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ON THE PERTURBED TRAPEZOID FORMULA

N. S. BARNETT AND S. S. DRAGOMIR

Abstract. Some inequalities related to the perturbed trapezoid formula are given. An applica-

tion for the expectation of a random variable is also pointed out.

1. Introduction

In [3], the authors have pointed out the following trapezoid inequality in terms of the

p-norms of the second derivative.

Theorem 1. Let f : [a; b] ! R be a twice di�erentiable function on (a; b). Then we

have the estimate�����
Z b

a

f(x)dx � b� a

2
[f(a) + f(b)]

�����

�

8>>>>><
>>>>>:

kf 00k1
12

(b� a)3 if f
00 2 L1[a; b];

1
2
kf 00kp[B(q + 1; q + 1)]

1
q (b� a)2+

1
q ; if f

00 2 Lp[a; b];

p > 1; 1
p
+ 1

q
= 1;

kf 00k1
8

(b� a)2 if f
00 2 L1[a; b];

(1.1)

where

kf 00k1 := sup
t2[a;b]

jf 00(t)j;

kf 00k1 :=
Z b

a

jf 00(t)jdt

and

kf 00kp :=
�Z b

a

jf 00(t)jpdt
� 1

p

; p > 1

and B is the Beta function, that is,

B(r; s) :=

Z 1

0

t
r�1(1� t)s�1dt; r; s > 0:
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Using Gr�uss' integral inequality, the following perturbed trapezoid inequality in terms

of the upper and lower bounds of the second derivative, may be stated (see [3]):

Theorem 2. Let f : [a; b]! R be a twice di�erentiable function on (a; b) and assume

that


 := inf
x2(a;b)

f
00(x) > �1 and � := sup

x2(a;b)
f
00(x) <1: (1.2)

Then we have the estimation�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)2

12
[f 0(b)� f

0(a)]

�����
� 1

32
(�� 
)(b� a)3: (1.3)

In [2], by the use of a �ner argument based on the pre-Gr�uss inequality, the authors

have improved (1.3) as follows.

Theorem 3. If f is as in Theorem 2, then�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)2

12
[f 0(b)� f

0(a)]

�����
� 1

24
p
5
(b� a)3(�� 
); (1.4)

where 
 and � are given in (1:2).

Remark 1. Atkinson [1] de�nes the quadrature rule

PT (f ; a; b) :=
b� a

2
[f(a) + f(b)]� (b� a)2

12
[f 0(b)� f

0(a)]

as a corrected trapezoidal rule and obtains it using an asymptotic error estimate approach

which does not provide an expression for the error bound.

In this paper we point out di�erent bounds for the corrected trapezoidal rule. A

natural application for the expectation of a random variable is also given.

2. The Results

We have the following representation result.

Lemma 1. Let f : [a; b] ! R be a di�erentiable function so that f 0 is absolutely

continuous on [a; b]. Then we have the representation:Z b

a

f(x)dx � b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]
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=
1

2

Z b

a

(x� a)(b� x)f[f 0; a; b]� f
00(x)gdx; (2.1)

where

[f 0; a; b] :=
f
0(b)� f

0(a)

b� a

is the divided di�erence.

Proof. By twice applying the integration by parts formula, we may state (see for

example [1]) thatZ b

a

f(x)dx � b� a

2
[f(a) + f(b)] = �1

2

Z b

a

(x� a)(b� x)f 00(x)dx: (2.2)

On the other hand, by the simple identity:

1

b� a

Z b

a

h(x)g(x)dx � 1

b� a

Z b

a

h(x)dx � 1

b� a

Z b

a

g(x)dx

=
1

b� a

Z b

a

h(x)

"
g(x)� 1

b� a

Z b

a

g(y)dy

#
dx; (2.3)

we may state thatZ b

a

(x� a)(b� x)f 00(x)dx �
Z b

a

(x� a)(b� x)dx � 1

b� a

Z b

a

f
00(x)dx

=

Z b

a

(x� a)(b� x)[f 00(x) � [f 0; a; b]]dx;

which is clearly equivalent to:Z b

a

(x� a)(b� x)f 00(x)dx

=
(b� a)2

6
[f 0(b)� f

0(a)] +

Z b

a

(x� a)(b� x)[f 00(x) � [f 0; a; b]]dx: (2.4)

Combining (2.2) with (2.4), we deduce (2.1).

