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GENERALIZED WINTGEN INEQUALITY FOR SUBMANIFOLDS
IN KENMOTSU SPACE FORMS

MOHD. AQUIB AND MOHAMMAD HASAN SHAHID

Abstract. In this paper, we obtain the generalized Wintgen inequality for Legendrian
submanifolds in Kenmotsu space forms and discuss the equality case of the inequality.
Further, we discuss the inequality for bi-slant submanifolds in the same ambient space
and derive its applications in various slant cases.

1. Introduction

Kenmotsu manifold is an important class of manifolds endowed with geometrical struc-
ture. K. Kenmotsu [6], introduced and studied these manifolds. Afterward, many geometers
studied the geometry of submanifolds in Kenmotsu manifolds due to its rich geometric im-
portance [1, 7, 10].

On the other hand, the Wintgen inequality is a sharp geometric inequality for surfaces
in 4-dimensional Euclidean space involving Gauss curvature (intrinsic invariants), normal

curvature and square mean curvature (extrinsic invariants).

P. Wintgen [11], proved that the Gauss curvature .#, the normal curvature .# * and the
squared mean curvature || for any surface M? in E* satisfy the following inequality:

|02 = & +|x

and the equality holds if and only if the ellipse of curvature of M? in E* is a circle.

Later, it was extended by I. V. Gaudalupe et.al. [4] for arbitrary codimension m in real
space forms M (c) as
1AN% + ¢ = & +| .

They also discussed the equality case of the inequality.
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In 1999, De Smet, Dillen, Verstraelen and Vrancken conjectured the generalized Wintgen
inequality for submanifolds in real space form. This conjecture is also known as DDVV con-
jecture. It was proved by Ge and Tang [3]. Recently, the DDVV inequality has been obtained
by distinct researchers for different submanifolds and different ambient manifolds [2, 9].

In present article, we obtain the generalized Wintgen inequalities for Legendrian sub-
manifolds in Kenmotsu space forms. We also discuss such inequality for various slant cases
as an application of the inequality obtained.

2. Submanifolds in Kenmotsu space forms

An odd (2m + 1)-dimensional smooth manifold M is called a Kenmotsu manifold, if it

admits an endomorphism ¢ of its tangent bundle T'M, a structure vector field ¢,and a 1-form

7 satisfying the following:
@' =-I+ns¢, ne =1, nod =0, @.1)
gX,pY) =g(X,Y)-n(X)n(Y), n(Xx) =g(Xx,%), 2.2)
(Vx@)Y = gl@X,Y)-n(Y)pX 2.3)
Vxé=X-n(X)é 2.4)

for any X, Y tangent to M [6].

A Kenmotsu manifold M with constant ¢-sectional curvature c is called a Kenmotsu
space forms and is denoted by M(c). The curvature tensor R for Kenmotsu space forms M(c)

is given by

_ -3
RX,Y,Z,W) = CT{g(Y, 2)g(X,W)—-g(X,2)g(Y, W)}

+%1{g(X,¢>W)g(Y,<pZ) - 8(X,p2)g(Y,pW)
—28(X,¢Y)g(Z,pW) - g(X, W)n(Y)n(Z)

+8(X, Z)n(Y)n(W) - g(Y, Z)n(X)n(W)

+8 (Y, Wn(X)n(2)}, (2.5)

forall X,Y,Z € TM.

Let M be a submanifold of an almost contact metric manifold M with induced metric g;
if V and V+ are the induced connections on the tangent bundle TM and the normal bundle

T+ M of M, respectively, then the Gauss and Weingarten formulas are given by

VxY =VxY+h(X,Y),
VxN = -SyX +VyN,
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for vector fields X,Y € TM and N € T+M, where h, Sy and V+ is the second fundamental
form, the shape operator and the normal connection respectively and for the immersion of
M into M the second fundamental form and the shape operator are related by the following

equation
g(h(X,Y),N)=g(SnX,Y),

for vector fields X,Y € TM and Ne T+ M.

