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POPOVICIU’S AND BELLMAN’S INEQUALITIES
IN p-SEMI-INNER PRODUCT SPACES

Dedicated to the Memory of Dr. I. Franié

Y. J. CHO, M. MATIC AND J. PECARIC

Abstract. In this paper, we study Popoviciu’s and Bellman’s inequalities in p-semi-inner product
spaces and give some related results.

1. Introduction and Preliminaries

The following generalization of the well-known Aczél’s inequality (see, for example,
[4, p.117]) is refered in the literature as Popoviciu’s inequality:

Theorem 1.1. Let ap,by and a;,b;,p; (i = 1,2,...,n) be nonnegative real numbers
such that
n n
> pial <ab, > pib? < b, (1.1)
i=1 i=1

where p,q > 1 with % + % = 1. Then the following inequality holds

1

(ag - zn:piaf> P (bg - ipiblq) q < apby — zn:piaibi. (1.2)
=1 i=1

i=1

A result closely related to the one stated above is given in the following theorem and
is refered in the literature as Bellman’s inequality:

Theorem 1.2. Let ag, by and a;, b;, p; (i =1,2,...,n) be nonnegative real numbers
such that
n n
> pial <ab, > pib? < B, (1.3)
i=1 i=1

where p > 1. Then the following inequality holds
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n g n %
(63wt} (18- Soot) <
i=1 i=1

Remark. In fact, T. Popoviciu and R. Bellman proved Theorem 1.1 and Theorem 1.2,
respectively, for the case p; =1 (i = 1,2,...,n) (see [4], pp.118-119). The result stated
in Theorem 1.1 follows immediately from the original Popoviciu’s result by replacing a;
with pi/pai and b; with pll/qb- (t=1,2,...,n). Similarly, the result stated in Theorem 1.2
is easily obtained from the original Bellman’s result by replacing a; with p; L/p a; and b;
w1thpz/pb (i=1,2,...,n).

(ap + bo)P Zpl a; +b;)?| . (1.4)

Recently, M. Matié¢ and J. Pecari¢ [3] proved the following refinements of the above
results:

Theorem 1.3. Let ag, by and a;,b;,pi,q; (i =1,2,...,n) be nonnegative real numbers
such that the condition (1.1) is valid and

Then the following inequalities hold

n 1/]) n l/q n
0< (Z qu) (Z qd)?) = qiaib;
i=1 i=1 i=1
1
n n n q
< aobo — Y _ piaibi — (af)’ - ZPN?) (bg - Zpibg> - (1.5)
i=1 i=1 i=1

o=

Theorem 1.4. Let ap,by and a;,b;,pi,q; (i =1,2,...,n) be nonnegative real numbers
such that the condition (1.3) is valid and

Then the following inequalities hold

n 1/p n 1/prp  p
(Zqzﬂf) +<Zqz'bf> ]— gi(a; + b;)?

(ap + bo)? sz (a; + b;) (1.6)
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In this paper, we give results related to Popoviciu’s and Bellman’s inequalities which
hold in p-semi-inner product spaces and which can be regarded as a generalizations of
the results stated above. The notation of a 2-semi-inner product space was introduced by
A. H. Siddiqui and S. M. Rizvi [5]. This was generalized to the concept of p-semi-inner-
product space by I. Frani¢ [1]. To avoid the problem in the proof of the main result from
[1] and [5], Y. Ho and A. White [2] modified one part in the definition of p-semi-inner
product, the condition (PS-1) on positive definiteness, and then stated and proved the
main result from [1] and [5] with that modified definition. Here we use the definition of
p-semi-inner product space given in [2]:

Definition. Let X be a real linear space of dimension greater than one and let
[-. - |-] be a real-valued function defined on X x X x X such that for some p € (1,00) we
have:
(PS-1) () [w,al2] >0,
(ii) [z,z|2] =0 if and only if  and z are linearly dependent,
[

(PS-2) azx,y|z]=alzr.y|z], where a is a real number,
(PS-?)) [m+m’,y|z] = [m,y|z]—|—[m’,y|z],
p—1
(PS-4) [z, yl2]| < [, 2|2]"Ply, yl2] 7
Then [, -]-] is called a p-semi-inner product on X and (X, [-,-|]) is called a p-semi-inner

product space (in short, a p-SIP space).

