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WARPED PRODUCT SUBMANIFOLDS IN METALLIC
RIEMANNIAN MANIFOLDS

CRISTINA-ELENA HRETCANU AND ADARA-MONICA BLAGA

Abstract. In this paper, we study the existence of proper warped product submanifolds in
metallic (or Golden) Riemannian manifolds and we discuss about semi-invariant, semi-
slant and hemi-slant warped product submanifolds in metallic and Golden Riemannian
manifolds. We also provide some examples of warped product submanifolds in Euclidean
spaces.

1. Introduction

Warped products can be seen as a natural generalization of cartesian products. This con-
cept appeared in mathematics starting with the J. E Nash’s studies, who proved an embedding
theorem which states that every Riemannian manifold can be isometrically embedded into
some Euclidean spaces. Also, Nash’s theorem shows that every warped product M; x ¢ M> can

be embedded as a Riemannian submanifold in some Euclidean spaces ([26], 1956).

Then, the study of warped product manifolds was continued by R. L. Bishop and B. O'Neill
in ([6], 1969), where they obtained fundamental properties of warped product manifolds and

constructed a class of complete manifolds of negative curvature.

B. Y. Chen studied CR-submanifolds of a Kdhler manifold which are warped products of
holomorphic and totally real submanifolds, respectively ([13],[14],[15]). Also, in his new book
([12],2017), he presents a multitude of properties for warped product manifolds and subman-
ifolds, such as: warped products of Riemannian and Kédhler manifolds, warped product sub-
manifolds of Kdhler manifolds (with the particular cases: warped product CR-submanifolds,
warped product hemi-slant or semi-slant submanifolds of Kéhler manifolds), CR-warped prod-

ucts in complex space forms and so on.
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As a generalization of contact CR-submanifolds, slant and semi-slant submanifolds, J.
L. Cabrerizo et al. introduced the notion of bi-slant submanifolds of almost contact metric
manifolds ([11]).

B. Sahin studied the properties of warped product submanifolds of Kdhler manifolds with
a slant factor and he proved that the warped product semi-slant submanifolds Mt x r My
and My x y Mt in Kdhler manifolds are simply Riemannian products of Mr and My, where
My is a proper slant submanifold of the underlying Kdhler manifold ([29]). Also, he studied
warped product hemi-slant submanifolds of a Kdhler manifold and he found some properties
of warped product submanifolds of the form Mg x f M ([30]).

Semi-invariant submanifolds in locally product Riemannian manifolds were studied in
([27],[2]). Semi-slant submanifolds in locally Riemannian product manifolds were studied by
M. Atceken which found that, in a locally Riemannian product manifold there does not exist
any warped product semi-slant submanifold of the form Mt x My nor of the form M, x My
such that My is an invariant submanifold, My is a proper slant submanifold and M, is an
anti-invariant submanifold, but he found some examples of warped product semi-slant sub-
manifolds of the form My x M7 and of the form My x £ M ([1]). Warped product submani-
folds of the form Mg x f M1 and My x f M in locally Riemannian product manifolds were also
studied by E R. Al-Solamy and S. Uddin ([31]) and B. Sahin ([28]).

Warped product pseudo-slant (named also hemi-slant) submanifolds of the form My x ¢
M, where My and M, are proper slant and, respectively, anti-invariant submanifolds, in a
locally product Riemannian manifold were studied by S. Uddin et al. in ([5],[16],[33],[35]).

Recently, warped product bi-slant submanifolds in Kdhler manifolds were studied by S.
Uddin et al. and some examples of this type of submanifolds in complex Euclidean spaces
were constructed ([34]). Moreover, L. S. Algahtani et al. have shown that there is no proper
warped product bi-slant submanifold other than pseudo-slant warped product in cosymplec-
tic manifolds ([4]).

The authors of the present paper studied some properties of invariant, anti-invariant and
slant submanifolds ([8]), semi-slant submanifolds ([21]) and, respectively, hemi-slant sub-
manifolds ([20]) in metallic and Golden Riemannian manifolds and they obtained integrabil-
ity conditions for the distributions involved in these types of submanifolds. Moreover, prop-
erties of metallic and Golden warped product Riemannian manifolds were presented in the
two previews works of the authors ([7],[10]).

