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ON THE PERTURBED TRAPEZOID FORMULA

N. S. BARNETT AND S. S. DRAGOMIR

Abstract. Some inequalities related to the perturbed trapezoid formula are given. An applica-
tion for the expectation of a random variable is also pointed out.

1. Introduction

In [3], the authors have pointed out the following trapezoid inequality in terms of the
p-norms of the second derivative.

Theorem 1. Let f : [a,b] — R be a twice differentiable function on (a,b). Then we
have the estimate

e (h — g3 if ' € Loo[a, b];
< J S IBla+ g+ D]i(b—a)* 5, if € Lylab), 1)
- p>1, % + % =1,
el (0~ ap? if " € Lfa, 1]
where
1" oo := sup ()],
t€la,b]
b
17l = / (1) dt
and

1= ([ popd)’. ps

and B is the Beta function, that is,

1
B(r,s) := / 1 =) tdt, s> 0.
0
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Using Griiss’ integral inequality, the following perturbed trapezoid inequality in terms
of the upper and lower bounds of the second derivative, may be stated (see [3]):

Theorem 2. Let f : [a,b] = R be a twice differentiable function on (a,b) and assume
that

v:= inf f'(x) > -ooand:= sup f"'(z) < . (1.2)
2E(arb) ze(ab)

Then we have the estimation

’ b—a (b— a)2 ' !
| e = 250 @)+ 560 + L0 - )
< =)o) (1.3

In [2], by the use of a finer argument based on the pre-Griiss inequality, the authors
have improved (1.3) as follows.

Theorem 3. If f is as in Theorem 2, then

b —a _a2
fyz 2215 + £ + L @) - (o)
1 3
_m(b_a) T'=), (1.4)

where v and T' are given in (1.2).

Remark 1. Atkinson [1] defines the quadrature rule

Pr(fiab) = "2 0@ + 101 - L) - @)

as a corrected trapezoidal rule and obtains it using an asymptotic error estimate approach
which does not provide an expression for the error bound.

In this paper we point out different bounds for the corrected trapezoidal rule. A
natural application for the expectation of a random variable is also given.

2. The Results

We have the following representation result.

Lemma 1. Let f : [a,b] — R be a differentiable function so that f' is absolutely
continuous on [a,b]. Then we have the representation:

b . —a)?
[ 1ws =5 0@ + s+ L
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where

is the divided difference.

Proof. By twice applying the integration by parts formula, we may state (see for
example [1]) that

b
P+ 1) = / (¢ —a)o—)["(@de. (22)

On the other hand, by the 81mple identity'
g(z)dzx

[ a
- /abh(a;) l / dy] dz, (2.3)

we may state that

/ab(:l: —a)(b—x)f"(z)dr — /ab(:z: —a)(b—z)dx - ; i - /ab F'(x)dz

b
- / (& — a)(b - 2)[f"(2) - [f'; 0, Dda

which is clearly equivalent to:

b
/ (@ — a)(b— o) f" (z)dx

—a)? b
= boar 5 ) [f’(b)—f’(a)]+/ (z —a)(b - 2)[f"(2) - [f'; a, b]]da. (2.4)

Combining (2.2) with (2.4), we deduce (2.1).
Using the above representation, we may state the following result on the error of the
perturbed trapezoid formula:

Theorem 4. With the assumptions of Lemma 1, we have

b _ _ )3
[ s@e =S 5@+ s+ L
OO 5 — (£ 0, ]l if f" € Lo[a,b):
< { 3B+ La+ Db —a) Sl = [f5abllp,  if € Lylall, (g5

1 1 _ 1.
p > 1, 5 + E = 1,
s —al?lf" = [f'5a,0]llx if f"€ Lifa,b],
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where B is the Beta function and

lglloo := ess supg(a)
b s
lgllp :== (/ |g(:z:)|sdx> , s> 1.

Proof. Using Lemma 1, we have

f@) + F0)] +

(b B a)3 I,
(5,0

sg/a (& — a)(b— D) " () — [f'; 0, B]lde = M

It is obvious that

l\DI»—\

(

)

1" = [f"5a,b]llos

and the first part of (2.5) is proved.