We are interested in the following two simple properties which are valid in any p-SIP
space X:
[az, azly] = o[z, z[y] (1.7)
and ) ) )
[z +y,z +ylz]r < [z, 2[2]" +[y,yl]7 (1.8)
Indeed, when @ = 0 or z and y are linearly dependent, (1.7) is trivially fulfilled. If
a # 0 and z and y are linearly independent, then, by (i) of (PS-1) and (PS-2), we have

[z, axly] = [[az, axly]| = |a|[z, azly]]. (1.9)

By (PS-4), we have

y

1
[, axly]| < [z, z|y]7 [0, aly] =

and so, by (1.9),

o, aaly] < o, 2ly)? [az, acly] 5 (1.10)
Thus, dividing (1.10) by [am,am|y]%, we get
1 1
laz, azly]? < |al[z, z|y]>. (1.11)

On the other hand, from (1.11) it follows

Y=

1 1 1 1 1
[z, zly]? = | —az, —azly| < |—|[oz,azly]?
« « «
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or, equivalently, ) .
la|[z, z|y]? < [az, az|y]?. (1.12)

Now (1.7) follows from (1.11) and (1.12). To prove (1.8), first suppose [z +y, z +y|z] # 0.
Then we have

[z+y , z+yl2]
=[z,z +ylz] + [y, z + y|2]

p—1 p—1

1 1

<[mzl]Pz +y,z+ylz] 7 + [y, yle]7[z +y,z +ylz] P
1 1 p—1

= ([z,z[2]7 + [y,ylz]?) [z +y,z +ylz] 7 . (1.13)

Now, dividing (1.13) by [m+y,m+y|z]p%, we get (1.8). In the case when [z+y,z+y|z] =
0, that is, when x + y and z are linearly dependent, the inequality (1.8) obviously holds.

2. Popoviciu’s Inequality

In this section, we study an analogue of Popoviciu’s inequality in p-semi- inner product
spaces. An expected generalization of Popoviciu’s inequality for p-SIP space is as follows:

Theorem 2.1. Let (X,[,|-]) be a p-SIP space. Let ag,by be nonnegative numbers
and x,y,z € X vectors such that

[z,2z] < af,  [y,yle] < b6, (2.1)

where p,q > 1 and % + % =1. Then we have

(ab — [z, 2|2]) 7 (b — [y, y|2])s < aobo — |z, yl2]l- (2:2)

Instead of proving this result here, we state and prove the followig theorem which is
more general:

Theorem 2.2. Let (X, [-,-]-]) be a p-SIP space and z;,y;,z; € X (i =1,2,---,n) be
given vectors. If ag,bo and p; (i =1,2,---,n) are nonnegative numbers such that

n n
> pilws, wilzi] < db, > pilyi,vilz] <0, (2.3)
i—1 i=1

where p,q > 1 with % + % =1, then we have

1
P q

(af)’ - Zpi[xi,lﬂzi]) (bS - Zpi[yi:yi|2i]>
i=1 i=1

< aobo — Y _ pillwi, yilil- (2.4)

i=1
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Proof. Set a; = [xi,xi|zi]% and b; = [yi,yi|zi]% (1t =1,2,---,n) and apply Theo-
rem 1.1 to obtain the inequality

(a’o’ - Zpi[xia$i|zi]> (bS - Zpi[yi:yi|2i]>
i=1 i=1

< agbo — Zpi[xia$i|zi]%[yiayi|zi])%- (2.5)

i=1

q

=

Now, from % + % =1, we get % = % so that, by (PS-4), we have

1 i
(@i, yilzill < [z, wilz]? [ys, wil 2] 7 (0 =1,2,---,m).
Using these inequalities and (2.5), we get (2.4). This completes the proof.

Remark. In the case whenn =1, p; =1, x; =, y1 =y and z; = z, Theorem 2.2
reduces to Theorem 2.1.

