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ON ABSOLUTE N�ORLUND SUMMABILITY OF

FOURIER SERIES

B. E. RHOADES AND EKREM SAVAS�

Abstract. We obtain two theorems on the absolute N�orlund summability of Fourier series and

factored Fourier series.

In 1990 Sulaiman [3] obtained su�cient conditions for a Fourier series and the derived

Fourier seriese to be absolutely N�orlund summable of order k � 1. However, he used an

incorrect de�nition of absolute summability. (See, e.g., [2].)

In this paper we obtain the comparable results of [3] using the correct de�nition.

Let A be a lower triangular matrix,
P
ak a series with partial sums sn,

Tn :=

nX
k=0

anksk:

Then the series
P
ak is absolutely summable A of order k, written jAjk , if

1X
n=1

nk�1jTn � Tn�1j
k <1:

Let f be a 2�-periodic function, Lebesgue integrable over (��; �).

f(x) �
a0

2
+

1X
n=1

(an cosnx+ bn sinnx) :=

1X
n=0

An(x): (1)

The derived series for f is denoted by

1X
n=1

nBn(x) :=

1X
n=1

n(bn cosnx� an sinnx): (2)

We shall write

�(u) = f(x+ u) + f(x� u)� 2f(x)

 (u) = f(x+ u)� f(x� u)� 2f 0(x)

�1(u) =
1

t

Z t

0

�(u)du =
1

t
�(t)

 1(t) =
1

t

Z t

0

d (u)du =
1

t
 2(t):
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For any sequence fung, �un := un � un+1 and run := un � un�1. Let h denote a

positive function such that, for some �; 0 < � < 1, u�h(u�1) is nondecreasing.

A N�orlund matrix is a lower trianglular matrix with entries pn�k=Pn, where fpkg is

a positive sequence and Pn :=
Pn

k=0 pk. The condition lim pn=Pn = 0 is necessary and

su�cient for (N; pn) to be regular.

We shall prove the following two theorems.

Theorem 1. Let fpng be a positive sequence such that frpng is bounded, nonin-

creasing, f1=pk�1n Png is nonincreasing, and

npn

Pn
= O(1): (3)

If

�1(t) :=

Z �

t

u�1�1(u)du = O(h(t�1)); (4)

and X nk[h(n)]k

p1�kn Pn
<1; (5)

then the series (1) is summable jN; pnjk, k � 1.

Theorem 2. Let fpng satisfy the conditions of Theorem 1. If

	(t) :=

Z �

t

u�1	1(u)du = O(h(t�1)) (6)

then the series (2) is summable jN; pnjk, k � 1, provided (4) exists.

The proof of Theorem 1 requires the following lemma.

Lemma 1. Let s
(1)
n :=

Pn
k=0 sk. If fpng is a sequence satisfying (3), frpng and

f1=(pk�1n Pn)g are nonincreasing, and

1X
n=0

js
(1)
n jk

pk�1n Pn
<1;

then the series
P
ak is summable jN; pnjk, k � 1.

Proof. As in [3] we may write

tn�1 � tn = �

�
1

Pn�1

� n�2X
v=0

rn(pn�1�v)s
(1)
v +�

�
1

Pn�1

�
p0s

(1)
n�1

+
1

Pn

n�2X
v=0

rn(pn�1�v � pn�v)s
(1)
v +

1

Pn
(p0 � p1)s

(1)
n�1 �

p0s
(1)
n

Pn
+
p0s

(1)
n�1

Pn

= T1 + T2 + T3 + T4 + T5 + T6; say:
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1X
n=1

nk�1jT1j
k =

1X
n=1

nk�1

����� pn

PnPn�1

n�2X
v=0

rn(pn�1�v)s
(1)
v

�����
k

�

1X
n=1

nk�1
pkn

P k
nPn�1

n�2X
v=0

p1�kv jrnpn�1�vj
kjs(1)v jk

 
1

Pn�1

n�2X
v=0

pv

!k�1

= O(1)

1X
n=1

nk�1pkn
P k
nPn�1

n�2X
v=0

p1�kv js(1)v jk

= O(1)

1X
v=0

p1�kv js(1)v jk
1X

n=v+1

nk�1pkn
P k
nPn�1

:

Using (3),
1X

n=v+1

nk�1pkn
P k
nPn�1

= O

�
1

Pv

�
:

Thus
1X
n=1

nk�1jT1j
k = O(1)

1X
v=0

p1�kv js(1)v jk
1

Pv
= O(1):

Using (3),

1X
n=1

nk�1jT2j
k =

1X
n=1

nk�1
�����
�

1

Pn�1

�
p0s

(1)
n�1

����
k

=

1X
n=1

nk�1
�

pn

PnPn�1

�k

pko js
(1)
n�1j

k

= O(1)

1X
n=1

�
npn

Pn

�k�1
pn

PnP
k
n�1

js
(1)
n�1j

k

= O(1)

1X
n=1

1

P k
n�1

js
(1)
n�1j

k

= O(1)