In the present paper, we study the existence of proper warped product bi-slant subman-
ifolds in locally metallic Riemannian manifolds. In Sections 2 and 3, we recall the main prop-
erties of metallic and Golden Riemannian manifolds and of their submanifolds. In Section 4,

we discuss about slant and bi-slant submanifolds (with their particular cases: semi-slant and



WARPED PRODUCT SUBMANIFOLDS IN METALLIC RIEMANNIAN MANIFOLDS 163

hemi-slant submanifolds) in locally metallic (or Golden) Riemannian manifolds. In Section
5, we find some properties of warped product bi-slant submanifolds in metallic (or Golden)
Riemannian manifolds and, in particular, we discuss about warped product semi-invariant,
semi-slant and hemi-slant submanifolds in locally metallic (or locally Golden) Riemannian

manifolds. Moreover, we construct suitable examples.

2. Preliminaries

The metallic structure is a particular case of polynomial structure on a manifold, which
was generally defined in ([19],[18]). The name of metallic number is given to the positive

solution of the equation x> — px — g = 0 (where p and g are positive integer values), which is
Opg = @ (132)).

Metallic Riemannian manifolds and their submanifolds were defined and studied by C.
E. Hretcanu, M. Crasmareanu and A. M. Blaga in ([24],[22]), as a generalization of the Golden

Riemannian manifolds studied in ([17],[23],[25]).

Let M be an m-dimensional manifold endowed with a tensor field J of type (1,1) such
that:

J?=pJ+ql, 2.1

for p, g € N*, where I is the identity operator on I'(T'M). Then the structure J is called a

metallic structure. If the Riemannian metric g is J-compatible, i.e.:
gUX,Y)=g(X,JY), (2.2)

for any X, Y € ['(TM), then (M, g, J) is a metallic Riemannian manifold ([24]).

In particular, if p = g = 1 one obtains the Golden structure determined by a (1,1)-tensor
field J which verifies /2> = J + I. In this case, (M, )) is called Golden manifold. If (M,g) is a
Riemannian manifold endowed with a Golden structure J such that the Riemannian metric g

is J-compatible, then (M, g, J) is a Golden Riemannian manifold ([17]).

From (2.1) and (2.2) we remark that the metric verifies:
gUX,JY) =§(]2X, Y)=pgUX,V)+qgg(X,Y), (2.3)

forany X, Y € [(TM).

Any almost product structure F on M induces two metallic structures on M:

p
=TI+
/=3 2

209 —
Lpp, 2.4)
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where [ is the identity operator on [(TM). Also, on a metallic manifold (M, J), there exist two
complementary distributions 2; and 2, corresponding to the projection operators [ and m

given by ([24]):

20pq—P  20pq—p B 20pq—P  20pq—p

1 o 1 o —
P4 L Ipa” P (2.5)

3. Submanifolds of metallic Riemannian manifolds

We recall the basic properties of a metallic Riemannian structure and prove some imme-
diate consequences of the Gauss and Weingarten equations for an isometrically immersed

submanifold in a metallic Riemannian manifold ([20],[21],[22]).

Let M be an isometrically immersed submanifold in the metallic (or Golden) Riemannian
manifold (M,E, J). Let T, M be the tangent space of M in a point x € M and TXLM the normal
space of M in x. The tangent space T M can be decomposed into the direct sum T, M =
TyM & T M, for any x € M. Let i, be the differential of the immersion i : M — M. Then the
induced Riemannian metric g on M is given by g(X,Y) = g(i. X,i,.Y), forany X, Y e T'(TM).
For the simplification of the notations, in the rest of the paper we shall denote by X the vector
field i, X, for any X e ['(T M).

Let TX := JX)T and NX := UX)4, respectively, be the tangential and normal compo-
nents of /X, forany X e I'(TM) and ¢V := W nv:= (JV)t be the tangential and normal
components of JV, for any V € T'(T+M). Then we get:

JX=TX+NX, @) JV=tV+nV, 3.1

forany X e I(TM) and V € ['(T+M).
The maps T and n are g-symmetric ([8]):

Ng(TX,Y)=g(X,TY), (i) g(nU,V)=gU,nV), (3.2)
and

gINX,V)=g(X,tV), 3.3

forany X, Y e [(TM) and U, V e T(T+ M).