The equation of Gauss is given by
R(X,Y,Z,W)=R(X,Y,Z,W)+g(h(X,Z), h(Y,W)) - g(h(X, W), h(Y, 2)), (2.6)

for X, Y, Z, W € TM, where R and R represent the curvature tensor of M(c) and M respectively

and the Ricci equation is given

1
RY(X,Y, &) = %[g(]X,f)g(]Y,T}) -8UX,mMgUY, 0] - g(S¢, Syl X, Y), 2.7)

for X,Y € TM and é,ne T+ M.
The squared norm of P at p € M is defined as

n

IPI*= Y g*(peie)), 2.8)
i,j=1
where {ey,...,e,} is any orthonormal basis of the tangent space T M of M. Let {ey,...,e,} and
{en+1,-.., €2m+1} be tangent orthonormal frame and normal orthonormal frame, respectively,
on M. The mean curvature vector field is given by

1 n
==Y hieje). (2.9
nizs
We also set ;
IRl =Y g(hlei,e)), hiei,e)). 2.10)
i,j=1

3. Generalized Wintgen inequality

We denote by # and R the sectional curvature function and the normal curvature ten-

sor on M, respectively. Then the normalized scalar curvature p is given by [9]

2t 2
Cnn-1) nn-1),

Y. Hleine)), 3.1

i<jsn

Y



158 MOHD. AQUIB AND MOHAMMAD HASAN SHAHID

where 7 is scalar curvature, and the normalized normal scalar curvature by [9]

27 2
]J_
( 1) n(n ) 1<i<j< 1<a<6<2m+1 ' ! “ ﬁ

Following [12] we put

1 2m-n+1
Hn=7 Y TracelS,,Ss? (3.3)

r,s=1

and call it the scalar normal curvature of M. The normalized scalar normal curvature is given
by [9] pN = 51505 VN
Obviously

HN = Z Trace[Sr,Ss]2

1<sr<s<2m-n+1

= 2 Y g(S Ssleiej)?, (3.4)

1sr<s<2m-n+ll<i<j<n

N~

fori,je{l,...,ntand r,se{l,...,.2m—-n+1}.
In term of the components of the second fundamental form, we can express % by the for-
mula [9]

n

Hn= ) Y (X k=) 3.5)
1

lsr<ss2m-n+l1<i<j<n k=

A submanifold M of a Kenmotsu manifold M is said to be C-totally real submanifold if
¢ maps each tangent space of M into the normal space, i.e. $p(TM) c T+ M. In particular, if
n =m, then M is called Legendrian submanifold.

First we proof the following lemma, which will be required in the proof of main result.

Lemma 3.1. Let M be a n-dimensional C-totally real submanifolds of a 2m + 1) -dimensional
Kenmotsu space forms M(c). Then we have

+p<s —+——+|I#°, 3.6
pPNFTp=—, o I 3.6)

and the equality holds if and only if the shape operator S of M in M(c) takes the following form

y1v 0...0
vy 0...0
Se,., = 0 0y;...0

’

000..7
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yo4v 0 0.0
0 72-v0..0
SeL=| 0 0 y2..0]
0 0. Y2
¥30 0 ... 0
0730 ...0
Sen+3: 0 0 Y3.” 0 ’ Sen+4:”.:SQZm:SQZm+1:0’
000..7s

wherey1,Y2,Ys and v are real functions on M.

Proof. We know that

) ) 2m—-n+l1 n 2
Rl =Y (Y h)
r= i=1
1 Zmiwl Z ) 2n Zmiwl Z
= (h'.—h" )%+ hi.h' ..
n-1 /5 1<i<j<n ! H n-1 /5 1<i<j<n Her
Further, from [8] we have
2m—n+1 ) 2m—n+1
r r r
Y Y (hj;—h})*+2n Y Y (hi})
r=1 1<i<jsn r=1 1<i<jsn

[N

> 2n| > > (Z(h;khfk_hgkh;k))zl-

lsr<ss2m-n+lls<i<jsn k=1

Now, combining (3.5), (3.7) and (3.8), we find
2m—n+1

2
n?| ) - n*py =z —— Z Y. (AR = (2.
n-1 r=1 1<i<j<n

Also, from equation (2.6), we get
2m+1

T—C—n(n—1)+—{2(n DI+ Y Y [RGh - (A,

iy
r=n+ll1<i<j<n

Using (3.1) and (3.10) in (3.9), we have the required result.

Equality case holds if and only if shape operator takes the above stated forms.

159

(3.7

(3.8)

(3.9

(3.10)

O

Remark 3.2. If the equality holds in the above inequality (3.6) then M is called a Wintgen ideal

submanifold (see [5]).

