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ON ABSOLUTE NORLUND SUMMABILITY OF
FOURIER SERIES

B. E. RHOADES AND EKREM SAVAS

Abstract. We obtain two theorems on the absolute Norlund summability of Fourier series and
factored Fourier series.

In 1990 Sulaiman [3] obtained sufficient conditions for a Fourier series and the derived
Fourier seriese to be absolutely Norlund summable of order k£ > 1. However, he used an
incorrect definition of absolute summability. (See, e.g., [2].)

In this paper we obtain the comparable results of [3] using the correct definition.

Let A be a lower triangular matrix, Y ay a series with partial sums s,,

n
Tn = Z AnkSk-
k=0

Then the series ) ay, is absolutely summable A of order k, written |A|, if

o0
Z nk_1|Tn — Tn_1|k < 0.

n=1

Let f be a 2w-periodic function, Lebesgue integrable over (—, 7).

o0 o0
flz) ~ a_20 + Z(an cosnz + by, sinnz) = ZAn(a:) (1)
n=1 n=0
The derived series for f is denoted by
o0 o0
Z nBy(z) = Z n(b, cosnx — a, sinnz). (2)
n=1 n=1

We shall write

o(u) = f(z +u) + f(r —u) - 2f(2)
P(u) = f(z+u) - f(z —u) - 2f'(z)
)

¢1(u) = %/0 d(u)du = %@(t)

() = %/0 o (w)du = %¢2(t).
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For any sequence {u,}, Au,, := uy,, — upy1 and Vu, := u, — u,—1. Let h denote a
positive function such that, for some 3,0 < 3 < 1, uBh(u"") is nondecreasing.

A No6rlund matrix is a lower trianglular matrix with entries p,_r/P,, where {py} is
a positive sequence and P, := ZZ:O pk- The condition lim p,, /P, = 0 is necessary and
sufficient for (N, p,) to be regular.

We shall prove the following two theorems.

Theorem 1. Let {p,} be a positive sequence such that {Vp,} is bounded, nonin-
creasing, {1/pk=1P,} is nonincreasing, and

Npn
If 5
D, (t) = /t uflgzﬁl(u)du = O(h(til)), 4)
and

then the series (1) is summable |N,py|i, k > 1.

Theorem 2. Let {p,} satisfy the conditions of Theorem 1. If

d
() ::/t w10 (u)du = O(h(1~1)) (6)

then the series (2) is summable |N,pplr, k > 1, provided (4) exists.
The proof of Theorem 1 requires the following lemma.

Lemma 1. Let s%l) = Yono Sk If {pn} is a sequence satisfying (3), {Vp,} and
{1/(p*"1P,)} are nonincreasing, and

o |S£Ll)|k

< 00
k—1 ’
n=0 pn Pn

then the series Y ay is summable |N,py|i, k > 1.

Proof. Asin [3] we may write

n—2
1 1
th—1 —th = A <P ) § vn(pn—l—v)sgl) +A <P ) posgllll

n—1 v—0 n—1
1 n—2 1 . S(l) pOS,ELll
+P_n ; vn(pn—l—v _pn—v)sgl) + P_n(pO - p1)8221 — ?: + P—nl

:T1+T2+T3+T4+T5+T6, say.
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k

oo 00 n—2
k—1 k _ k—1 Pn (1)
T - D D n\Fn—1—v
ST = Yo Pnpn_12v<p o
n=1 n=1 v=0
00 1 n—2 k=1
< kot VP10 v
<3 Pkpn_ Zp “IV a1l (RHZP)

k—1,k "2

— nfiph
=0 3 Frpl 3okl

Z 1=k (1) [k Zoo n*=1pk
]') pv |S’U | Pkp *
v=0 n<n—l

n=v+1
Using (3), .
Z nk— 1pﬁ -0 1 '
P’“Pn 1 P,
n=v+1
Thus - -
_ _ 1
>t = 0() 3 sl 5 = 0(1).
= v=0 v
Using (3),

o0

Z 1|T |k an 1

1
P . pOSn 1

k
p
n > phls
1

k—
L Dn | |Ic
P, p,pr_ "t

n—

o0

00
an71|T3|k — Z nkfl
= n=1
00 k 1 n—2 n—2 k—1
_Z i Zlv Poctv—pn—o)l s | (an(pm—pmn)

v=0

1«
P_ Z vn(pn—l—v - pn—v)sg;l)
™ y=0
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> ,nlc 1
n=1 n

n
Z|S |k Pk pn 1—v pnfv))-

Using (3),
nk=1 (@)kl 1 0
PTILC a P, pfb_lpn B pﬁ_lpn-
Therefore
an_1|T3|k Z|S(1)|k Z vn(pn—l—v _pn—v)
n=1 n=v+1 P”
Z/JSU vanlv pnv)
v= opv+ PU+1 n=v+1
:0(1)§: Ll = 0(1).
— pi1P,
v=0
an 1|T4|Ic an 1 Po—p1) gl)
00 n )
=0()Y_ 5 | I
n=1

| (1) |k

my L

n= 1pn n

e (1) |k
= 0(1).
nzlpn 1P
k
Posg)

oo o0
Z nkfl |T5|k _ Z nkfl
n=1 n=1

o0 nk—1|S£Ll)|k

=0(1)>

n=1 P7’f
o |s(1)|’”
=0(1 - = 0(1).
WYy = oW
o k
k-1 k k-1 |PoSp—1
T
2= 2
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= k 1|Sn 1|k

=om Yy g
n=1
Z | (1) |Ic
n=1 p”
o0 |S(1)1|k
=0(1) ) —=——=0()
n=1 pf;,—llpn—l
Proof of Theorem 1.
n 2 T
Z[Su(m) — f(z)] = ;/ {t_ld)l( )+ @1 (1) Zsmvtdt + o(n)
0 v=0

v=0

1/n T
Z/ +/ = I + Lo, say.
0 1/n

1/n n
Iy :/ =1 (1) Zsin vtdt
0 v=0

1/n
:om%A t~ g1 (t)dt = O(nh(n)),

2
= ;{Il +IQ}, say.

since, as shown in [3],

(t) = O{h(t ")} implies that /0 ¢1(u)du = O{th(t 1)}

zuzmm[/rwu> O(nh(n)).

L = /7T & () Xn:sinvtdt
m n
</1 //n> 1 ( )vzz;)vcosvtdt

—(Io1 + I»2), say.
1/n
t)dt = O(nh(n)).

I = O(n?) $1(1)
Zvcosvt

0
dt

Iy, = O ].
l/n
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= O(n) /17r ¢1(t) max dt

/n 0<r<1

n
E cos vt
v=0

=0(n) /1: t L1 (t)dt = O(nh(n)).

Therefore

D se@)| <D [su(@) = @]+ fl@)
v=0 v=0 v=0
= O{nh(n)}.

The proof of Theorem 2 is identical with that of Theorem 2 in [3], and so will be
omitted.

Corollary 1. If

and s
B(t) = / Wy (wdu = OLh(E™))},
t
then > Ap(z) is summable |C, 1|, k > 1.
Proof. with each p, =1, all of the conditions of Theorem 1 are satisfied.

Corollary 2. If (1.6) and (1.4) hold, then the conjugate series is summable |C, 1|,
k> 1.
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