If M is a submanifold in a metallic Riemannian manifold (M, g, /), then ([20]):

() T°X = pTX+gX - tNX, (i) pNX = NTX + nNX, (3.4)
() n?V = pnV+qV - NtV, (i) ptV =TtV +tnv, (3.5)

forany X e I(TM) and V € ['(T+M).
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If p = g=1and M is a submanifold in a Golden Riemannian manifold (M, g,)), then, for
any X € I'(T M) we get T2X=TX+X- tINX, NX=NTX+nNXandforany V e F(TLM) we
get n’V=nV+V-NtV,tV=TtV+tnV.

Let V and V be the Levi-Civita connections on (M, g) and on its submanifold (M, g), re-

spectively. The Gauss and Weingarten formulas are given by:
(VY =VxY +h(X,Y), (i))VxV =-Ay X +VyV, (3.6)

forany X, Y e I'(TM) and V € T(T L M), where F is the second fundamental form and Ay is
the shape operator, which are related by:

g(h(X,Y),V)=g(AyX,Y). (3.7)

If (M, g,J) is ametallic (or Golden) Riemannian manifold and J is parallel with respect to
the Levi-Civita connection V on M (i.e. VJ = 0), then (M, g, )) is called a locally metallic (or
locally Golden) Riemannian manifold ([22]).

The covariant derivatives of the tangential and normal components of /X (and JV), T

and N (¢ and n), respectively, are given by:

D) (VxT)Y =VxTY -T(VxY), (i) VxN)Y =VxNY -N(VxY),  (3.8)
D) (VxDV =VxtV—t(VyxV), (i) Vxn)V =VxnV - n(VyV), (3.9)

forany X, YeI'(TM)and V € ['(T+M). From (2.1) it follows:
g(VxNY,Z)=g(Y,(Vx])Z), (3.10)

forany X, Y, Z € ['(TM). Moreover, if M is an isometrically immersed submanifold in the

metallic Riemannian manifold (M, g, /), then ([9)):
s(VxNY,2)=g(Y,(VxT)2), (3.11)
forany X, Y, ZeI'(TM).

Proposition 1. If M is a submanifold in a locally metallic (or locally Golden) Riemannian
manifold (M, g, ), then the covariant derivatives of T and N verify:

) (VxT)Y =Any X +th(X,Y), (ii) (VxN)Y = nh(X,Y) - h(X,TY), (3.12)
i) (Vxn)V=A,y X-TAyX, (i) Vxn)V = —h(X,tV) - NAy X (3.13)

and
S((VXN)Y, V) =8(Vx)V,Y), (3.14)

forany X, Y eT'(TM) andV € F(TLM) ([20]).
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4. Bi-slant submanifolds in metallic or Golden Riemannian manifolds

Definition 1. ([8]) A submanifold M in a metallic (or Golden) Riemannian manifold (M, g
is called slant submanifold if the angle 8(X,) between J X, and T, M is constant, for any x € M
and X, € TyM. In such a case, 8 =: 0(Xy,) is called the slant angle of M in M and it verifies:

gUX, TX) 1T X]||
osf = = .
IJXI-1rxy Xl

(4.1)

The immersion i : M — M is called slant immersion of M in M.

Remark 1. The invariant and anti-invariant submanifolds in metallic (or Golden) Rieman-
nian manifolds (M, g, J) are particular cases of slant submanifolds with the slant angle 8 =0
and 6 = %, respectively. A slant submanifold M in M, which is neither invariant nor anti-
invariant, is called proper slant submanifold and the immersion i : M — M is called proper
slant immersion ([8]).

Definition 2. Let M be an immersed submanifold in a metallic (or Golden) Riemannian man-
ifold (M, g, /). A differentiable distribution D on M is called slant distribution if the angle 6
between J X, and the vector subspace D, is constant, for any x € M and any nonzero vector
field Xy € I'(Dy). The constant angle 6p, is called the slant angle of the distribution D ([21]).

Definition 3. A submanifold M in a metallic (or Golden) Riemannian manifold (Mg, ) is

called bi-slantif there exist two orthogonal differentiable distributions D; and D, on M such

that:

(1) TM =D & Dy;

(2) JD1 L Dyand JD, L Dy;

(3) the distributions D; and D, are slant distributions with slant angles 6, and 6, respec-
tively.