Next, we give a result for p-SIP spaces anologous to the result stated in Theorem 1.3:

Theorem 2.3. Let (X,[-,-]-]) be a p-SIP space and z;,y;,z; € X (i =1,2,---,n) be
given vectors. If ag,bo, p; and ¢; (i =1,2,---,n) are nonnegative numbers such that
qulgpl (7/:17277”/)

and

> pilwi, wilzi] < db, > pilyi,yilzi] < b, (2.6)

i=1 =1
where p,q > 1 and % + % =1, then we have

1

0§<Zqz'[ﬂfi;ﬂ?i|zi]> (Z(Ii[yi;yi|zi]> =" aillzi, il
i=1 =1

i=1
n n : n :
Saobo—ZPiHJii,yﬂzz‘H— (ag—zpi[$i7$i|zi]> (bg—ZPi[?Jiayﬂzi]) - (2.7)
i=1 i=1 i=1
Proof. Since 0 < p; —¢; <p; (i =1,2,---,n), from (2.6) it follows that
n n
af = (pi = adlwi,wilzi] > af = Y pilwi, wilzi] > 0

i=1 i=1

and
n

b = > (pi — ai)lyi vilzi] > b = > pilyi, yilzi] > 0.

i=1 i=1
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Therefore, we can apply (2.4) with p; — ¢; in place of p; (i = 1,2,---,n) to obtain the
inequality

o=

n n
< ag — sz[mz;mz|zz] + Z%[Iﬂz,fﬂz|zz]>
i=1 i=1

q

X (bf)’ = pilvivilzl + > Qi[yi:yi|zi]> (2.8)
i=1 i=1
< agbo — Zpi|[$i;yi|zi]| + Z%|[=’Bi;yi|zi]|-
i=1 i=1

On the other hand, applying the well-known discrete Holder inequality, we get
(ag - Zpi[mi,$i|zi]> (bé’ - Zpi[yi;yi|zi]>
i=1 =1
1 1
+<Z Qi[mi,$i|zi]> (Z Qi[yi;yi|zi]>
i=1 i=1

1

n n P
< (aé’ - Zpi[xi,$i|2‘i] + Z Qi[$i7$i|2i]>
i—1 i=1

q

S =

Q=

X (bg = pilyi,vilzil + ZQi[yi;yi|Zi]> : (2.9)
i=1 i=1

Thus, from (2.8) and (2.9) it follows that

Q=

n

<a§—zpi[-’ﬂi>fﬂi|zi]> (bg—zpi[yi;yi|zi]> +<Zqz'[ﬂfi;ﬂ?i|zi]> (quw,wl%])

i=1
n n
<agbo — Y pillws, yilzll + > aillzi, yilzill,

i=1 i=1

which is equivalent to the second inequality in (2.7). The first inequality in (2.7) is a
simple consequence of the weighted Holder discrete inequality and (PS-4).
Namely, we have

n % n % n N 1 n
(ZQi[$i7$i|2i]> (Z%[yi,yi|zi]> ZZQi[xi,$i|2‘i]5[yi,yi|2i]3quz'|[$i,yi|zi]|-
i=1 i=1 i=1

i=1

This completes the proof.
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3. Bellman’s Inequality

In this section, we give analogues of the results related to Bellman’s inequality in p-
semi-inner product spaces. The simplest generalization of Bellman’s inequality for p-SIP
space is given in the next theorem:

Theorem 3.1. Let (X,[-,|-]) be a p-SIP space and z,y,z € X be given vectors. If
ao and by are nonnegative numbers such that

[z,22] <af,  [y,yle] < b, (3.1)
then we have
1 1 1
(af — [@,z[z])” + (b — [y, yl2])? < (a0 +bo)” — [z +y, @ +ylz])7. (3-2)
We give the proof for thr following more general result:

Theorem 3.2. Let (X,[,-|-]) be a p-SIP space and let z;,y;,z; € X (i=1,2,---,n)

be given vectors. If ag,bg and p; (i =1,2,---,n) are nonnegative numbers such that
n n
> pilwi, wilzi] < db, > pilyi vilzi] < B, (3.3)
i=1 i=1

then we have

1

1
n P n
(aé’ - Zpi[l"i;fﬂﬂzi]) + (bé’ - Zpi[yiayi|zi]>
i=1 =1

S =

<

(a0 + bo)? = Y pilwi + i, zi + yz%]] : (3.4)

i=1

Proof. Setting a; = [mi,xi|zi]% and b; = [yi,yi|zi]% and then applying Theorem 1.2,
we get

