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A VISCOSITY ITERATIVE ALGORITHM TECHNIQUE
FOR SOLVING A GENERAL EQUILIBRIUM PROBLEM SYSTEM

MASOUMEH CHERAGHI, MAHDI AZHINI AND HAMID REZA SAHEBI

Abstract. In the recent decade, a considerable number of Equilibrium problems have
been solved successfully based on the iteration methods. In this paper, we suggest a vis-
cosity iterative algorithm for nonexpansive semigroup in the framework of Hilbert space.
We prove that, the sequence generated by this algorithm under the certain conditions im-
posed on parameters strongly convergence to a common solution of general equilibrium
problem system. Results presented in this paper extend and unify the previously known
results announced by many other authors. Further, we give some numerical examples to
justify our main results.

1. Introduction

The viscosity iterative algorithms for finding a common element of the set of fixed points
for nonlinear operators and the set of solutions of variational inequality problems have been
investigated by many authors [11, 21, 24, 26, 27] and references therein. The viscosity tech-
nique for nonexpansive mappings in Hilbert space was proposed by Moudafi[9, 10]. This
technique allow us to apply this method to convex optimization, linear programming and
monoton inclusions [15, 17, 20, 22, 23, 25]. It is well known that the generalized equilibrium
problems include variational inequality problems, optimization problems, problems of Nash
equilibria, saddle point problems, fixed point problems and complementarity problems as
special cases [1, 9, 22, 23].

Let C be a nonempty closed convex subset of a real Hilbert space H with inner product
(-,-y and norm | - |. A mapping T : C — C is said to be contraction if there exists a constant
ae(0,1)suchthat [T(x)-TWI<allx—yl,Vx,ye C.Ifa=1 T is called nonexpansive on C.

The generalized equilibrium problem (GEP) is defined as follows:

Find xeC: F(x,y)+(Ax,y—Xx)=0 VyecC, (1.1

2010 Mathematics Subject Classification. Primary : 47H09, 47H10; Secondary : 47]20.
Key words and phrases. Generalized equilibrium problem, fixed point problem, nonexpansive semi-
group, strongly positive linear bounded operator, a-inverse strongly monotone mapping, Hilbert

space.
Corresponding author: Mahdi Azhini.

391


http://dx.doi.org/10.5556/j.tkjm.50.2019.2831

392 M. CHERAGHI, M. AZHINIAND H. R. SAHEBI

where A: C — Hisanonlinear mapping, and F : C x C — Ris a bifunction. The set of solutions
this problem is denoted by GEP(F, A)., i.e.,

GEP(F,A)={xeC: F(%))+(AX,y—-%=0, VyeC},

which was studied by Takahashi [23].
To study the generalized equilibrium problem (1.1), we may assume that F satisfies the
following conditions:
(Al) F(x,x)=0, VxeC,
(A2) Fismonotone, i.e. F(x,y)+F(y,x) <0, VxeC,

(A3) Fis upper hemicontinuouse, i.e. for each x,y,z€C,

limsupF(tz+(1—-1)x,y) < F(x,y),
—0

(A4) For each x € C fixed, the function x — F(x, y) is convex and lower semi-continuous;

A family S:={T(s) : 0 < s < oo} of mapping from C into itself is called a nonexpansive semi-
group on C if it satisfies the following conditions:

(1) TOx=xforallxeC,

(2) T(s+1)=T(s)T(t)forall s,t=0,

B ITS)x-T)yl<lx—ylforallx,ye Cand s=0,

(4) Forall xe C,s — T(s)xis continuous.

Plubtieng and Punpaeng introduced the following iterative method for nonexpansive semigroup([13]:

N

Xn+1 = anf(xn) +Bnxp+A—a,— ﬁn)sif ' T(s)xpds.
n Jo0

In 2010 Kang et.al, introduced and inspired by results in [6], prove a strong convergence
of the iterative scheme in a real Hilbert space by

1 [sn
Xne1=apYf(xp) + Buxp+ (1= B)I - anA)S—f T(s)xpds,
n Jo

where A is a strong positive bounded linear operator on C.

Cianciaruso et al. [3] considered the following iterative method:
1
F(up, y) + r_<y_ Up, Uy — Xp) = 0;
n

1 [
Xn+1 :aan(xn)"‘(l—anA)S—](; T(s)u,ds.
n

Recently, Sahebi et al. [14, 15, 16, 17] considered a general viscosity iterative algorithm

for finding a common element of the set general equilibrium problem system and the set of
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fixed points of a nonexpansive semigroup in a Hilbert space. They proved, under the certain
appropriate conditions, the iterative algorithm converges strongly to the unique solution of a
variational inequality. In this paper, by intuition from [3, 6, 13, 14, 15, 16, 17] a new iterative
algorithm scheme is introduced. The results presented in this paper generalize, improve and
unify many previously known results in this research area.