Using Holder’s integral inequality, we have for p > 1, % + % =1, that

MS%(/ab(x—a)q( —qu:z:) (/ (@) — [F's ab]|”d:1;>

b
17" = ', Bl e - / (z — a)(b - z)dz

Now, using the transformation z = (1 — t)a + tb,t € [0, 1], we get
(@ = a)?(b— )" = (b—a)*t7(1 - )",

and thus

b
/ (& — a)?(b — 2)%da = (b — a)>""

de = (b—a)dt

/1 1(1 = t)dt

0

=(b-a)* ' B(g+1,q+1).

Using (2.7) we deduce the second part of (2.5).

Finally, as

M <

1
=2,
_(b-a)

sup {(

€la.t]
)

——

1" -

[ a, Bl

—[f'; a,b]|dx

1
P

(2.7)



ON THE PERTURBED TRAPEZOID FORMULA 123

the theorem is completely proved.
The following corollary concerning the Euclidean norm is useful in practice.

Corrollary 1. If f : [a,b] = R is such that f" € Ls[a,b], then we have the inequality:

b a (b—a)®
[ faa 7(@) + 1) + S 75,0
(b_a)3 1 m2 _ I_a 2%
< ook [ = ] 28)
Proof. Choosing in (2.5) p = ¢ = 2, we get
a —a 3
@+ 76+ E L a0
< SBEBEC - ) " =[50, (2.9)
However,
B(3,3) = —
b - 307
and
17" = 150, 8]l = / fade]

=

[/ m—2/ f"(@)[f'; a,bldx + (b — a)[f';a,b]?
(1F"113 = 206 = @)[f 50,6 + (b — @) f'30,b%) *
—Vi=a (G - )

then, by (2.9) we get (2.8).
Remark 2.

1. The Griiss integral inequality for a function ¢ : [a,b] = R with —co < m < g(z) <
M < oo for almost every = € [a, b] states that (see for example [4, p. 296])

b 2
os—éﬁm@—<gég/'mmm> < J0M —m)?, (210)
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Applying (2.10) for the mapping f’ under the assumption that v < f"(z) < T for
a.e. T € [a,b], we deduce

(52118 - [70.0)

and then, by (2.8) we deduce

[N

<5 —)

b b—a (b—a)® (b—a)®
[ 1@ =50+ o)+ C e < S m -y, 21

which is not as good as the result in (1.3).
2. Chebychev’s inequality for a differentiable function g : [a,b] = R, with ¢’ € Lo.[a, b]
states that (see [4, p. 297])

b 2
0< ;=—llgll - (bf / g(w)dm> <sh-alglh.  @12)

a

Applying (2.12) for the mapping f" under the assumption that f" € Ly[a,b], we
deduce by (2.8) that

a (b—a)’ (b—a)* I/l
+ )] + g, b)| < VYN e 943
@)+ £+ st < Tl 2y
3. Lupag’s inequality for a differentiable function f with " € Ly[a, b] states that (see

4, p. 301)
1 T > ba

< ——|lgll2 - | —— < ——|lg'lI3. 2.14
0< 2ol (b_a/a g(:c)dx> < (214)

Applying (2.14) for the mapping f” under the assumption that f"' € Ls[a,b], we
deduce, by (2.8), that

i) < CELNTe 45

f(@)+ 1) + <

(b—a)’
12

The following lemma of representation also holds.

Lemma 2. Let f : [a,b] = R be a differentiable function such that f' is absolutely
continuous on [a,b]. We have the representation:

[ e =25 @+ 01+ O

-1 / (o= “‘2”’) (@) - [f'; 0, b, (216)

[f';a,0]
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where [f'; a,b] is the divided difference.

Proof. The identity (2.16) may be proven directly.
A simpler proof uses Lemma 1 as follows.