1 1
(ag - Zpi[$i-$i|zi]> + (bf)’ - Zpi[yiayi|zi]>
i=1

i=1
P

(a0 + Do) = D pi ([osil=i]? + [yi,y,-|zi]%)”] : (3.5)

<

On the other side, by (1.8), we have

1 1 1 .
(@i, z:|2:) 7 + [y, yilza]? > (@i + s, 25 + i) P (i=1,2,---,n).
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Using these inequalities, we get

n n p
1 1
> pilwi +yi i+ iz < p <$z,$z|zz v +[yi>yi|zi]p>

i=1 =1

(Z :cl,:r:@|zl>P+<Z[y,-,yi|zi]>p] . (3.6)

i=1

Now it is easy to obtain (3.4) from (3.5) and (3.6). This completes the proof.

Remark. In the case whenn=1,p; =1, 21 =z, y1 =y and z; = z, Theorem 3.2
reduces to Theorem 3.1.

As we may expect, am analogue of the result stated in Theorem 1.4 for p-SIP can be
also proved:

Theorem 3.3. Let (X,[-,-]]) be a p-SIP space and let x;,y;,z; € X (i =1,2,---,n)

be given vectors. If ag,bo and p;,q; (i =1,2,---,n) are nonnegative numbers such that
the conditions (3.3) are satisfied and

qulgpl (7:21727"'7”)7

then we have

1
n P n
(Z gi[zi, ﬂfz|2z]> (Z i yi, yz|Zz]> ] Z gilwi + yi, Ti + yilzil
i=1

i=1

(a0+b0 sz $z+yz;$z+yz|zz]

- l(ag - Zpi[$i,$i|zi]> + (bé’ - Zpi[yi;yi|zi]> ] . (3.7)

Proof. Since 0 < p; —¢; <p; (i =1,2,---,n), from (3.3) it follows that

n n

af = > (pi — g)lwi wilz] > af =D pilwi,wilz] > 0

i=1 =1

and
n

b= > (pi — ai)lyi vilzi] > b5 = > pilyi, yilzi] > 0.

i=1 i=1
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Therefore, we can replace p; in (3.4) with p; —¢; (i =1,2,---,n) to obtain the inequality

P

1
n n P n n
( aﬁ—Zpi[:ci, ;23] +Z ai[zi, $i|2i]> +<b€—2pi[yi, Yil2i +Z ailys, yi|2i]>
i=1 i=1 i=1 i=1

S =

<

(ao + bo)? — sz[wz +yi, xi +yilzi] + Zqz[wz +Yyi,Ti + yz|2‘z]] : (3.8)

i=1 i=1

Also, by the Minkowski’s inequality, we have

n n %
[ (aé’ - sz[$17$z|zz] + Z%[Iﬂz,fﬂz|zz]>
=1 i=1

S =

r

n n
+ (bﬁ - Zpi[yiayi|zi] + Z Qi[yi:yi|zi]>
=1 i=1

2 (aﬁ—Zpi[:v,-,xAzi]) +<bg_zpi[yiayi|zi]> ]
+ (Z%’[%;%M]) +<Zqz'[yi;yi|zi]> ] - (3.9)

Now, from the inequalities (3.8) and (3.9), we get the inequality

n n
(ao + bo)? — Zpi[l'i +Yi, i + yilzi] + Z%[xi + Yi, i + yil i

i=1 i=1
n g n 31P
> (a{i - sz[wz,$z|zz]> + <b8 - sz[yz;yz|zz]> ]
i=1 i=1
n % n % p
+ (ZQi[$i7$i|zi]> +<Z Qi[yi:yi|zi]> l ;
i—1 i—1

which is equivalent to the second inequality in (3.7). The first inequality in (3.7) is a
simple consequence of (1.8) and weighted discrete Minkowski’s inequality since we have

[(Zqi[wi,mi|zi]> +<Zqi[yi,yi|zi1> ] zzqiowi,mziﬁ+[yi,yi|zi1%>

n
> Zfb[ﬂ?z + Yi, Ti + yil2i]-

i=1

p

This completes the proof.
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