2. Preliminaries

For each point x € H, there exists a unique nearest point of C, denote by Pcx, such that
lx — Pcxll < |lx—yll for all y € C. Pc is called the metric projection of H onto C. It is well
known that P is nonexpansive mapping and is characterized by the following property:

(Xx=Pcx,y—Pcy)=<0 (2.1)
Definition 2.1. A mapping T: H — H is said to be firmly nonexpansive, if
(Tx-Ty,x-yy=IlTx- Ty||2, Vx,ye H.
Definition 2.2. A mapping M : C — H is said to be monotone, if
(Mx—My,x—y)=0, Vx,yeC.
M is called a-inverse-strongly-monotone if there exist a positive real number a such that
(Mx—My,x—y)= (xIIMx—MyIIZ, Vx,yeC.

Definition 2.3. A mapping B: H — H is said to be strongly positive linear bounded operator,
if there exists a constant y > 0 such that (Bx, x) = )7||x||2, VxeH.

Notation. Let {x,} be a sequence in H, then x,, — x (respectively, x, — x) denote strong
(respectively, weak) convergence of the sequence {x,} to a point x € H.

It is known that H satisfies Opial’s condition [12], i.e., for any sequence {x,} with x,, — x
the inequality

liminf| x, — x|| <liminf|x, -y 2.2)
n—o0 n—o0
holds for every y € H with y # x.

Lemma 2.4 ([5]). Let C be a nonempty, closed convex subset of H and let F: CxC — R be a
bifunction satisfying (Al1)—(A4). Then Forr >0 and x € H, there exists z € C such that F(z,y) +
L(y-2z,2-x)=0, VyeC.

Further define
1
foz{z€C:F(z,y)+—(y—z,z—x>20, VyeC},
r

forallr >0 and x € H. Then, the following hold:
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) T,F is single-valued.

(ii) TrF is firmly nonexpansive, i. e.,
ITF o) - TFI2 <(TF 0 - T (), x-y), VYx,yeH.

(iii) Fix(TF) = EP(F).

(iv) EP(F) is compact and convex.

Lemma 2.5 ([4]). Let F: C x C — R be a bifunction satisfying (A1)—(A4) and let TF' be defined
asin Lemma 2.4, forr > 0. Let x,y € H and ry,r, > 0. Then,

Iro—rn
1Ty = Trxl < lx = yll+ 1=—— Ty =yl
2
Lemma 2.6 ([8]). Assume that B is a strong positive linear bounded self adjoint operator on a
Hilbert space H with coefficienty >0 and0 < p < |B| ™. Then |I-pB| <1- p7.

Lemma 2.7 ([18]). Let C be a nonempty bounded closed convex subset of a Hilbert space H and
let S:={T(s):0 < s < oo} be a nonexpansive semigroup on C, for each x € C and t > 0. Then, for

any0 < h<oo,

t t
lim sup IIE/ T(s)xds— T(h)(lf T(s)xds)| =0.
tJo rJo

[—=00 xeC
Lemma 2.8 ([19]). Let {x,} and {y,} be bounded sequences in a Banach space X and {$,} be
a sequence in [0,1] with 0 < liminf,_.., B, < limsup,,_.., Bn < 1. Suppose xp+1 = 1= Bl yn +

Bnxn, forallintegers n = 0 andlimsup (|| yp+1— ynll = | xXn+1—Xnl) <0. Then r}ngo Iy — xnll = 0.
n—oo -

Lemma 2.9 ([23]). Let F: C x C — R be a bifunction satisfying (A1) — (A4) and let TY be defined
asin Lemma 2.4, forr > 0. Let x€ H and s, t > 0. Then,

Ss—1
1T x—TFx)? < T<Tf(x) —TF(x), TF (%) - x).
Lemma 2.10 ([25]). Let {a,} be a sequence of nonnegative real numbers such that a,+, < (1 —

ap)an+6,, n=0wherea, isasequencein(0,1) and b, is a sequence inR such that

(]
i) ) ap,=o0;

n=1
- On O
(i) limsup— =0 or 0, <oo.

n—oo Up n=1
Then lim a,, =0.
n—oo
Lemma 2.11 ([2]). The following inequality holds in real space H:

lx+yl* <lxI®+2¢y,x+y), Yx,yeH.
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3. Viscosity iterative algorithm

Let C be a nonempty closed convex subset of real Hilbert space H. Foreach i € {1,..., k},
let F; : Cx C — R be bifunctions satisfying (A1) — (A4) and y; be d;-inverse strongly monotone
mappings from C into H. Let S={T'(s) : s € [0, +00)} be a nonexpansive semigroup on C such
thatT' = ﬂle Fix(S) N GEP(F;,y;) # @. Also f : C — C be an a-contraction mapping and A, B
be strongly positive bounded linear self adjoint operators on H with coefficients 6 > 0 and
B > 0 respectively such that 0 <y < g <y+1i,6<|Al<1and|Bl=8.