1X
n=1

�
pn�2

Pn�2

�k�1 �
Pn�2

Pn�1

�k�1
js
(1)
n�1j

k

pk�1n�2Pn�1

= O(1)

1X
n=1

js
(1)
n�1j

k

pk�1n�2Pn�1
= O(1):

1X
n=1

nk�1jT3j
k =

1X
n=1

nk�1

����� 1Pn
n�2X
v=0

rn(pn�1�v � pn�v)s
(1)
v

�����
k

�

1X
n=1

nk�1

P k
n

n�2X
v=0

jrn(pn�1�v�pn�v)jjs
(1)
v jk

 
n�2X
v=0

jrn(pn�1�v�pn�v)j

!k�1
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= O(1)

1X
n=1

nk�1

P k
n

n�2X
v=0

jrn(pn�1�v � pn�v)jjs
(1)
v jk

= O(1)

1X
b=0

js(1)v jk
1X
v=1

nk�1

P k
n

(rn(pn�1�v � pn�v)):

Using (3),

nk�1

P k
n

=

�
npn

Pn

�k�1
1

pk�1n Pn
=

O(1)

pk�1n Pn
:

Therefore

1X
n=1

nk�1jT3j
k = O(1)

1X
v=0

js(1)v jk
1X

n=v+1

1

pk�1n Pn
rn(pn�1�v � pn�v)

= O(1)

1X
v=0

js
(1)
v jk

pk�1v+1Pv+1

1X
n=v+1

rn(pn�1�v � pn�v)

= O(1)

1X
v=0

js
(1)
v jk

pk�1v Pv
= O(1):

1X
n=1

nk�1jT4j
k =

1X
n=1

nk�1
���� 1Pn (p0 � p1)s

(1)
n�1

����
k

= O(1)

1X
n=1

nk�1

P k
n

js
(1)
n�1j

k

= O(1)

1X
n=1

js
(1)
n�1j

k

pk�1n Pn

= O(1)

1X
n=1

js
(1)
n�1j

k

pk�1n�1Pn�1
= O(1):

1X
n=1

nk�1jT5j
k =

1X
n=1

nk�1

�����p0s
(1)
n

Pn

�����
k

= O(1)

1X
n=1

nk�1js
(1)
n jk

P k
n

= O(1)

1X
n=1

js
(1)
n jk

pk�1n Pn
= O(1):

1X
n=1

nk�1jT6j
k =

1X
n=1

nk�1

�����p0s
(1)
n�1

Pn

�����
k
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= O(1)

1X
n=1

nk�1js
(1)
n�1j

k

P k
n

= O(1)

1X
n=1

js
(1)
n�1j

k

pk�1n Pn

= O(1)

1X
n=1

js
(1)
n�1j

k

pk�1n�1Pn�1
= O(1):

Proof of Theorem 1.

nX
v=0

[sv(x) � f(x)] =
2

�

Z �

0

ft�1�1(t) + �01(t)g

nX
v=0

sin vtdt+ o(n)

=
2

�
fI1 + I2g; say:

I1 =

Z 1=n

0

+

Z �

1=n

= I11 + I12; say:

I11 =

Z 1=n

0

t�1�1(t)

nX
v=0

sin vtdt

= O(n2)

Z 1=n

0

t�1�1(t)dt = O(nh(n));

since, as shown in [3],

�1(t) = Ofh(t�1)g implies that

Z t

0

�1(u)du = Ofth(t�1)g:

I12 = O(n)

Z �

1=n

t�1�1(t)dt = O(nh(n)):

I2 =

Z �

0

�01(t)

nX
v=0

sin vtdt

= �

 Z 1=n

0

+

Z �

1=n

!
�1(t)

nX
v=0

v cos vtdt

= �(I21 + I22); say:

I21 = O(n2)

Z 1=n

0

�1(t)dt = O(nh(n)):

I22 = O(1)

Z �

1=n

�1(t)

�����
nX

v=0

v cos vt

����� dt
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= O(n)

Z �

1=n

�1(t) max
0�r�1

�����
nX

v=0

cos vt

����� dt
= O(n)

Z �

1=n

t�1�1(t)dt = O(nh(n)):

Therefore
nX

v=0

[sv(x) � f(x)] = Ofnh(n)g:

�����
nX

v=0

sv(x)

����� �
�����

nX
v=0

[sv(x)� f(x)]

�����+
�����

nX
v=0

f(x)

�����
= Ofnh(n)g:

The proof of Theorem 2 is identical with that of Theorem 2 in [3], and so will be

omitted.

Corollary 1. If
1X
n=0

(nh(n))k

n
= O(1)

and

�1(t) :=

Z �

t

u�1�1(u)du = Ofh(t�1)g;

then
P
An(x) is summable jC; 1jk; k � 1.

Proof. with each pn = 1, all of the conditions of Theorem 1 are satis�ed.

Corollary 2. If (1.6) and (1.4) hold, then the conjugate series is summable jC; 1jk,

k � 1.
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