Since
(@ —a)(b—z) = (“;b>2—<x—a;b>2
and
%/ab@:—a)( {3 0,6] — f()}de
:é/a”[(a;”f_(x_”;”f {15, - () }da

-1 /ab (% b)2 {1F' 58] - £"(2)}do - %/b (+-2 b>2 {UF5a8] - (@)}

%/ﬂb(x “”’) {7"(@) — [f's 0, ]} da,

then by (2.1) we deduce (2.16).
The following result also holds.

Theorem 5. With the assumptions of Lemma 2, we have the inequality

_ 3
“(@ + 1]+
gEus ||f”—[ 'sa,0]l if " € Loo[a, b];
(b—a)" "7 “) no_ - "
< q 8t+1)7 ”f . Bl if 1 € Lyla, b, (2.17)
p>1, % + % =1;
L7 — (50, b))

Proof. Using Lemma 2, we have:

(b—a)’
12

dx — —[f(a)+f(b)]+ [f'5a,0]

fz/a (x—“;”) (@) — [0, bldz =: N. (2.13)
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It is obvious that

b 2
N5l = sl [ (2= "57) da

_ (b_a)3 " I,
- Tnf - [f ;aab]HOO‘

Using Holder’s integral inequality,we have for p > 1, % + % =1, that

1

1 b b2q q b P

N§§</ x—“‘; dm) (/ |f”(a;)—[f’;a,b]|”dm> . (2.19)
However,
b 2q b 2q 2g+1
a+b a+b (b —a)*?
- dz = 2 - dp = ~— 2
/a T v /L <m 2 ) STy Y

and then, by (2.19), we deduce the second part of (2.17).

Finally, as
sup m_a+b2:(b—a)27
z€[a,b] 2 4
then ) )
N < O (g,

proving the last part of (2.17).

Remark 3. It is obvious that the first inequality in (2.17) is better than the similar
one in (2.5), while the last ones are indentical.

Remark 4. A computer simulation for the function 1[B(q+1,¢ + 1)]% L1
(29+1) ¢

'8
shows that the latter is smaller for any ¢ > 1, but we do not have an analytic proof of
this fact. We conjecture that the second inequality in (2.7) is better than the second
inequality in (2.5) for every p > 1,% + % =1.

For p = q = 2, we get the following partcular case for the euclidean norm:

Corolary 2. If f : [a,b] — R is such that f" € Lsy[a,b], then

b b—a (b—a)® .
| r@e = 250 5@ + s+ S s

bh— 3 %
< L 1] (2.20)
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Remark 5. We note that (2.20) is a better result that the corresponding one in (2.8),
and thus, we may note the following better results following via Griiss type inequalities.
If f is such that v < f" <T for a.e. = € [a,b], then by Griiss’ (2.10), we have

b b—a b0 (T =)
| t@re =50 @ + 10+ S e < S e

If f'" € Lyla,b], then by the Chebychev inequality (2.12), we have

” b DR S RO [ 8
[ @i =50+ s+ Cg e < S @)

Finally, if f" € L[a,b], then by the Lupag inequality (2.14), we have:

(b—a) (£
875 '

b —a —a 3
[ #wrte =525 + o0+ L) < (2.23)

12

3. Applications for Expectation

Let X be a random variable having the p.d.f., f : [a,b] — R and the cumulative
distribution function F : [a,b] — [0,1], i.e.,

Flz) = / F(t)dt, z € [a,b].
The following result holds.

Theorem 6. With the above assumptions and if the p.d.f. is absolutely continuous
on [a,b], then we have the inequality:

a+b (b—a)2
‘E<X>—T— 5l (0) — f(a)]
(S~ [0 bl if f € Lola,b]
=" T g e
S{ 8(2q+1)%||f [f;aab]HP fo eLi[a,blL (31)
p>Lo+o=1

L= = [ a, b))

Proof. Applying Theorem 5 for the c.d.f., F, we may write that

[ P - PO L) gy
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C=a | £ — [ f5.a,b]|oo

(b—a)**

1" = [f;a,0]llp (3.2)
8(2q+12)4
SIS = [l
However, F'(a) =0, F(b) = 1 and

IN

= <=

/bF(t)dt —b— E(X),

and then, by (3.2) we deduce the desired inequality (3.1).
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