Algorithm 3.1. For given xy € C arbitrary, let the sequence {x,} be generated by the manner:
Up,i = Trlzi (X —=Tni¥ixn)
k
Wn=71D Uni (3.1)
i=1
1 [
Xt = @y f60) + BBy + (L=, = BB = n A)— [ " T wnds,
n
where {ry,,;} < (0,2d;), {an} < (0,1), {Bn}, €} < [0,1) and {s,} < (0,00) satisfying the following

control conditions:
oo

(Cl) ep<ap, lim a, = lim B, = lim €, =0, Z a,; =oo;
n—o00 n—o00 n—oo n=1
(C2) lim s, =00, sup|su+1 — sul is bounded;
n—oo neN

(C3) r}im [Th41,i—Tn,il =0, 0<b<r,;<a<2d;.
—00
Lemma 3.2. Forany0<y< %_ <y+ é, there exist a unique fixed point for sequence {x}.
Proof. We define the sequence of mappings {P,, : H — H} as follows:
1 [3n
Pox:=a,yf(x)+B,Bx+((1—€,)—BnB- anA)S—f T(s)xds, Vxe€ H.
n Jo

We may assume without loss of generality that a,, < (1 —¢€, — B, BI) || Al ”*. Since A and B are

linear bounded self adjoint operators, we have

| All = sup{l{Ax,x)|: x€ H, || x|l =1},
| Bl = sup{l{Bx,x)|: x€ H,| x| =1}

observe that

(Q1-€e)I=PBpB—a,Ax,x) = (1—-€,){x,x)— Pn(Bx,x) — ap(Ax, X)
= 1-€, - BnllBll —a,l Al
> 0.



396 M. CHERAGHI, M. AZHINIAND H. R. SAHEBI

Therefore, (1—-€,)I — B — a,Ais positive. Then, by strong positivity of A and B, we get

I(1-€en)I—PpB—a,Al =sup{((1—€,)]-PBpB—-a,A)x,x)xe H,|x| =1}
= sup{(l —€,){x, x) — Bn(Bx,x) —ay{Ax,x): x€ H, || x| = 1}
<1-B.B-a,d. (3.2)
Foranyx,yeC

1Prx—Ppyll < apylf(x)=fMI+BrlBllx—yl
1 [
+||(1—en)I—ﬁnB—OénAllS—fO IT()x-T()yllds

< apyallx—yl+Bnplx—yl+10-BuB-ayd)lx—yl
=(1-0-yaay)lx-yl.

Therefore, Banach contraction principle guarantees that P, has a unique fixed point in H,
and so the iteration (3.1) is well defined. a

Lemma 3.3. The sequence {x,} generated by Algorithm 3.1 is bounded.
Proof. Letpel' = ﬂle Fix(S) n GEP(F;, v ;). By intuition from [14], we have

2 2 = 2
lp,i—pl© < llxp—pl°+714i(rn—2a)lvix,—wipl~.

Then
2 1 k 2
lwn=pI° =+ Y g —pll
i=1
2 1 k 2
< ot = pI"+ Y rni(rni —2a)lwixn—wipl®, 3.3)
i=1
and

lwn—pl < llx, = pll.
1ne1 = Pl = @y F() + BuBixn + (1 —en)f—/snB—anA)s—ln fo " Ty wnds - pl

< anlly f(xn) = Apll+ Bl Bxy — Bpl +enllpll
(U =) T~ BB - ap ) ||S—1n | TS wn - T(s)plds

< anp(lyf&n) =y f (I +1yf(p)—Apl) + BullBx, — Bpll + el pll
+(1=Buf—anbd)lw,—pl

< apyallxn, —pll +anlly f(p) = Apll + BBl xn — pll + anllpl
+(1 = Bnp—and)lx,—pl

= (1= -y an)lx, - pll+anpl+lyf(p) - Apl)
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lyf(p)—Apll +|Ip||}
’ d—ya

= maX{IIxn =pl

(3.4)

IIYf(P)—AP||+||P|I}
’ 0—ya ’

SmaX{IIxo—pII

Hence {x,} is bounded. Oa
Sn
Now, set t;, := sif T(s)wpds. Then {wy}, {t,} and {f (x)} are bounded.
" Jo

Lemma 3.4. The following properties are satisfied for the Algorithm 3.1:
P1. lim |x,+1 —x,l =0.

n—oo
P2. lim | x, - ;] =0.

n—oo
P3. r}im lvix,—wipl=0, forie{l,2,..., k}.

