theorem is completed. O

We point out some special cases of Theorem 2.33.

Corollary 2.34. In Theorem 2.33 for q = 1, we have the following Hermite-Hadamard type
inequality for generalized ((hy, hy); (1,12)) -convex mappings via Caputo k-fractional deriva-

tives:

1
1 (@(b), me(a))

L., a k,n,m,a,b)| <

m(f" (@) 1" (hy (05 1, 0, k, 1)

x{lm(<p(x),m<p(a))|”‘%“
4 (£ ) (£ @) ) I o m, k)|

+11 (@(x), meW)™™ Y m (F D)) 17 (hy (0); 1, @, K, 1)
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(£ 00) " (P ) ) 1 (035, k, r)] ’ } 2.27)

Corollary 2.35. In Theorem 2.33 for hy(t) = ho(t) = 1 and f""*V(x) < L, Vx € I, we get the fol-
lowing Hermite-Hadamard type inequality for generalized ((m, P); (11,12)) -convex mappings

via Caputo k-fractional derivatives:

1 1
(n=¢+1) m(pb), mp(a)

fn,o(xa k,n,m,a,b)| <

x| 171 (@ (x), mp(@)|"™ ! + 101 (p(x), me)|"™ | {/mLT4 +n, (L7, L7). (2.28)

Corollary 2.36. In Theorem 2.33 for h(t) = h(1—1t), hy(t) = h(t) and f"*V(x) < L,Vx € I, we
get the following Hermite-Hadamard type inequality for generalized ((m, h); (n1,12))-convex
mappings via Caputo k-fractional derivatives:

1
11 (@(b), me(a))

1-1
q
(6 @ Ky, m, a, )l < (n— Tt 1)

a
F‘Fl

+101 (@ (x), me (b))~ 1

X

N1 (@ (x), mp(a)|""™

x V/mL91"(h(1-t);n,a,k,r)+n2 (L™, L") I" (h(t); n, a, k, 7). (2.29)

Corollary 2.37. In Corollary 2.36 for h1(t) = (1 - 1)*, hya(t) = t°, we get the following Hermite-
Hadamard type inequality for generalized ((m, s); (n1,12)) -Breckner-convex mappings via Ca-

puto k-fractional derivatives:

1
11 (@ (b), me(a))

1-1
q
006 a k,nma,b)| < (n—%+1)

x| 1M (o), mp(@)|" ¥ +1m1 (9 (x), mep(B)" ¢!

x mL”?,Br(n—g+1 f+1)+n2 (Lrd qu)(;)r. 2.30)

kK r ' n-¢+3+1
Corollary 2.38. In Corollary 2.36 for hy(t) = (1—1)~%, hao(t) = t7° and 0 < s < r, we get the fol-
lowing Hermite-Hadamard type inequality for generalized ((m, s); (n1,12)) -Godunova-Levin-

Dragomir-convex mappings via Caputo k-fractional derivatives:

1
11 (@ (b), me(a))

1-1
q
Um0 a k,n,m,a,b)| < (n—%+1)

a
% n—-z+1

N1 (@(x), mp(a)|"™ E L + 11 (@ (x), mo(b))]

a s 1 4
X ri’/erqﬂr (n—z+1,1—;)+7]2 (Lrq,L79) (m) . (2.31)
r
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Corollary 2.39. In Theorem 2.33 for hy(t) = hy(t) = t(1—-t) and f(”“) (x) <L, Vxe I, wegetthe
following Hermite-Hadamard type inequality for generalized ((m, tgs); (n1,12)) -convex map-
pings via Caputo k-fractional derivatives:

SRR Saes

1 (x;a, k,n, m,a,b) S(
e S P m(@(b), mp(a))

x| 171 (@(x), mp @)™~ ! + 101 (@(x), mo)|"™ ¥ | {/mLTa +n, (L7, L79).  (2.32)

Vi-t Vi

Corollary 2.40. In Corollary 2.36 for hy(t) = ——, hy(t) = ——— and r € (%,1], we get the
ary ry 2.36 for hy pr 0= = (3.1], weg

following Hermite-Hadamard type inequality for generalized (m;(n1,n2))-M T -convex map-
pings via Caputo k-fractional derivatives:

rqf1 1 1_% 1
L fn,0(6a k,n,mabl< /- -
2\n-z+1 1 (@(b), me(a))
X ["’1("’(’“% me(@)"” ¢+ (p(x), m<p(b))|"—%+1]
a 1 1 o ] n
rq rq Br _ L rq rq . a 1 1
x\/mL B (n . 2r+1,1+2r)+772(L L) B (n k+2r+1’1 5 (2.33)

Remark2.41. For k = 1, by our Theorems 2.25 and 2.33, we can get some new special Hermite-
Hadamard type inequalities associated with generalized ((h1, h2); (1,12))-convex mappings
via Caputo fractional derivatives of order a > 0.

Remark 2.42. Also, applying our Theorems 2.25 and 2.33, for appropriate choices of contin-
uous functions h;, hy and 11, 172, we can deduce some new inequalities using special means

associated with generalized ((h1, h2); (171,12))-convex mappings.
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