Using the above representation, we may state the following result on the error of the

perturbed trapezoid formula:

Theorem 4. With the assumptions of Lemma 1, we have�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

�����

�

8>>>>><
>>>>>:

(b�a)3

12
kf 00 � [f 0; a; b]k1 if f

00 2 L1[a; b];

1
2
[B(q + 1; q + 1)]

1
q (b� a)2+

1
q kf 00 � [f 0; a; b]kp; if f

00 2 Lp[a; b];

p > 1; 1
p
+ 1

q
= 1;

1
8
(b� a)2kf 00 � [f 0; a; b]k1 if f

00 2 L1[a; b];

(2.5)
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where B is the Beta function and

kgk1 := ess sup jg(x)j

kgkp :=
 Z b

a

jg(x)jsdx
! 1

s

; s � 1:

Proof. Using Lemma 1, we have�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

�����
� 1

2

Z b

a

(x� a)(b� x)jf 00(x)� [f 0; a; b]jdx =:M: (2.6)

It is obvious that

M � 1

2
kf 00 � [f 0; a; b]k1 �

Z b

a

(x� a)(b� x)dx

=
(b� a)3

12
kf 00 � [f 0; a; b]k1

and the �rst part of (2.5) is proved.

Using H�older's integral inequality, we have for p > 1; 1
p
+ 1

q
= 1, that

M � 1

2

 Z b

a

(x� a)q(b� x)qdx

! 1
q

 Z b

a

jf 00(x)� [f 0; a; b]jpdx
! 1

p

: (2.7)

Now, using the transformation x = (1� t)a+ tb; t 2 [0; 1], we get

(x � a)q(b� x)q = (b� a)2qtq(1� t)q ;

dx = (b� a)dt

and thus Z b

a

(x� a)q(b� x)qdx = (b� a)2q+1
Z 1

0

t
q(1� t)qdt

= (b� a)2q+1B(q + 1; q + 1):

Using (2.7) we deduce the second part of (2.5).

Finally, as

M � 1

2
sup

x2[a;b]

f(x� a)(b� x)g
Z b

a

jf 00(x) � [f 0; a; b]jdx

=
(b� a)2

8
kf 00 � [f 0; a; b]k1
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the theorem is completely proved.

The following corollary concerning the Euclidean norm is useful in practice.

Corrollary 1. If f : [a; b]! R is such that f 00 2 L2[a; b], then we have the inequality:�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

�����
� (b� a)3

2
p
30

�
1

b� a
kf 00k22 � [f 0; a; b]2

� 1
2

: (2.8)

Proof. Choosing in (2.5) p = q = 2, we get�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

�����
� 1

2
[B(3; 3)]

1
2 (b� a)2+

1
2 jjf 00 � [f 0; a; b]jj2: (2.9)

However,

B(3; 3) =
1

30
;

and

kf 00 � [f 0; a; b]k2 =
"Z b

a

(f 00(x)� [f 0; a; b])2dx

# 1
2

=

"Z b

a

(f 00(x))2dx� 2

Z b

a

f
00(x)[f 0; a; b]dx+ (b� a)[f 0; a; b]2

# 1
2

=
�
kf 00k22 � 2(b� a)[f 0; a; b]2 + (b� a)[f 0; a; b]2

� 1
2

=
p
b� a

�
1

b� a
kf 00k22 � [f 0; a; b]2

� 1
2

;

then, by (2.9) we get (2.8).

Remark 2.