—00

P4. lim ¢, - wyl =0.

n—oo

P5. lim || T(s)¢t, — t,]l = 0.
n—oo

Proof.

P1: From Theorem 3.1(ii)[14], we have

2|Spe1—Snl
I tns1 = tnll < 1 xXpe1 — Xxnll +M|rn+1,i_rn,i|+W” wy—pl, (3.5)

F:
” Trnl+l i (xn_rn+l,iu’ixn)_(xn_rn+l,iWixn)”

k
where M; = max{sup{ },sup{llwixnll}} and M = % ZZM,-.
i=1

Tn+1,i

Setting x,,+1 = €%, + (1 —€,) 25, then we have

A1y Xne1) + Prs1Bxps1 + (L =€) = Prs1 B — Aps1 A tpg1 — €pt1 Xns1

Zp+l —Zn =
I-€pt1
_ anyYf(xp)+PuBxp+((1—€p)—PuB—a,A)ty—€nxy
1 _en
Apn+l a 1
= (Y f (Xna1) — Atper) + ——(Aty =y f(xn) + Prct s =t
1-€n+1 1-€p 1-€nt1
€ €
+ 'Bn B(ty—xp)+ (the1 — ) + z Xn — el Xn+1-
Using (3.5), we have
An+1 a
121 = 2nll < ——1y f(Xns1) = Atper | + ——ly f(xn) — Atyll
I—€ns1 1-¢€p
Bn

,6n+1
+— ||B||||xn+1—tn+1||+1 IBIN = xpll + I tn41 — tall

I—€ns1 —€n
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€ €n+1
+—— || xnll + —— [ Xpi1
—€n I—€n+1
a +1 a
< ——y f(xne1) = Atper |+ —— 1y f (xn) — Aty
l—€ns1 l-ep
Bne1 3 Bn -
+ Bl |+ e D) + Bl + 1 x50 + 1 X541 — X5l
l—€nn1 l-ep
218541 — Sal € €n+1
+M|Tpa1,i = Tnil + ———= |l wy = pll+ —— [ xpl + —— [ xpa1 I,
Sn+1 —€n I—-€n+1
which implies
Xpn+1 a
12n+1 = 2Znll = 1 Xp41 = Xl S —— 11y f (Xpa1) = Al | + —— 1y f (xn) — Aty
1-€pt1 l-¢€p
Brni1 Bn =
+n—,3(||xn+1||+||tn+1||)+ = Bzl + 1 x,1)
1-€nt1 1-€p
2|$p41— Sl
+MIrpi,i = Tl + ———— [ w, — pll
Sn+1
€n €n+1
+ Xl + ———— 1 Xps1ll-
—€n I-€pt1
Hence, it follows by conditions (C1) — (C3) that
limsup(zp+1 = znll = 1 Xp+1 — Xl < 0. (3.6)
n—oo
From (3.6) and Lemma 2.8, we get lim |z, — x,|l =0 and
n—o00
lim [|x,41— x5l = lim (1 —€,)llz,;, — x,ll = 0. (3.7
n—oo n—o00

Then we have lim |/ t,,; — ;] =0.
n—oo
P2: We can write
lxn = tall < 1 Xp+1—Xnll + ”aan(xn) + ﬁann +((1 _€n)1_ﬁnB —ap,A)t, — t,l

< [ xp+1— Xpll + an”)’f(xn) — Aty +ﬁn||an =Byl +enlltyll

= [ Xp+1 = Xnll +an||Yf(xn) — Aty +ﬁn5”xn =yl +enlltnll.

Then
(1 _,BnB)”xn =yl < 1 Xp+1 —Xnll + an”)’f(xn) = Atpll +enlltnll.
Therefore
1 an €n
lxn—tnll < = || Xp41 — Xnll + —”Yf(xn)_Atn”+ = | 2,
l_ﬁnlB l_ﬁnlB l_ﬁnﬁ
1 a
< —[| X1 — Xl + ———= (1Y f (xn) = Aty ]| + I 2411

1-pnp 1-pnp
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Using (C1) together (P1), we obtain

lim || x,,—t,] =0. (3.8)
n—o00
P3: We have

Ixp+1 = pI* = llany f(xn) + BuBxn+ (L =€) I = B — an Aty — pl®

= lan(y f(xn) = Ap) + Bp(Bxn— Bp) + (1 €)= BB — an Aty — p) —€,pll*

< (L =€) I - anA)(ty— p)+ Pn(Bxn— Bin) —€,pll°
+2{a,(yf(xp) = Ap), Xps1 — P)