Moreover, M is called proper bi-slant submanifold of Mifdim(Dy)-dim(D,) #0 and 6,0, €
(o, % .

Definition 4. ([20]) An immersed submanifold M in a metallic (or Golden) Riemannian man-
ifold (M, g,J) is semi-slant submanifold (hemi-slant submanifold, respectively) if there exist

two orthogonal distributions D; and D, on M such that:

(1) TM admits the orthogonal direct decomposition TM = D; & Dy;

(2) the distribution D; is an invariant distribution, i.e. J(D;) = D; (D; is an anti-invariant
distribution, i.e. J(D;) € ['(T+M), respectively);

(3) the distribution D, is slant with the angle 6 € [0, %].
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If dim(Dy)-dim(D,) # 0 and 6 € (0,%), then M is a proper semi-slant submanifold (hemi-

slant submanifold, respectively) in the metallic (or Golden) Riemannian manifold (M, g ).

Now we provide an example of bi-slant submanifold in a metallic and Golden Rieman-
nian manifold (R4, (-, -), /).

Example 1. Let R? be the Euclidean space endowed with the usual Euclidean metric (:,-) and
the immersion i : M — R?, given by:

i(f1, f2):= flcost,%ﬁsint,fz,fz ,

where M :={(f1, f2) | f1, f> >0}, t €0, %] ando:=0p4= przﬂq is ametallic number (p, g €
N™).
We can find a local orthogonal frame on T M given by:

Z t 9 + T i t 9 4 9 + 9
=CcoSt— +—sint—, Zp= — + —.
! ox1 +q 0xo 2 0x3 O0x4

We define the metallic structure J : R* — R* by:
](Xl » XZ» X?n X4) = (UXI »EXZ» 0X3)EX4))

which verifies J% = pJ+qgland (JX,Y)=(X,JY),forany X, Y € R* where 7 := p—o. Since

JZy=0cost 9 Vgsint 9 JZ> =0 9 +0 9
e 0x; 9 0xy % “oxs  0xs
2
we remark that (JZ;, Z;) = o cos2t and (J Z,, Z,) = 0 + 0. Moreover, || Z; || = %ﬁq,

172112 = pocos® t+ q, | Zo|? = 2, | ] Zo |1 = 0% + 5°.

Let us consider D, := span{Z;} and D, := span{Z,}. Then, the distributions D, and D,

. . . 2 2t o
satisfy the conditions from Definition 3, where cosf; = 2Vt ahd cos 0, =22,
V p?sin?2t+4q V2(02+52)

Consequently, the submanifold My, g, with T My, g, = D1 ® D, and the metric
g = (% sin?t + 1)g) +2g» is a bi-slant submanifold in the metallic Riemannian manifold
(R4, (-,+), ]), where g1 and g» are the metric tensors of the integral manifolds M; and M, of
the distributions D; and D.

Moreover, for t =0 (¢t = %) we obtain 8; =0 (6; = %, respectively). Then, the submanifold
Mo,g, (Mz,) is a semi-slant (a hemi-slant, respectively) submanifold in the metallic Rieman-
nian manifold (R*, ¢-,-), /).

In particular, for p = g = 1, the immersion i : M — R? is given by i(fi, f2) := (ficost,
¢ fisint, fo, f») and the Golden structure has the form J (X1, X, X3, X4) ::(¢X1,$X2, ¢X3,$X4),
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where ¢ := 01, = 1+2‘/§ is the Golden number and ¢ := 1 — ¢. Since JZ; = ¢ cos t—a‘; —sin t_a?cz
_ 0 & 0 _ __2cos2t _ Pp+¢
and JZ, = ¢ps— + p5—, we remark that cos0; = —==— and cosb, = .
2 (’ba)Cs ¢0X4 1 \/sin?2t+4 2 /2(¢2+$2)

The distributions D, := span{Z;} and D, := span{Z,} satisfy the conditions from Defi-
nition 3. Thus, the submanifold My, g, with TMp, g, = D1 ® D, and the metric g := (¢ sin® £ +
1)g1 +2g» is a bi-slant submanifold in the Golden Riemannian manifold (R4, (-, -, ]), where
g1 and g are the metric tensors of the integral manifolds M; and M; of the distributions D;
and D,. Moreover, for t =0 (¢ = %) we obtain 67 = 0 (6; = %, respectively). Then, the sub-
manifold Mg, (M%'gz) is a semi-slant (a hemi-slant, respectively) submanifold in the Golden
Riemannian manifold (R?, (-,-), J).

