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ON SOME INEQUALITIES RELATED TO OPIAL-TYPE INEQUALITY
IN TWO VARIABLES

GOU-SHENG YANG AND TIEN-SHOU HUANG

Abstract. In this paper, we generalized some inequalities related to Opial-Type inequality in
two variables. The analysis used in the proofs is quite elementary.

1. Introduction
In 1982, G. S. Yang [1] proved the following Opial-Type inequality in two variables:

Theorem A. If f(s,t), fi(s,t), and fi2(s,t) are continuous functions on [a,b] x [c, d],
and if f(a,t) = f(b,t) = fi(s,c) = fi(s,d) =0, fora <s <b, c <t < d, then

b pd _a _c b pd
/a / (5, D)l fua (s, £)deds < ug(d)/ / (s, t)Pdids (1)

In 1983, C. T. Lin and G. S. Yang [2] generalized (1) in the following form:

Theorem B. If f(s,t), fi(s,t), and fi12(s,t) are continuous functions on [a,b] X [c, d],
and if f(a,t) = f(b,t) = fi(s,c) = fi(s,d) =0, fora < s <b, c <t < d, then

/ab/cd|f(sat)|m|f12(8,t)|"dtds < (min> {(b_a)zfd_c)]m/ab/cdlfm(svﬂl’”*”dtds
2)

In 1984 and 1986, B. G. Pachpatte [3,4] generalized (1) in the following forms:

Theorem C. Let f(s,t), fi(s,t), fiz(s,t) and g(s,t), g1(s,t), gi2(s,t) be continuous
functions on [a,b] x [¢,d], and let f(a,t) = f(b,t) = fi(s,c) = fi(s,d) = 0, g(a,t) =
g(b,t) = g1(s,¢) = g1(s,d) =0, fora < s <b, c<t < d. Then

b d
/ / (500905, O[5, ) lgr2(5, )] + |95, £) || fras, 1) e

1 (b—a)(d—c)
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Received March 11, 2002.

2000 Mathematics Subject Classification. 26D15.

Key words and phrases. Integral inequalities, Opial-Type inequality, Holder inequality, convex
functions.

2m+1 b d ‘ ‘
/ / [ f12(s, )P FY + [gra(s, )|V ]dtds (3)
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Theorem D. Let f(s,t), fi(s,t), fia(s,t) be real-valued continuous functions on
[0,0] % [c,d], and f(a,t) = f(b.t) = fi(5,) = fi(s,d) =0, fora < s <b, c<t<d If

H is a convez increasing function for > 0 and H(0) = 0, then

/ab /cdH'(|f(S,t)|)|f12(8,t)|dtds < H(/a /ﬁfw(S,t)ldtds) +H</aa/; |f12(s,t)|dtds>
+H (/:/cﬁflz(s,t”dtdS) +H</:/Bc|lf12(s,t)|dtds>

(4)
fora<a<b, c<p<d.

The aim of this paper is to establish some new integral inequalities which cover the
inequalities (2), (3) and (4).

2. Main Results

Throughout, we assume that n is a real number such that n > 1, and k=

[(b—a)ll(d—c)} "4

Theorem 1. For i = 1,2, let fi(s,t), D1fi(s,t), DaD1fi(s,t) be real-valued con-
tinuous functions on [a,b] X [c,d], and fi(a,t) = fi(b,t) = D, fi(s,c) = Dy fi(s,d) = 0,
fora < s <b,e¢c<t<d Let H; be conver, increasing functions on [0,00) such that
H;(0) =0. Then

b d
/ / L (11 (5, )"V ' (| fos, ") DDy fo (s, )]
A t)l”)Hl’(Ifl(s O IDLD1 (s Dt

2 2

2

+ki3H <k3//|D2D1fl(s 1" dtds) H (k4//|D2D1f@(S t)l”dtds>

i=1 =1
(5)
where

ki=[@-a)B-o" " kr=[a-a)(d=B)]"", ks=[b-a)(B -],
ky=[b—a)d-pB)]" " anda<a<b c<p<d

Proof. Fora < s < a < b, ¢ <

t B < d, and i = 1,2; define Z;(s,t)
[ [Y|DsDy fi(u,v)|"dvdu. Then, Zi(s,t) < Z

<
S i(Saﬁ)la Zi(a’at) = 07 and DIZi(sat)
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JHDsDufis oo, Since [0 < (1D 0ldn)  and IDufls 0l <

¢ DyD; fi(s,v)|dv ) , it follows from Holder inequality with indices 2= and L that
C n n