< (1= an®)llwn = pll + BuBllxn — tul +€nl pIN? +2an(y £ (xn) = Ap, Xps1 — P)

= (1= and®*lwyp = pI* + BuP)? %0 — ta]* + (€2)* pII*
+2(1 = @p0) B Pllwn — plllxn — tull +20 - apdenllplllw, — pl
+2Bn€nBlpllllxn — thll + 20, ¢y f(X2) — Ap, Xns1 — p)- 3.9)

From (3.3), we have

_ 1k _
< (1-ap8)*(lxn - pl* + T N i =2a) Wi xn —wipl®) + BuP) 1l x5 — tall®
i=1

+En)? I pl? +20 = anb) B fllwy — pllllxy — tall +2(1 — ande,l pllw, - pll
+2Bn€nBlpllllxn — tall + 20,y f(Xn) — AP, Xns1 — P)

- .1k
< ||xn—p||2+(an6)2||xn—p||2+(1—%6)2% Y rnirni —2d) 1Wixn —y;ipl?
i=1
+(BuB)? 110 — tall* + (@) plI* +2(0 — a,8) BBl wy — pllllxy — ty
+2(1 — ap®)an | plllwy, — pll+2BnenBlplllxn — tnll +2an{y f(xn) — Ap, Xpi1 — P)-

Using (C3), we obtain

.1k
- ané)z% Y bedi-a)llyix,—yipl?

i=1
< llxp = plZ = lxns1 = pIZ + @082 %0 — pII> + (BBl xn — tn

+2(1 = apd) BnBlwy — plllx, — tyll +2(1 — and)anlipllw, — pl

12+ (@) pll?

+2Bn€nBlpllllxn — tall + 20,y f(xX) — Ap, Xns1 — P)

< (1% = pll + 1 Xns1 = PIDIXR = X1 |+ (@081 Xn = PUIZ + (B )1 xn — tall®
+@n)®Ipl? +20 = an8) BrBlwn— pllixn — tall +2(1 — and)anlplllw, - pl
+2BnenBlplllxn — tnll +2an(y f(x) — Ap, Xns1 — p)-

By (P1)-(P2) and Lemma 2.4(i),we have r}im ly;x,— wipll2 =0.
—00
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P4: Theorem 3.1 [14] implies that

1 k
lwn - pl* = < > llun,i—pl?
i=1
2 1 k 2
< lxp—pI == Ixn— tnll
kizl
2 k
= 2
+EZrn,i(”xn_un,i””lﬂixn_Wip”_aiHWixn_Wip” ). (3.10)

i=1

It follows from (3.9) and (3.10) that

Ixp+1 = plI* = A= @nd)* N wy — plI>+ (BuP)? 120 — tal® + () pI*
+2(1 = ap0) BnBlwy — plllx, — tyll +2(1 — and)enl pllwy — pl
+2Bn€nBIpllllxn — toll + 2,y f(xn) — AP, Xps1 — P)

B 1k
< (1-and)?(x,—pl?- P P E Un,ill?
i=1

2 K _
e Z P10 = Un, il i Xn = Wi pl = @iy ixn =i plI*) + (BnP)* N1 X0 — 1

+(en) IIpII2 +2(1—apd)Bnfllwy, — pllllx, — tall +2(1 — @, d)enl plllw, — pl
+2BnenBlplllxn — tull + 2,y f(xn) — Ap, Xps1 — p)

_ _.1 kK
< lxp = pI* + (@nd)? 1%, - pI* = (1 - ana)ZE 3 lxn = 11
i=1

_.2 Kk
+(1- an5)2% Y il = Uil ixn —wipl = dilwix, —yipl?)

i=1
+(BuB) 2 xn — tall* + (@)1 plI® +2(1 — @, 8) B Bllws, — plll xp — Lol
+2(1—apb)enl pllwyn—pl +2BnenBll plllxn—tull+2a, (y f(X0)— AP, Xpns1—P)-

Therefore
2 1 k 2
(1-ad) E Z lxXn — un,ill
i=1
< 20 = Pl = l1xns1 = Pl + (@n6)? 11 x5 — plI®

_.2 Kk
+(1 - ané)ZE > rnilllxn = unilllyixn —wipl - dillwix, —yipl?)

i=1
+(BuB)? N0 — tall* + (@n)* I Pl +2(1 — @, 8) BrBlwn — pllll X, — tyl
+2(1 = and)enllplllwn — pll +2BnenBlpllllxn — tull +2an(y f(xX2) — Ap, Xps1 — p)

< (lxn— pll + ||xn+1 — P X1 = Xpll + (@) I X, — pII?