Remark 2. If M is a bi-slant submanifold in a metallic Riemannian manifold (M, g, /) with
the orthogonal distribution D; and D, and the slant angles 6, and 0,, respectively, then

JX =P, TX+P,TX+NX=TP,X+TP,X+NP, X +NP,X,

for any X € I'(T M), where P; and P, are the projection operators on I'(D;) and I'(D,), respec-
tively.

Proposition 2. (/21]) If M is a bi-slant submanifold in a metallic (or Golden) Riemannian
manifold (M, g, ]), with the slant angles 0, = 0, =0 and g(JX,Y) =0, forany X e T(D1), Y €
['(D,), then M is a slant submanifold in the metallic Riemannian manifold (M, g, ]) with the
slant angle6.

Remark 3. If M is a bi-slant submanifold in a metallic (or Golden) Riemannian manifold

(M, g,)) such that TM = D) @ Dy, dim(D,) - dim(D-) # 0, where D, is the slant distribution

(with the slant angle 0), then we get:

(1) M is an invariant submanifold if & = 0 and D, is invariant;

(2) M is an anti-invariant submanifold if 0 = % and D, is anti-invariant;

(3) M is a semi-invariant submanifold if D; is invariant and D> is anti-invariant. The semi-
invariant submanifold is a particular case of semi-slant submanifold (hemi-slant sub-
manifold), with the slant angle 0 = % (8 =0, respectively).

Proposition 3 ([21]). Let M be an isometrically immersed submanifold in the metallic Rieman-
nian manifold (M, g, )). If M is a slant submanifold with the slant angle 6, then:

8(TX,TY) = cos’0[pg(X, TY) +qg(X, V)] 4.2)
E(NX,NY) =sin®0[pg(X, TY) + gg(X, )], 4.3)

forany X, Y eT(TM) and
() T? = cos?O(pT + qI), (ii))V(T?) = pcos’O(VT). (4.4)

where I is the identityonI'(T M).
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Proposition 4 ([20],[21]). If M is a semi-slant submanifold (hemi-slant submanifold, respec-
tively) in the metallic Riemannian manifold (M, g, ]) with the slant angle 0 of the distribution
Dy, then:

(TP, X, TP,Y) = cos*0[pg(TP, X, P,Y) + g§(P X, P, Y)] 4.5)
Z(NX,NY) = sin?0[pg(TP, X, P,Y) + gg(P»X, P,Y)], (4.6)

forany X, Y eT(TM).

5. Semi-invariant, semi-slant and hemi-slant warped product submanifolds in metallic
Riemannian manifolds

In this section we present some results regarding the existence and nonexistence of semi-
invariant, semi-slant and hemi-slant warped product submanifolds in metallic Riemannian
manifolds (M, g, J) and we give some examples of these types of submanifolds in metallic (or
Golden) Riemannian manifolds.

In ([7]), the authors of this paper introduced the Golden warped product Riemannian
manifold and provided a necessary and sufficient condition for the warped product of two
locally Golden Riemannian manifolds to be locally Golden. Moreover, the subject was contin-
ued in the paper ([10]), where the authors characterized the metallic structure on the product
of two metallic manifolds in terms of metallic maps and provided a necessary and sufficient
condition for the warped product of two locally metallic Riemannian manifolds to be locally
metallic.

Let (M, g1) and (M>, g2) be two Riemannian manifolds of dimensions n; >0 and n, >0,
respectively. We denote by 71 and 7, the projection maps from the product manifold M; x M,
onto M; and M», respectively and by ¢ := ¢ o 7 the lift to M; x M, of a smooth function
@ on M. M, is called the base and M is the fiber of M; x M. The unique element X of
I'(T(M; x M>)) that is m;-related to X € I'(TM;) and to the zero vector field on M, will be
called the horizontal lift of X and the unique element V of I'(T'(M; x M>)) that is ,-related to
V e T'(T M>) and to the zero vector field on M; will be called the vertical lift of V. We denote by
£ (M) the set of all horizontal lifts of vector fields on M) and by £ (M) the set of all vertical
lifts of vector fields on M.