D" < (s —a) ! ( [ |D1fi(u,t)|”du>

and
t
Dy (s, " < (¢ — &) ( / |D2lei(s,v>|"dv) = (t— "D, Zi(s. 1),

so that |fi(s,?)[" < k1Zi(s, 3).
Since H;, H;' are increasing on [0,00), DaD1Z;(s,t) = |D2D; fi(s,t)|*, D1Z;(s,c) = 0,
and H,(0) =0, we have

a B
/ / L (1o (5, D) ' (| fols, ) ")\ DaDy fo(s, )]
FHy (o5, D)L (L (5, )1")| Do Dy fi (s, £) " dbds
a B
< / / (Hy (k1 Z1 (s, ) Hy' (k1 Zo(s, ) Dy D1 Zo(s, )
+H2(k1Z2( )) ’(klZl( ))D2D1Z1(S,t)]dtds
- / [H (1 71 (s, B)) o' (k1 Zo(s, ) Ds Zo(s, B)
+Hy (k1 Z>(s, 3))H1' (k1 Z1(s, 8)) D1 Z: (s, 8)]ds

_ ki / ’ L [HL (k1 215, ) H (ks Za(5, )l ds
= kilzllez <k1 /aa /cﬁ |D2D1fi(u,v)|”dvdu>. (6)

Fora<s<a<b c<pB<t<d, i=1,2, define Z;(s,t fft|D2D1fz(uv)|”dvdu
Then, Zi(s,t) < Zi(a,t), Zi(a,t) = 0 and D»Z;(s,t) = —f |D2 D1 fi(u, t)|"™du Since
Ifi(s, )" < (j D1 fi(u t)|du) and |D, fi(s, )" < (ft |D2D1fi(s,v)|dv) , it follows

n
from Holder inequality with indices

-1 1
and — that
n

fils, )" < (s — )" (/ Dy i, )" du>

Dy (s, B < (d =" ( / |D2lei<s,v>|“dv) = (d— )" Dy Zi(s, ),
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so that

s OI" < (s — )" ' (d— nl(/’pl utcw>

(s —a)"Hd = )" Zi(s, 1)
ko Zi(a, 1)

AN

Since H;, H;' are increasing on [0,00), Dy D1Zi(s,t) = —|D2 Dy fi(s,v)[", D2Z;i(a,t) =0,
and H;(0) = 0, we have
/aa /:[Hlﬂfl(sat)|n)H2'(|f2(S,t)|n)|D2D1f2(5,t)|n
+Hy(|f2(s,0)")Hy' (| f2(5,)[")| D2 Dy fy (5, 1) dtds
_/: /Bd[Hl(k2Z1(aat))H2l(k2Z2(a,t))D2D1Z2(S,t)
4 Ho (ks Zo(cv, ) Hy ' (ks Z1 (a, £)) Do D1 Z (s, )] dtds
=— /Bd[Hl(k'zzl(a,t))Hz’(k;ZZz(a7t))DZZZ(ayt)

+H2(k2Z2(a,t))Hl'(ngl(a,t))D2Z1(a,t)]dt
17 « n
_k—2HHi<k2/a /ﬁ |D2D1 fi(u,v)| dvdu) (7)

i=1

Similarly, we have

b B
//MMWWW%@WMMWM”
CHy(fols, OV (o (5, 1) Do Dy fy (s, 8) [ s

klﬁ < /b/CB|D2D1fi(u,v)|”dvdu>, (8)

and

b pd

[Hy (| f1 (s, )" H' (f2(s, )]") | D2 D1 fo (s, )|

+H2(|f2(8’t)|n)H1I(|f1(s7t)|n)|D2D1fl(S,t)|n]dtds
1 2 b pd )
< k_4i1—[1Hi<k4/a /ﬁ | D2 D fi(u,v)] dvdu), o

The desired inequality then follows from (6), (7), (8), and (9).

ST
o
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Remark 1. Let n =1, Hy = H, H, = 1, f; = f in Theorem 1. Then, it follows

from the inequality (5) that

/ab /ﬁ{'ﬂf(s,t)|)|f12(8,t)|dtds§H</aa /ﬁf12(8,t)|dtds> +H</: /;|lf12(s,t)|dtds>
+H (/: /ﬁflz(s,tﬂdtds) +H</: /jflg(s,tﬂdtds)

which is the inequality (4) [see[4], Theorem 1]
Theorem 2. Let fi(s,t), D; fi(s,t), DaD; fi(s,t), H; be as in Theorem 1. Then

b d
/ / L (11 (5, 8))" ' (| fas, )]") | Do Dy fo (s, )]
+Hs(|f2(s,8)"YH1' (| f1 (s, t)|n)|D2D1f1(S t)|n]dtd5
1 atb
<pllm(ef

b c+d a+b
i=1

2 ctd
+ T & ( g 1DsD, £ ,t)|”dtd>+ H, <k Do D fi(s, t)|"dtd )}
/a+b/ 21/ S S lli[l ﬁ;b/cgj 21/ S S

- B (10)

d
@ i1 Theorem 1, we have ky =y = ks =k = k.