+(1- ana) _Zrnz(”xn unz””WzXn vipl—a;ilyix,— sz”)

l 1
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+(BuB)? 10 — tall* + (@) plI* +2(0 — a,8) BBl wy — pllllxn — t
+2(1 = apd)enlplllwn — pll +2BnenBlplllxn — tnll + 20,y f(xn) — AP, Xni1 — P).

From (C1) together (P1)-(P3), we obtain r}ngo lx, —un,;ll =0.
It is easy to prove
lim |w,—x,| =0. (3.11)
n—oo

Using (3.8) and (3.11), we estimate || t;, — wull < 1t — X |l + 11X, — wy . Then r}ngo It —wyll =0.

P5: LetE:={weC:llw-pl < lxo— pll,ﬁllyﬂp) — Apl + lIpll}, E is a nonempty bounded
closed convex subset of C which is T'(s)-invariant for each s € [0, +00) and contains {x,}. With-
out loss of generality, we may assume that S := {T'(s) : s € [0, 4+00)} is a nonexpansive semi-
group on E. From (27)[7], we have

1T = 2]l < 2|

1[5
—f T(Sw,ds— x,
Sn Jo

+||T(s)sifosn T(s)wnds—sifosn T(S)wndS“-
n n

Using Lemma 2.7 and (3.8), we obtain r}im I1T(s)x,—x,ll =0.
—00

Therefore
TSty —tpll = NT ()t — TS Xpll + 1T (S) Xy — Xpll + 11X, — Lyl
Sty =Xpll + 1 T($) Xy — Xpll + | X0 — E1l.
Then we have r}im N T(s)t,—tyll =0. O
—00

4. Main result

Theorem 4.1. The Algorithm defined by (3.1) is convergence stronglytoze ' = ﬂle Fix(S)n

GEP(F;,v;), which is a unique solution in of the variational inequality
((yf-Az,y—-2z)<0, Vyel.
Proof. For all x, y € H, we have

IPriI-=A+y)x)=PrU-A+y/ YW= IU-A+yf)x)-U-A+y (NI
< I-Alllx=yl+yllfx) = fI
<A-8lx-yl+yalx-yl
=(1-0G-ya)lx-yl.
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Then Pr(I - A+vy/) is a contraction mapping from H into itself. Therefore by the Banach
contraction principle, there exists z € H suchthatz=Pr(I-A+7yf)z.

The proof of Theorem 3.2 [14] show that
((yf-Az,x,—2z)<0. 4.1
Finally, we prove x,, is strongly convergent to z.

Ixpe1 = 211% = @n(y f(xn) = Az, Xps1 — 2) + Br(BXp — BZ, X1 — 2) — €42, X1 — 2)
H((A-€en)I=PnB—anA)(th—2), Xn+1—2)
< an(y{f(xn)=f(2), Xns1—2) + Y f(2) = Az, Xps1—2)) + Bul Bl xp—zll | Xp4+1— 2l
—enllzlillxps1 — 2l + (L —€p) I = BB — anAllity — 2zl xp+1 — 2l
< apayllxn = zlllxne1 — 2l + @n(y f(2) — Az, X1 — 2) + BuPllxn — 2l Xns1 — 2l
—enllzlll Xns1— 2l + (1 = Buf — @) Xy — 2l Xns1 — 2l

= (I—anG—a)lxn—zlllxne1—zll—€nll zl | Xps1—2ll + @ny f(2) = Az, Xpe1—2)

1-a,©0-ay)

< ”f(uxn—zn% 1 Xn41 — 2112 — €enllzllll Xpe1 — 2l
+a,(yf(z)— Az, xXpt1 — 2)
1-a,0-ay) 1

<—  x,-zl®+ > 1%n 41 —zl?—eullzllxps1 — 2l

2
+an(yf(2) — Az, Xp1 - 2).

This implies that

2 N 2 2
2Mlxpe1 =217 = A=and —ay)lx,—zI° + | xpe1 = zlI° = 2a,llzll | Xp41 — 2l

+2ap(yf(2) — Az, Xp41 — 2).
Then

IXne1 — 212 < 1= (6 — ay)llxn — zI2 =2,z | Xpt1 — 2l + 20, (Y f(2) = Az, Xpy1 — 2)

= (1-kp)llxy — zl* +2a,1,, 4.2)

where k, = a, (5 — ay)and I, =y f(z) — Az, xp+1 — 2) — 1zl | xp+1 — 2.

oo o0
Since lim a, = 0 and ) a, = oo, it is easy to see that lim k, =0, )k, = oo and
n—oo n=0 n—o0 n=0
limsup [, < 0. Hence, from (4.1), (4.2) and Lemma 2.10, we deduce that x,, — z, where z =
n—oo

Pr(I-A+yf)z. O
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Remark 4.2. Putting ¥; = 0 and {e,},{8,} = 0 we obtain method introduced in Theorem 4.1
[3]. Taking {e,,} =0, F; =y; =0, w;, = x, and A = B = I, then the conclusion Theorem 3.3 [13]
is obtained. Taking {e,} = 0,F; = v; = 0, w, = x,, and B = I, then the conclusion Theorem
3.1 [6] is obtained. Putting {€¢,} = 0 and B = I, then the main Theorems [14, 15, 16, 17] are
obtained.

