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NEW f-DIVERGNCE AND JENSEN-OSTROWSKI’S TYPE
INEQUALITIES

RAM NARESH SARASWAT AND AJAY TAK

Abstract. In this paper we derive new information inequalities of Jensen-Ostrowski type,
by considering two Jensen-Ostrowski type inequalities, new f-divergence and
Chi-divergences. The special cases of these information inequalities are established as
applications of new f-divergence and its particular instances.

1. Introduction

In this paper we apply inequalities of [3] to obtain information inequalities for new f-
divergence measure. Let suppose that a set Q2 and the o-finite measure y are given. Take the
set of all probability densities on u to be

:(p|p:Q—»9%, p(1) =0, pr(t)d,u(t):l). (1.1)

In this text we use the following definitions of divergence measures which are the particular

instances of new f-divergence:

o Kullback-Leibler divergence measure [12]:

Scanp) = [ pomn| B8 auo, (12)
q(1)
Skr(2, 1) = q(t)ln o0 du(r). (1.3)
 Relative Jensen-Shannon divergence measure [13]:
2q(1) )
S Jp1) = Dlog| —————|du(y). 14
F(H2, 1) qu( ) og(p(thm p(t) (1.4)
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 Relative arithmetic-geometric divergence measure [14]:

B p(t)+q(t)) (p(t)+q(t))
SG(,Uz,IJﬂ—fQ( > log 2300 au(r). (1.5)

 Triangular discrimination [6]:

(p(t)— q(1)* 1
S , =] ————du(t)=-=S L U2). 1.6
£, p42) 0 2000+ a0 w(r) 2 A, p2) (1.6)

o Chi-divergences [13] and [14]:
p() - q(t))z 1

S , R Hdu(t)=—-=S.,2(uy, us), 1.7
£, ) = fﬂ( 70 q(O)du(t) = - Sy (pa, pi2) (L.7)

t HNRA-1 1
Srlpr, p2) = —f (p( )~ qq((i)( )) qO)dp(t) = —Sy2 221 (11, H2)- (1.8)

The New f-divergence of the probability distributions 1 and p; is defined as follows

B p(t)+q(t))
Sf(ul,uz)—fq(t)f(—zq(t) au(t). (1.9

Where denote the density (Radon-Nikodym-derivative) of u; (i = 1,2) with respect to u by

p(t) = Z‘:j((f)) and q(t) = Z‘:f((f)). Define the convex functions f : (0,00) — Ry, f(1) =0, ap-

propriately for obtaining various divergences. The basic properties of New f-divergence are
available in [10] and [11].
2. Generalized Jensen-Ostrowski type inequalities

The following Jensen-Ostrowski inequality is considered from [3] for functions with bounded

second derivatives.

Theorem 2.1. Let f : I — C be a differentiable function on I, f': [a,b] c I — C is absolutely
continuous on [a,b] and { € [a,b] For somey,T € C, y # ', assume that " € (_][a,b] (y,I) =
A[a,b] (y,1). Ifg: Q — [a, b] is Lebesgue u-measurable on Q such that fog, g, (g — 0%e L(Q, ),
with [odu=1 then

U(fog)du—f(é)— fgd.u—( —f'(C)—):—er(g—()zdu’
ill“ Yl[U (g)+ fgdu C)] 2.1

A generalized version of the Ostrowski inequality [5] is considered form [3]. Itis inequality

as well as bounds for the discrepancy in Jensens integral inequality. The theorem is following:
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Theorem 2.2. Let f: I — C be a differentiable function on I, f' : [a,b] ¢ I — C is absolutely
continuous on [a,b] and { € [a,b] If g : Q — [a, b] is Lebesgue p1-measurable on Q) such that
fog, g (g -0%e L(Q, u), with fQ du =1 then we have the following Ostrowski type inequality:

U(ng)du—f(C)— fgdu—c —f’(()‘
< 31 Moo 0@+ ([ gau-1)'] 2

We also have the following Jensen type inequality:

1
< §||f”||[a,b1,oo02 (g 2.3)

‘L(fog)du—f(Lgdu)

which is the best inequality one can get from (2.2).

3. Main results

In this section, we present our main results on the Jensen-Ostrowski type inequalities by

using chi- divergences (1.7)-(1.8) and new f-divergence (1.9).