Proof. By taking a = aT’ 8=
Hence, the inequality (10) follows from (5).

Remark 2. Let n =1, m >0, fi = f, fo = g, H, = Hy = 2™ in Theorem 2.

Then, it follows from the inequality (10) that

b d
(m + 1)/ £ (s,t)g(s, O™ [|f (s, Dllgra(s, )] + g (s, t)[| fr2(s, 1) || dids

K bafl |frals,? 'dtd8> </ / [g12(s t)|dtds>]m+1
J00 § / utosoiaeas) ([ g / )|
</b+ / ; 'f“(s’t”dtdS) ( /; / N Ifhz(s,t)ldtdsﬂm+1
(F fy o) £ Lmme)”
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2m +1 1

Using Holder inequality twice with indices 3m +1) and m+ 1)’ we have

m—+1

a+b ct+d

[/ 2 / " | fuals, t)|deds

a+tb 2m+1 ctd

2 — 2(m+1) z 2(m1+1)
[/ <d2 c) (/ | fra(s, £)] 207+ dt> ds
da 2771.2+1 u,+b c+
()7 () (L e

a+b c+d m+1

I / " lgua(s,0)ldeds
() () (T

Since 2zy < 2% + y? for all z and y, we have

[</+b/ |f12”|dtds>(/ b/ |!]12St|dtds>

1 2m+1
=3 {¢] / / (1fr2(s, O™ + |gaa(s, 1) [P0+ ) dtds.

4
a;—b d
) /izd |g12(s, t)|dtds>

= d
/ |fu<s,t>|dtds)(
d . 5
/c+d (Ifa2(s, )2+ 4 |g1a(s, 1)) dtds,
2

m+1

IN

IN

Also,

|g12(s, t)|2(m+Y) dtds>

m+1

Similarly,

m—+1

(b—a)(d—c)]*™ /+

b cetd b ctd mal
ﬁﬂ) / |f12(s,t)|dtds> (/Hb/ |glg(s,t)|dtds)]

) 2m+1 b cgd
/ / (| fr2(s, )P + |gaa (s, £) P+ ) dtds,
atb Je

and

</ / |Fra(s, 1) Idtds> (/ / o |dtds>]m+1

_ 2m+1
%[M / / |f12 s t)|2 (m+1) +|g1z(8 t)|2 (m+1) )dtds

<
- 4
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Hence,

b d
/ / (5, g, DL F (5, D)l gaz (s, )] + g3 D) (s, )]s

1 {(b—a)(d—c)
~2(m+1) 4

2m+1 b d ) )
/ / [ fr2(s, )20 + |gra(s, 8) 2" |dtds

which is the inequality (3) [See [3], Theorem 1]

Remark 3. Let H; = 2= , Hy =1, fi = fo = f in Theorem 2. Then for m > 0,
n > 1, it follows from the 1nequahty (10) that

/ab / d (m: ") £ (,8)™ | fra(s, )" deds
=+ [(’f / N / N |f12(8,t)|”dtds> E <k /— /cdd s (Symndm) mo
+<k/b_ /— |f12(8,t)|”dtds> ’ < / / e dtds) ]

Using Holder inequality twice with indices and to each term on the right
m+n m+n
hand side, we have
a+b ct+d m+n - m a+b ct+d

</aT /CT|f12(S,t)|”dtds> "< W}

Ll;»b d mn )
(/ /Hd |f12(8,t)|”dtds> < (b a)(d ]

b et ns i
(/ﬂ+b/ |f12(5’t)|ndtds> < [(b-a) d c]

and

</T /T|f12(8 t)|m+”dtds>
</ / |f12(s,2) |m+”dtds>
</ / |fr2(s, 1) |m+”dtds>

n
3
33

-
3
33

m+n m
n

(/; /i |f12(8,t)|”dtds> " [(b—a } </+/ Fra(5,8) |m+ndtds>

Therefore,

/ab /cd 0 o, s < (2 [ L= A=) /ab /cd sl DI

which is the inequality (2) [see [2], Theorem 5]

IN
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