5. Numerical examples

In this section, we give some examples and numerical results for supporting our main
theorem.

All the numerical results have been produced in Matlab 2017 on a Linux workstation with
a 3.8 GHZ Intel annex processor and 8 Gb of memory.

Example 5.1. Let H =R, the set of all real numbers, with the inner product defined by (x, y) =
xy, ¥x,y€R, and induced usual norm | . |. Let C = [-4,2]; let F;, F» : C x C — R be defined by
Fxy)=@3 —xz)(x—y), F(x,y)=(x+6)(y—x), Vx,y€C;lety,y,: C— H be defined by
¥1(x) = 2x,%2(x) = x, Vx € C and let for each x € R, we define f(x) = %x, Ax) = %x, B(x) =
l—lox, and let, for each x € C, T(s)x = x. Then there exist unique sequences {x,} R, {u, ;} < C,
and {w,} c C generated by the iterative schemes

. 1
Un,i= T:Zi (Xp = TniWiXn), Wp = E(un,l + Up,2) (5.1)

Xpi1 = =X+ x,+((1 2)y-——B 3A)1fsnw ds (5.2)

T T 0m+ 1)z " 2 m+02 nUs, o " '

where «a,, = %, Bn= ﬁ, €y = % and s, =n, rp1 =12 =1+ % Then {x,} converges to
{-3} € N¥_, Fix(S) N GEP(F;, y).

Proof. The bifunctions F; and F, satisfy the (A1)—(A4). Further, f is contraction mapping
with constant a = % and A and B are strongly positive bounded linear operator with constant
5 =1 on R. Therefore, we can choose y = 2 which satisfies 0 <y < g <y+ é Furthermore, it
is easy to observe that ﬂle Fix(S) nGEP(F;,v;) = {-3} # @. We have computed u,, ; for each
examplei= 1,2 as follow

1+\/1—4(1+%)((1+%)xn—3(1+%))

Up1 = —

2 ’
24 =
1 1
=X +6(1+_)

1
Up2 = — , Wy = E(un,l + Up,2)

2+1
10n2+21n+10) (10n4+10n3—31n2—50n—20)
_— wy.

10n(n+12 )" 1072(n + 1)2 .

Xn+1 :(

We obtain the following figure of the result, with initial point x; = 1. O
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Tn

3 L B B— — 4 4 n n n n n n
0 5 10 15 20 25 30 0 5 10 15 20 25 30 35
Iteration steps

Figure 1: The graph of {x,,} with initial value x; = 1.

Example 5.2. Let H =R, the set of all real numbers, with the inner product defined by (x,y) =
xy, Vx,y €R, and induced usual norm| . |. Let C = [0,2]; let F;,F,,F5: C x C — R be defined
by Fi(x,y) = =2x*(x - y), Fo(x,y) = —x*(x — ¥)?, F3(x,y) = =3x* + xy +2y?, Vx,y € C; let
W1, Y2, vs3 : C — H be defined by w1(x) = y2(x) = w3(x) =0, Vx € C and let for each x € R,
we define f(x) = %x, A(x) = B(x) =1, and let, for each x € C, T(s)x = ﬁx. Then there exist
unique sequences {x,} R, {u, ;} < C, and {w,} c C generated by the iterative schemes

) 1
Up,i= Trlzi (Xp—TniV¥ixn), Wy = g(un,l + Upo+ Up3) (5.3)
L +((1 Lot 1 A) ! fs" L w,d (5.4)
Xptl] = ——=Xp+—X - )-—B-—A|— ——w,ds .
T eym "t 2" n n2  yn Jspdo 1+2s "

where a;, = ﬁ, Bn= #, €y = % and s, =n, ry1 =rp2 =1+ %. Then {x,} converges to {0} €

Nk, Fix(S) n GEP(F;,y;).