Now, we prove the following:
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Theorem 3.3. Let M be a Legendrian submanifold of a Kenmotsu space forms M(c). Then

I 2 . €=3 ¢+l 2 c+1,
(P =< [N -(p 2 )+ 2n] +n(n—1) 1 )
+Ll[ (n—1)( _C;S)_,_il( -1)] 3.11)
21z " == > ' '

Proof. Let M be a Legendrian submanifold of a Kenmotsu space forms M(c). We choose
{e1,...,en, ens1 =&and {e,40,..., €241} asorthonormal frame and orthonormal normal frame

on M respectively. Putting X =W =¢;, Y =Z=¢j,i # ] from (2.5), we have

— c-3
R(ej,ej,ej,ei) = T{g(ej,ej)g(ei,ei) —g(ej,ej)glej, e}

+%1{g(ei,¢ei)g(ej,(bej) —glej, pej)glej, e
_zg(ei,¢ej)g(ej,¢ei) - g(ei*ei)n(ej)ﬂ(ei)

+g(e;,ej)nlej)nle;) —glej,ej)nle;)n(e;)

+g(ej,ei)nlenn(e;)}. 3.12)

Combining equations (2.6) and (3.12), we obtain
c—3
R(ej ej, ej ei) = T{g(ej,ej)g(ei,ei) —glej,ej)glej, e}

+%1{g(ei,¢ei)g(ej,gbej) —gle;, pej)glej, dpe;)

—2g(e;, pej)glej, dpei) — glei, einlejnle;)

+g(ej, ej)nlej)nle;) — glej, ejInlei)n(e;)

+glej,ei)n(e)n(e;)} + g(hlei, e, hiej,e;))

—g(h(ei, ej), hiei e;)). (3.13)

By taking summation 1 < i, j < n and using (2.9), (2.10) in (3.13), we derive

n

n-1 -1
21 =) Rlejejeje)+2) Rle;j&é e)

i#] i=1
n
= ) Rlejejeje;)
ij=1
= n(n—l)T+T{2(1—n)}+n 20— 1h|-. (3.14)

Using (3.1) in (3.14), we get

_c=3 e+l Pl |hl

+ - , (3.15)
4 2n nn-1 nn-1)

I
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which implies
c—3 c+1
n? |0 = hl* = n(n-1)(p - — ) - a-my (3.16)

Further, equation (2.7) implies

c+1
Rt(ej,ej,&r,E9) = T{_(5ir5js =00t + 8(Se,, S lei, e)), 3.17)
foralli,je{l,...,ntand r,se{l,...,n}.

Then we have

(TH? = (R (ei, e),&r,E)°

c+1
= [ Gir8js=8:01) ~g(Se,, Se le )]

_ n(nz— 1) (011)2 N nz(n4— 1)? 0, %1”}”'2_'_ %1”2”%”2. (3.18)
Above equation can be re-written as
(pH)? = m%l)(%l)z +p% - ﬁnhn% (,fjll)z |71 (3.19)
Now, from (3.16) and (3.19), we have
(pH)?= 2 (et o5+ 2—12 [n(n—1)(p - i) R ) (3.20)
nn-1 4 n(n-—1) 4 2

Taking into account (3.6) and (3.20), we obtain the required inequality. Further, if the shape
operator takes the forms as in Lemma 3.1, then the equality of the inequality holds. Hence,
from [5] we have our assertion. O

4. bi-slant submanifolds in Kenmotsu manifold

A submanifold M in an almost contact metric manifold M is said to be slant if for any
p € M and any X € T, M, linearly independent on ¢, the angle between ¢X and T, M is a
constant 0 € [0, Z], called the slant angle of M in M.

A submanifold M of an almost contact metric manifold M is said to be a bi-slant sub-

manifold, if there exist two orthogonal distributions D; and D,, such that

1. TM admits the orthogonal direct decomposition, i.e., TM = D} ® D& < ¢ >.

2. D; is the slant distribution with slant angle 8; for any i = 1, 2.
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Table 1: Definition.

SN.| M M Dy D, 61 0>
(1) | M | bi-slant slant slant slant angle | slant angle
(2) | M | semi-slant | invariant | slant 0 slant angle
(3) | M | hemi-slant | slant anti-invariant | slant angle %
(4) M | CR invariant | anti-invariant 0 %
(5) | M | slant either D; =0or D, =0 |either®; =0,=00r0;, =0, #6

In fact, semi-slant submanifolds, hemi-slant submanifolds, CR-submanifolds, slant sub-
manifolds can be obtained from bi-slant submanifolds in particular. We can see the case in
the following table:

Invariant and anti-invariant submanifolds are the slant submanifolds with slant angle
6 = 0and 0 = 7 respectively and when 0 < < 7, then slant submanifold is called proper slant
submanifold.

