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ON THE DEGREE OF APPROXIMATION OF THE
CONJUGATE OF A FUNCTION BELONGING TO THE
WEIGHTED W (LP,£(t)) CLASS BY MATRIX MEANS OF
THE CONJUGATE SERIES OF A FOURIER SERIES

B. E. RHOADES

Abstract. In a recent paper Lal [1] obtained a theorem on the degree of approximation of the
conjugate of a function belonging to the weighted W (LP,£(t)) class using a triangular matrix
transform of the conjugate series of the Fourier series representation of the function. The ma-
trix involved was assumed to have monotone increasing rows. We establish the same result by
removing the monotonicity conditon.

Let f be a 27 periodic Lebesgue integrable function, with Fourier series given by

1 ad )
f(z) = 300 + Z(an cosnx + by, sinnx). (1)

n=1
The conjugate series of the series in (1) is given by

o0

Z(an sinnx — b, cos nz). (2)

n=1

Let A be a lower triangular matrix with finite norm. The LP norm of a function is

defined by
27 1/P
||f||p=</ If(w)l”dw> L o>l
0

The degree of approximation is given by
Ey(f) = minllf - Ty,

where T),(x) denotes some nth degree trigonometric polynomial.
A function is said to be of class Lip « if

flz+1t)— f(z) =0(t") for 0<a<l,
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and f € Lip(a,p) if

27 1/p
([Tre+n-s@ra)  =ow),  o<asipz
0
Given a positive increasing function £(¢) and a number p > 1,
1/p

f(z) € Lip(£(t),p)) if </0ﬂ|f($+t)—f($)|”d$> = 0(&(1))

and that f(z) € W(LP,&(t)) if

/0 ' |f (@ + 1) = f(2)Psin™ dz'/? = O(£(1)), (8 > 0).

If 8 =0, then the class W(LP,£(t)) reduces to the class Lip(£(t), p).
We shall define

Y(t)=flz+t)— flz—1)
and

_ 1 & E+ 1)t
Kn(t) = 5_ Zank%
k=0 2

Our main result is the following.

Theorem 1. Let A be a lower triangular matriz with finite norm. Then the degee of
aprozimation of a function f(x), conjugate to a 2w periodic function f belonging to the
weighted W (LP,£(t)) class by the A means of its conjugate series, is given by

() — F@ll, =0 (a (%) nﬁ+%>

provided £(t) satisfies the following conditions:

([ (1) ) <o (1)
1/p

(o () ) o0 ®

where 0 is an arbitrary number such that ¢(1 —0) —1 > 0, conditions (3) and (4) hold
uniformly in x,

n
En(T) =) Gnndi;
k=0
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i.e., the matriz means of the conjugate series of the Fourier series (2), q is the conjugate

index of p, and
1 g 1
- t) cot —tdt.
- /0 p(e) ot 5

For the proof of our theorem we will require the following lemma.

Lemma 1. Let A be a lower triangular matriz with finite norm. Then
1
E+ -]t

CHIRIE |
Proof. Using summation by parts we may write

Xn:a cos k:+1 t=a Xn:cos k:+1 t

nk 2 — Unn 2
k=0 k=0
n—1 k 1
+ ,;) Arank ; cos <z + 5) t.

n—1

Z |Akank| + |ann|

Using the well known identity

- 1 i 1)t
Zcos <k+§>t: sm;”#,
k=0 Sln§

and the fact that

51n:1322_\/§ for 0<:13§E,
T s 4
1 n—1
k+ - A
(k+3)1 2f{|ann|+§| kank|}

Proof of Theorem 1. With S,,(z) denoting the nth partial sum of the series (2),

i 1 1 1T cos(n + $)t
S, (x) — <—§/0 ¥(t) cot 5tdt> = %/0 1/1('5)Wdt'
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cos k+ )
£ F 271-/ Y(t) — =" dt
:/0 D) Eo(t)dt
1/n 77
=/ b K, (t)dt + y P(t) K (t)dt

:[1 +12, say.

Applying Holder’s inequality and the fact that ¢ (t) € W (LP,£(t)), we get

1/n _
) < / (1) | (1))t
1/n 1 n
z nkld
</ 00017 3 loneld

-on[L” (o] [ G o]
/Ol/n <§Tt;>q dt] 1/q

/n

[ 1 tq(ﬁ+2)]
( ( e
0 <5 ( >> O((ntF+2)=1y1/ay
)

.

l/n:| /4

nBt2—1/a

O(E(L/n)n /).

Using Hoélder’s inequality and Lemma 1 we have

L] < / / (0| R (D]t

sin(n + 1)t sm —l—;)t
nn- o~ . f QSH— +Z kOQnk— (= 7 dt

ow [ / ()] |a
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n—1

|ann| + Z |Akank|

k=0

w —0 gj ' v " q "
= 0(1) </1/n (%) dt) </1/n <%> dt> |
1/7 e e
= 0(n’) (// <(1/§y()1%> (_Z_ZD

n 1/q
= 0(n*) ( /, <5<1/y>>qu<ﬁ+l-5>-2dy>

ow [ Wil a

0 (W1 /n)) ( / yq”““‘*’)
a(B+1-5) -1
—ow's/) (=51

V&
N
1/7r>
O (n°€(1/n))(n1PH=0=1)1/a)
= O0(E(1/n)) (1 7H1) = O(E(L/n)) (n /7). (7)

Combining (6) and (7) finishes the proof.

Corollary 2. If 5 =0 and £(t) =t%,0 < a < 1, then the degree of approximation of
a function f(x), conjugate to a 2m periodic function f belonging to the class Lip(a,p) is
given by

(o) fa)l = 0 (277 ).

Proof. »
o) = F@)llp = ( / ) f(w)|@dx)

o(e(z)wm)=(] 7 oul) - (@)l ) "

ot = [ tutn) - f(w)V’dm)l/po (s

since otherwise the right hand side of the above equation will not be O(1).

T e sm=o((2) ) =0 ().

or,

or,
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Corollary 3. If p — oo in Corollary 1, then, for 0 < a < 1,

in(@) - F@)ll = 0 (i>

na

The results of [1] are all special cases of the results of this paper.
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