Proposition 3.1. Let f : (0,00) — R be a differentiable convex function with the property that
f (1) =0. Assume that y1y, U € Q and there exists constants0 < r <1 < R < oo such that

- p(t)+q(1) <R

(3.1)
2q(1)
foru—a.e.t€ Q. If € [r,R] and f' is absolutely continuous on [r, R], then we have the inequal-
ities ) .
|Sf(u1,uz) -fiO-a —()f’(()| < E”f””[r,R],oo ZSXZ(IULIJZ) +((-1)? 3.2)
In particular, by choosing( = (r + R)/2, we have
r+R r+Ry ,r+R
st 1(55) - (- 255 (50|
1 r+R 2
= S irmioo | 3 S nobiz) + (= =1) ] (3.3)
and when { = 1, we have
1
IS, p2)l = —||f (r,R), oo Syz(H1, p2). (3.4)

Proof. We choose g(f) = %, noting that fQ gdu(r) =1, in inequality (2.2), we have

Lf(%)q(t)du(t) -fO- (fﬂg(t)du—()f’(()’
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=1Sp(1, p2) = FO - A= f'
1, 0+ q(r 2 2
= Sl ico f(M—f gy qduco+( [ gindu-c) ]
Q Q Q

2q(1)
_1 " p(t)+6](t)_ 2 _1)2
= 51"l co fQ (726](” 1) qdpn + -1
1 p(6) - q(0)y2 . 2]
_2||f ||[r,R],oo L( 26](1’) _) 6](t)dﬂ(t)+(c 1)

1

1
= §||f”||[r,R],oo ZSXZ(M1,H2)+(C—1)2]

and this completes the proof. a

Proposition 3.2. Under the assumptions of Proposition 3.1, if f' is convex or f| exists, then we
have

1

+ (R
L0+ 2B ZSXz(ul,uz)HC—l)z]

Sl p2) — fFQ-A-Of'Q)+ = n

(3.5)

1 1
= Z'fi/(R)_ ()l ZSXZ,z(—ﬂ,Ul;Hz)
for{ € [r, R]. Some particular cases of interest are obtained by setting({ = (r + R)/2 and { = 1.

Proof. When [’ is convex, we set y = f/'(r) and T’ = f”(R) (cf. Remark 2 in [3]). For the case
where f exists, we set y and I' appropriately to the values of f)'(r) and f”(R), with y <T.

Utilizing (2.1) for g(¢) = %, and the measure [, q(t)dp =1, we have

| £ (P90 gy - 5o [ awdp-2)r @

2q(1)

"(r)+ (R p(t) +4q(1) 2

+
+ 1 fQ( 200 C) q(t)du‘

V() + I (R)

’Sf(,ul,lvtz)—f(()—(1—C)f/(()+ 1

[2512,2(—10&,#2)]

pi+q(n 2 ) 2]
20 1) gdu+ (-1

1
ZSXZ(,ULIJZ) +( - 1)2]

1 1! 1!
< irw- o [ |

1
= Zlf_”(R)—ﬂ'(r)l

and this completes the proof. a

4. Special cases:

Example 4.1. If we consider the convex function f : (0,00) — R, f(f) = tlog(?), then we get
(1.5).
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We have f'(t) = log(t) + 1, and f”(r) = 1/t. By Proposition 3.1, we have the following
inequalities:

[SG (U2, 1) —¢{log(() —(1-Odog) +1) = ISG(uz,ul) —1+(—log(()|

1
<—[ 2(#1,H2)+((—1)2]
2lieinry
_ 2
= Z ZSXZ(IJI,/JZ) +(C -1
forall{ e [r,R],and when (=1,
11
< , <—=- L U). 4.1
0= Sz, 11) 2’_4SXZ(IJ1 o) 4.1)
Furthermore, by Proposition 3.2, we have the inequalities:
r+R
S(p2, 1) —108(0) =1+ 0+ —— | =52 (1, — SX (,ul,uz)]
4rR
for( e [r,R],andwhen (=1,
+
S , , ——S , 4.2
c(u2, 1) + —— R Syz (1, p2)| = TR 1 12 (1, p2). 4.2)

Example 4.2. If we consider the convex function f : (0,00) — R, f(t) = —log(?), then we get
(1.4).