For f: M; — (0,00) a smooth function on M;, we consider the Riemannian metric g on
M = M; x My:
g::n’l"g1+(fon1)2n’2kg2. (5.1)

Definition 5. ([6]) The product manifold of M; and M, together with the Riemannian metric
g defined by (5.1) is called the warped product of M; and M, by the warping function f.
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In the next considerations we shall denote by (f o 71)? =: f2, mwig1 =:g and ;g =: g2,

respectively.

Definition 6. ([12]) A warped product manifold M := M x ¢ M, is called trivial if the warping
function f is constant. In this case, M) x f M is the Riemannian product M; x M, ¢, where
M3 is the manifold M; equipped with the metric f 2 g, (which is homothetic to g).

The Levi-Civita connection V on the warped product of M; and M5 by the warping func-
tion f, M := My x ¢ M is related to the Levi-Civita connections on M; and M, as follows:

Lemma 1 ([1] and [12], p. 49). For X, Y e I'(TM,) and Z, W € I'(T M>), we have on M :=
M, ><sz that:

(1) VxY e L(M));

) VxZ=VzX=X(Inf)Z;

(3) VoW =Vyew -9 gz, W),

whereV and V™ denote the Levi-Civita connections on M and M, respectively.

Proposition 5. (/6]) The warped product manifold M := M x f M» is characterized by the fact
that M, is totally geodesic and My is a totally umbilical submanifold of M, respectively.

Definition 7. A warped product M; x f M of two slant submanifolds M; and M in a metallic
Riemannian manifold (M, g, J) is called a warped product bi-slant submanifold. A warped
product bi-slant submanifold M; x r M5 is called proper if both submanifolds M; and M, are
proper slant in (M, g, J).

Definition 8. If M := M) x ¢ M> is a warped product submanifold in a metallic Riemannian
manifold (M, g,J) such that one of the components M; (i € {1,2}) is an invariant submanifold
(respectively, anti-invariant submanifold) in M and the other one is a slant submanifold in
M, with the slant angle 6 € [0, %1, then we call the submanifold M warped product semi-slant

(respectively, hemi-slant) submanifold in the metallic Riemannian manifold (M, g .

Remark 4. In particular, if M := My x ¢ M is a warped product semi-slant (respectively, hemi-
slant) submanifold in a metallic Riemannian manifold (M, g, /) such that the slant angle § = 5
(respectively, 6 = 0), then we obtain M := My x¢ M, or M := M xy My and M is a warped

product semi-invariant submanifold in M.

Lemma 2. Let M := M; x f M, be a warped product bi-slant submanifold in a locally metallic
(or locally Golden) Riemannian manifold (M,g,]). Then, for any X, Y e T(TM,) and Z, W €
I'(TM,), we have:
1) gh(X,Y),NZ)=-g(h(X,Z),NY); (i) g(h(X, Z2), NW) = 0; (5.2)
g(h(Z,W),NX)=TX(nf)g(Z,W)—-X(n f)g(Z, TW). (5.3)
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Proof. Forany X, Y e ['(TM;) and Z, W € I'(T M») we get
gh(X,Y),NZ)=g(VxY,]Z)-g(VxY,TZ).
By using (Vx /)Y =0 and (2.2) we obtain

g(VxY,JZ)=8(VxJ]Y,Z)=g(VxTY,Z)+g(VxNY, 2).

Moreover, using g(ﬁ xY, TZ)= —E(ﬁx TZ,Y) and (3.6), we obtain
gh(X,Y),NZ2)=g(VxTY,Z2)-g(Any X, 2)+g(Y,Vx T Z).
By using Lemma 1(2), we have
gVxTY, Z2)=-g(VxZ, TY)=-X(n f)g(TY,Z2)

and g(Y,VxTZ)=X(n f)g(Y,T2Z).
Thus, from (3.2)(i) we get g(h(X,Y),NZ) = —g(Any X, Z) which implies (5.2) ().
Forany X eI'(TM,) and Z, W e I'(T M>) we get

8(h(X,Z),NW)=8g(VxZ,JW)-g(NVxZ, TW).
By using (Vx/)Z =0, (2.2), (3.1)(i) and (3.6)(ii) we obtain
g§h(X,Z2),NW)=g(VxTZ,W)-g(AnzX,W)-g(VxZ, TW)
and using (2) from Lemma 1, we have
gh(X,Z2),NW)=X(Inf)[g(TZ,W)-g(Z, TW)]-g(h(X,W),NZ).