If M is a bi-slant submanifold in generalized Kenmotsu space forms M, then one can
easily see that

I1P)I* = igz (Pe;,ej) = 2(d; cos® 0, + dp cos® 0,), (4.1)
i,J
where dim D, = 2d; and dim D, = 2d>.
Now, we shall state and prove the generalized Wintgen inequality for bi-slant submani-

folds in Kenmotsu space forms.

Theorem 4.1. Let M be a bi-slant submanifold of a Kenmotsu space forms M (c). Then

c—3 c+1 3(c+1)
on<II#1*-(p— 1 )— o +zn(n_l)(dlcoszﬁl+d200$292). 4.2)

Proof. Let M be a bi-slant submanifold of a Kenmotsu space forms M (c) and let {e1,...,en_1,en =

¢} be an orthonormal frame on M and {e;,41,...,€2;m+1} be normal orthonormal frame on M.
Equation (2.6) can be re-written as

-3
R(X,Y,Z, W) = CT{g(Y, Z)g(X,W)-g(X,2)g(Y, W)}

+1
+CT{g(X,qu)g(Y,¢Z) -8(X,9p2)g(Y,pW)
28X, pY)g(Z,pW) - g(X, W)n(Y)n(Z)
+8(X, Z)n(Y)n(W) — g(Y, Z)n(X)n(W)
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+g (Y, Win(X)n(2)} - g(h(X, Z), h(Y, W))
+8(h(X, W), h(Y, 2)),

which implies

2m—n+1

-3 c+1
T:C—n(n—l)+—{2(1—n)+3g2(gbej,ei)}+ Z Y [hflh;]—(hr) ]
8 8 r=1 1ls<i<jsn
3 1

:CTsn(n 1)——(n 1)+ e+ )(dlcoszt91+dzcoszt92)

2m-n+1
+ Z Z [hlrlh]r]_(hr)]
r=1 l<i<js<n

Similar as in the proof of Lemma 3.1, we get

2n 2m—-n+1
n?|l#)* - n pN>— Y Y [hhl =3

-1 /3 l<i<js<n
Combining equations (4.4) and (4.5), we find

c—3 c+1 3(c+1)
PNS||Jf||2—(p— 1 )— o +Zn(n_l)(dlcoszt%+dzcoszt92).

An immediate consequence of the Theorem 4.1 yields the following.

Corollary 4.2. Let M be a semi-slant submanifold of a Kenmotsu space forms M(c). Then

2 c-3. c¢c+1 3(c+1) 5
< -(p- - di+d 02).
pn= I = (o - — =) - —— +2n(n_1)( 1+dzc0s"0>)

Corollary 4.3. Let M be a hemi-slant submanifold of Kenmotsu space forms M(c). Then

c—3 c+1 3(c+1)
A - + d; cos> 6.
on = 1217 = (o 4) PR r—T 1 cos“ 6,

Corollary 4.4. Let M be a CR-submanifold of a Kenmotsu space forms M(c). Then

c—3 c+1 3(c+1)
< | #01* - (p - - + d.
pn = 117 = (p 1 ) on oo™

Corollary 4.5. Let M be a slant submanifold of a Kenmotsu space forms M(c). Then

9 c—=3_  c¢+1 3(c+1) 9
< 1712 - (o - - 0.
on =17 =(p 4) o +4(n_1)cos

Corollary 4.6. Let M be a invariant submanifold of a Kenmotsu space forms M(c). Then

c—3 c+1 3(c+1)
< 7217 - (p - - .
en = 1217 =(p 1 ) on +4(n—1)

163

(4.3)

4.4)

(4.5)

(4.6)
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Corollary 4.7. Let M be a anti-invariant submanifold of a Kenmotsu space forms M(c). Then

c—3 c+1
< ||2)1%-(p— —) - ——.
en = 1217 =(p 4) o

Remark 4.8. The proof of the Corollary 4.2 - Corollary 4.7 is similar to the Theorem 4.1. We
obtain the proof of the Corollary 4.2 - Corollary 4.5 with the help of Table 1 and Theorem 4.1.

A

The Corollary 4.6 and Corollary 4.7 is obtained by putting § = 0 and 6 = 5 in Corollary 4.5

respectively.
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