We have f'(t) = 1/t, and f"(¢) = —1/t?, and we note that

ifgq(t)((%)z—l)du(t)= isxz(lil,,uzl

By Proposition 3.1, we have the following inequalities:

1 1 1
ISp(uz,u1)+log(C)+E—1l < 5[ sup —2] SXZ(,UL,UZ)"'((—DZ]

te[r,R]

Sy (W, p2) + (¢ = 1)

2r2 | 4
forall{ € [r,R],and when { =1,

1
0=Sp(u2, 1) < ﬁzs 2 (U1, 42). (4.3)

Furthermore, by Proposition 3.2, we have the inequalities:

SF(uz,u1)+log(C)+l—1+r2+R2 Syz(u1, p2) + (-1 H - 1 Z(Ml»ﬂz)]
C 472 R2 4 X 2R2 4 X
for( e [r,R],andwhen (=1,
2, .2 2_ .2
SEa, ) + g 7 Sy (M p2)| < — o 7Sy (i, 2. 4.4
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Example 4.3. If we consider the convex function f : (0,00) — R, f() = —{=1
(1.6).
We have f/(f) =1-1/t?, and f"(t) = 2/t?, and f"(t) = 2/t3. By Proposition 3.1, we have

the following inequalities:

%SA(IJI’,UZ)—(C_{DZ—H ()(1—5—12) —’ SA(/JI’,UZ)—(C_CDZ—(1—()({2{;1)
- sz sl |gsewr o]
= =5 |3 Se ) + € -1
forall{ € [r,R],and when { =1,
0=~ SA(/JI’/JZ) i—S (11, H2). (4.5)

Furthermore, by Proposition 3.2, we have the inequalities:

’%SA(IJL/JZ)_ ((_(1)2 -(1- ()( (12) r r-;’-lfj 1 Sy,
3 _R3
SR ZSXZ(.ULIJz)]
for{ € [r,R],and when (=1,
3., .3 PR3
’ Salpn, u2) + —5— S 1 Syz (1, 42) SWZSXZ(,ULM). (4.6)

Example 4.4. If we consider the convex function [ : (0.5,00) — R, f(t) = —log(2t—1), then we
get (1.3). We have f'() = 7%, and f"'(1) =

inequalities:

z zfl)Z' By Proposition 3.1, we have the following

4

(2t 1) ze[rR](Zt 1)2
2

- 2r-12

Spr(p, p2) +(¢—1) ]

‘SKL(,UZ»IJI) —log(2{-1)-(1-{)

Sy2(p, p2) + (€ - 1)?

forall{ € [r,R],and when{ =1,

1
0= Sk, ) < 5 ZSXZ (U1, 2). 4.7

2
2r-1)
Furthermore, by Proposition 3.2, we have the inequalities:

2(1—c)+4(r +RY)-4(r+R)+2[1
2¢-1) 2r —1)2(2R-1)? 4

Sr(uo, p1) +log(20 1) + Sy2 (1,
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4(R2 -r%)—4(R
@2r-1)2@2R-1)2
for( e [r,R],andwhen (=1,

4 v2,20-1(H1, p2)

4(r?+ R —4(r +R) +2 L
(2r-12@2R-1)? 4
AR - -4R-T) 1
@r—12@2R-1)2 4%
Example 4.5. If we consider the convex function f : (0.5,00) — 9% f)=2t-1Dlog2r-1),
then we get (1.2). We have f'(¢) = 2log(2t—1)+2 and f" (1) =
have the following inequalities:

Sr(py, u2) + Syz (1, p2)

Sy2 (1, p2). 4.8)

(2t 7> By Proposition 3.1, we

|Skr(p1, ph2) — (20 = Dlog (2 — 1) —2(1 =) (log(2{ — 1) + 1)
= | Sk (p1, pi2) —log(ZC -1 +2(( -1

1
Spa(p, p2) +(¢—1) ]

[ 4
sup ——
2 te[rR] 2r-1)
3 2
@2r-1)
forall { € [r,R],and when { =1,

Sy2(p, p2) + (€ - 1)?

2
= ) - ) 4~
0= Sgr(u1,p2) < 2r -1 45 2 (U1, 42). 4.9

Furthermore, by Proposition 3.2, we have the inequalities:

1

2r+R-1)
—————— | =S,2(l1,

Sxr(p1, p2) —log2{ —1) +(2¢ - 1) +

2(R—r1)
T @2r-1)(@2R-1

for( e [r,R],andwhen (=1,

1

Syz20- 1(#1,,112)]

2r+R-1) 1

Sk, p2) + m45 2 (U1, U2)

Ml 2( ) (4.10)
= er—D@ER—1) 4 r L H2). '

5. Conclusions

In this paper, we have been derived new information inequalities of Jensen-Ostrowski
type, by considering two above inequalities of Section 2, new f-divergence and
Chi-divergences. Particular cases of these inequalities have been also established in terms of
divergences like as Kullback-Leibler divergence, Relative Jensen-Shannon divergence, Rela-
tive arithmetic-geometric divergence and Triangular discrimination.
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