Proof. It is easy to prove that the bifunctions F;, F» and F; satisfy the (A1) — (A4). Further,
f is contraction mapping with constant a = % and A = B = | are strongly positive bounded
linear operator with constant 6 =1 on R. Therefore, we can choose Y = 2 which satisfies

0<y< % <y+ é Furthermore, it is easy to observe that ﬂf: Fix(S) n GEP(F;,v;) = {0} # @.
We have computed u,, ; fori= 1,2 as follow

/ 64
—14+4/1+8+ ) x, n
_ X

Up2 = Xp Up3 =
4+32 ' ’ 67+ 40

Up1=

1
Wy = g(un,l + Up+ Up3)
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x ( l)x (ot )1n(1+2n)( —l—i—i)
n+l = 4\/— n n_ n2 \/ﬁ
Choose x; = 1. we obtain the following figure. O
\\\ .‘“V\ .

i Iteration steps

Figure 2: The graph of {x,,} with initial value x; = 1.

Example 5.3. Let H =R, the set of all real numbers, with the inner product defined by (x, y) =
xy, Vx,y €R, and induced usual norm | .|. Let C = [0,3]; let F1,F, : C x C — R be defined by
Fi(x,y) =5x(x—y), Fo(x,y) = —2x(y — x), Vx,y€C; lety,,w2:C — H be defined byt/fl(x) =
3x,¥2(x) = 4x, Vx € C and let for each x € R, we define f(x) = 1(x+2) A(x) =x, B(x) = 3x,
and let, for each x € C, T(s)x = 1+133
and{w,} c C generated by the iterative schemes

x. Then there exist unique sequences {x,} < R, {u,;} c C,

) 1
Un,i= Trlj:i (Xn = In,iWiXn), Wn = E(un,l + Up,2) (5.5)
L 42— +(a Ly L g1 A)lfs" L nds 5.6
Xpe1=——=(x —X -—)I- - — wpds
s 32n2-3) " n2" 2m2-3° 2yn o 1+3s "
where a, = ﬁ, Bn= ﬁ, €n = 2 and s, =2n, ry1 =Tp2 = 1+ = . Then {x,} converges to

{0} € N¥_, Fix(S) N GEP(F;,y;).

Proof. It is easy to prove that the f is contraction mapping with constant a = % and A and
B are strongly positive bounded linear operator with constant § = 1 on R. Therefore, we
can choose y = 2 which satisfies 0 < y < g <y+ % Furthermore, it is easy to observe that
NX_, Fix(S) N GEP(F;, ;) = {0} # @. As mention

10n%+3 15n%2+4

—X Upp = ——5——X
50n2+5° " T 5p24 T

Up1=
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1
Wy = E(un,l + Up2),

kg = (AR, 2 L ey - ! Ly
M svnen?-3) " 5yn  6n n2 32n2-3) 2vn "
Choose x; = 3. we obtain the following figure. g

20 T T T T T 12

N

&

Tn
-

-40F

60 n n " " 8 " " n " " "
0 10 15 20 25 30 0 5 10 15 20 25 30 35

i Iteration steps

Figure 3: The graph of {x,,} with initial value x; = 3.

Example 5.4. Let H =R, the set of all real numbers, with the inner product defined by (x,y) =
xy, Vx,y €R, and induced usual norm | . |. Let C = [0,3]; let F1,F, : C x C — R be defined by
Fi(x,y) =5x(x—-y), F2(x,y) = —2x(y—x), Yx,y€C; letw,y,:C — H be defined by y,(x) =
3x,¥2(x) =4x, Vx € C and let for each x € R, we define f(x) = é(x +2), A(x) = x, B(x) = %x,
and let, for each x € C, T(s)x = e~35x. Then there exist unique sequences {x,} < R, {u,;} < C,

and{w,} c C generated by the iterative schemes

_ 1
Up,i= T;fll_,- (Xp = TniWiXn), Wy = E(un,l + Up,2) (5.7)
Loy +2) 4 — +((1 Lyt g ! A) 1 fsn 351 ds (5.8)
Xpe1=—=(x ——X -—)I- - — e > wpds (5.
" sm " 32n2-3)"" n2"" 2n2-3" 2yn Jsplbo 4

where a,, = ﬁ, Bn= Wl_g, €, = # and s, =2n, rp1 =rp2=1+ 5—22 Then {x,} converges to

{0} € MK, Fix(S) N GEP(F;, y;).

Proof. By the same arguments example (5.3), we have

1012 +3 15n% +4

Upl = ——5——Xp Upp = ——F——Xp
50n2+5 " 5n2+2 "
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1
Wy = E(un,l + Up2),

6n’+5yn-9 2 1(1 1 1 1

Xpe1 = ( X, + — - — Ye 8w
M svnen2-3)"" 5yn 6n . n? 3@n2-3) 2n "

Choose x; = 3. we obtain the following figure. O

(9]

(10]

10 T T T T T T T T T 10

-10F 4 6 |

. } . . .
0 2 4 6 8 10 12 14 16 18 20 0 5 10 15 20 25
Iteration steps

Figure 4: The graph of {x,,} with initial value x; = 3.
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