1. The Gr�uss integral inequality for a function g : [a; b] ! R with �1 < m � g(x) �
M <1 for almost every x 2 [a; b] states that (see for example [4, p. 296])

0 � 1

b� a
kgk22 �

 
1

b� a

Z b

a

g(x)dx

!2

� 1

4
(M �m)2: (2.10)
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Applying (2:10) for the mapping f
00 under the assumption that 
 � f

00(x) � � for

a.e. x 2 [a; b], we deduce

�
1

b� a
kf 00k22 � [f 0; a; b]2

� 1
2

� 1

2
(�� 
)

and then, by (2:8) we deduce�����
Z b

a

f(x)dx � b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

����� � (b� a)3

4
p
30

(�� 
): (2.11)

which is not as good as the result in (1:3).

2. Chebychev's inequality for a di�erentiable function g : [a; b]! R, with g
0 2 L1[a; b]

states that (see [4, p. 297])

0 � 1

b� a
kgk22 �

 
1

b� a

Z b

a

g(x)dx

!2

� 1

12
(b� a)2kg0k21: (2.12)

Applying (2:12) for the mapping f
00 under the assumption that f 000 2 L1[a; b], we

deduce by (2:8) that�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

����� � (b� a)4kf 000k1
12
p
10

: (2.13)

3. Lupa�s's inequality for a di�erentiable function f with f
000 2 L2[a; b] states that (see

[4, p. 301])

0 � 1

b� a
kgk22 �

 
1

b� a

Z b

a

g(x)dx

!2

� b� a

�2
kg0k22: (2.14)

Applying (2:14) for the mapping f
00 under the assumption that f 000 2 L2[a; b], we

deduce, by (2:8), that�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

����� � (b� a)
7
2 kf 000k2

2�
p
30

: (2.15)

The following lemma of representation also holds.

Lemma 2. Let f : [a; b] ! R be a di�erentiable function such that f 0 is absolutely

continuous on [a; b]. We have the representation:Z b

a

f(x)dx � b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

=
1

2

Z b

a

�
x� a+ b

2

�2
[f 00(x)� [f 0; a; b]]dx; (2.16)
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where [f 0; a; b] is the divided di�erence.

Proof. The identity (2.16) may be proven directly.

A simpler proof uses Lemma 1 as follows.

Since

(x� a)(b� x) =

�
a� b

2

�2
�
�
x� a+ b

2

�2

and

1

2

Z b

a

(x� a)(b� x)f[f 0; a; b]� f
00(x)gdx

=
1

2

Z b

a

"�
a� b

2

�2
�
�
x� a+ b

2

�2#
f[f 0; a; b]� f

00(x)gdx

=
1

2

Z b

a

�
a� b

2

�2
f[f 0; a; b]� f

00(x)gdx � 1

2

Z b

a

�
x� a+ b

2

�2
f[f 0; a; b]� f

00(x)gdx

=
1

2

Z b

a

�
x� a+ b

2

�2
ff 00(x) � [f 0; a; b]gdx;

then by (2.1) we deduce (2.16).

The following result also holds.

Theorem 5. With the assumptions of Lemma 2, we have the inequality

�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

�����

�

8>>>>>>><
>>>>>>>:

(b�a)3

24
kf 00 � [f 0; a; b]k1 if f

00 2 L1[a; b];

(b�a)
2+ 1

q

8(2q+1)
1
q

kf 00 � [f 0; a; b]kp; if f
00 2 Lp[a; b];

p > 1; 1
p
+ 1

q
= 1;

(b�a)2

8
kf 00 � [f 0; a; b]k1:

(2.17)

Proof. Using Lemma 2, we have:

�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

�����
� 1

2

Z b

a

�
x� a+ b

2

�2
jf 00(x) � [f 0; a; b]jdx =: N: (2.18)
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It is obvious that

N � 1

2
kf 00 � [f 0; a; b]k1 �

Z b

a

�
x� a+ b

2

�2
dx

=
(b� a)3

24
kf 00 � [f 0; a; b]k1:

Using H�older's integral inequality,we have for p > 1; 1
p
+ 1

q
= 1, that

N � 1

2

 Z b

a

����x� a+ b

2

����
2q

dx

! 1
q

 Z b

a

jf 00(x) � [f 0; a; b]jpdx
! 1

p

: (2.19)

However,

Z b

a

����x� a+ b

2

����
2q

dx = 2

Z b

a+b

2

�
x� a+ b

2

�2q
dx =

(b� a)2q+1

4q(2q + 1)

and then, by (2.19), we deduce the second part of (2.17).

Finally, as

sup
x2[a;b]

����x� a+ b

2

����
2

=
(b� a)2

4
;

then

N � (b� a)2

8
kf 00 � [f 0; a; b]k1;

proving the last part of (2.17).

Remark 3. It is obvious that the �rst inequality in (2:17) is better than the similar

one in (2:5), while the last ones are indentical.

Remark 4. A computer simulation for the function 1
2
[B(q + 1; q + 1)]

1
q ;

1
8
� 1

(2q+1)
1
q

shows that the latter is smaller for any q > 1, but we do not have an analytic proof of

this fact. We conjecture that the second inequality in (2:7) is better than the second

inequality in (2:5) for every p > 1; 1
p
+ 1

q
= 1.

For p = q = 2, we get the following partcular case for the euclidean norm:

Corolary 2. If f : [a; b]! R is such that f 00 2 L2[a; b], then�����
Z b

a

f(x)dx� b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

�����
� (b� a)3

8
p
5

�
1

b� a
kf 00k22 � [f 0; a; b]2

� 1
2

: (2.20)
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Remark 5. We note that (2:20) is a better result that the corresponding one in (2:8),

and thus, we may note the following better results following via Gr�uss type inequalities.

If f 00 is such that 
 � f
00 � � for a.e. x 2 [a; b], then by Gr�uss' (2:10), we have�����

Z b

a

f(x)dx � b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

����� � (b� a)3(�� 
)

16
p
5

: (2.21)

If f 000 2 L1[a; b], then by the Chebychev inequality (2:12), we have�����
Z b

a

f(x)dx � b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

����� � (b� a)4kf 000k1
16
p
15

: (2.22)

Finally, if f 000 2 L2[a; b], then by the Lupa�s inequality (2:14), we have:�����
Z b

a

f(x)dx � b� a

2
[f(a) + f(b)] +

(b� a)3

12
[f 0; a; b]

����� � (b� a)
7
2 kf 000k2

8�
p
5

: (2.23)

3. Applications for Expectation

Let X be a random variable having the p.d.f., f : [a; b] ! R and the cumulative

distribution function F : [a; b]! [0; 1], i.e.,

F (x) =

Z x

a

f(t)dt; x 2 [a; b]:

The following result holds.

Theorem 6. With the above assumptions and if the p.d.f. is absolutely continuous

on [a; b], then we have the inequality:����E(X)� a+ b

2
� (b� a)2

12
[f(b)� f(a)]

����

�

8>>>>>>><
>>>>>>>:

(b�a)3

24
kf 0 � [f ; a; b]k1 if f

0 2 L1[a; b]

(b�a)
2+ 1

q

8(2q+1)
1
q

kf 0 � [f ; a; b]kp if f
0 2 Lp[a; b];

p > 1; 1
p
+ 1

q
= 1;

(b�a)2

8
kf 0 � [f ; a; b]k1:

(3.1)

Proof. Applying Theorem 5 for the c.d.f., F, we may write that�����
Z b

a

F (t)dt� F (a) + F (b)

2
(b� a) +

(b� a)2

12
[f(b)� f(a)]

�����
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�

8>>>><
>>>>:

(b�a)3

24
kf 0 � [f ; a; b]k1

(b�a)
2+ 1

q

8(2q+1)
1
q

kf 0 � [f ; a; b]kp
(b�a)2

8
kf 0 � [f ; a; b]k1:

(3.2)

However, F (a) = 0; F (b) = 1 and

Z b

a

F (t)dt = b�E(X);

and then, by (3.2) we deduce the desired inequality (3.1).
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