Thus, from (3.2) (i) we get g(h(X, Z), NW) = —g(h(X,W),NZ).

On the other hand, we have
gh(X,2),NW)=g(VzTX,W)-g(AnxZ,W)-g(VzX, TW)
and we obtain
ghX,2),NW)=TX(Inf)g(Z,W)-X(InHgZ, TW)—-gh(Z, W), NX).
After interchanging Z by W and using (3.2) (i), we have

g(h(X,2),NW) =g(h(X,W),NZ) = -g(h(X, Z), NW),
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which implies (5.2)(ii).
Forany X eI'(TM,) and Z, W e I'(T M) we get

gh(Z,W),NX)=g(VzW,JX)-g(V W, TX).

By using (V)W =0, (2.2) and (3.6) we obtain

gh(Z,W),NX)=g(VzTW,X)-g(ANnw Z,X) - g(VzW,TX).

By using (5.2)(ii), we have g(Ayw Z, X) = g(h(Z, X), NW) = 0 and we get
gh(Z,W),NX)=-g(TW,VzX)+g(W,VzTX)
and using Lemma 1(2) we obtain (5.3). a

Proposition 6. Let M := Mt x y M| be a semi-invariant submanifold in a locally metallic Rie-
mannian manifold (M, g,J) (i.e. My is invariant and M is an anti-invariant submanifold in
M). Then, we have:

TX(nf)= —%X(ln N, (5.4)

forany X e T'(TMr). Moreover, if M is a semi-invariant submanifold in a locally Golden Rie-
mannian manifold, then we get T X(In f) = - X (In f).

Proof. If M := M) x ¢ M> is a warped product submanifold in a locally metallic Riemannian
manifold (M, g, /), by using (2.2) and (2.3) we obtain

qg(VzX,W) = qg(VzX, W) =gUVzX,JW) - pgUVzX,W).
Moreover, from (V zJ) X = 0, we get
G8(VzX,W) =8V 2] X,JW) - pg(V 2] X, W), (5.5)

forany X e I'(TM;) and Z, W e I'(T My).

IfXel(TMr)and Z, W eT'(TM,) (i.e. JX =TX and JW = NW), we get

Gg(VzX,W)=g(V,TX,NW) - pg(V,TX, W)
=g(h(TX,Z),NW)—-pg(V,TX,W).
By using (5.2)(ii), we get g(h(T X, Z), NW) = 0 and from Lemma 1(2) we obtain
gX(n)g(Z,W) = -pTX(nf)g(Z,W).

Thus, for the non-null vector field Z = W € I'(T M), we obtain (5.4). Oa

Using a similar idea as in ([1], Theorem 3.1), we get a property of a warped product semi-
invariant submanifold in a locally metallic (locally Golden) Riemannian manifold of the form
MT Xf MJ_.
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Theorem 1. Let M := Mt x f M| be a warped product semi-invariant submanifold in a locally
metallic (or locally Golden) Riemannian manifold (M,g,]) (i.e. Mr is invariant and M, is
an anti-invariant submanifold in M). Then M := My x f My is a non proper warped product
submanifold in M (i.e. the warping function f is constant on the connected components of
Mr).

Proof. We have /X = TX, for any X e ['(TM7) and JW = NW, for any Z, W e T'(TM_,). By
using (2.3) and VJ=0,we get:

— = 1_— =
g§(VzX,W)=g(VzX, W)= Eg(Vz]X,]W) - gg(VzX,]W),
where V and V denote the Levi-Civita connections on M and M, respectively. Thus, from
(5.2)(ii) we get
qg(VzX,W)=gh(Z,TX),NW) - pg(h(X,Z), NW) =0,

forany X eI'(TMr) and Z, W e T'(TM,). By using Lemma 1(2) we have gX(In f)g(Z, W) =0
(where g € N*). Thus, for any non-null Z = W € T'(TM, ), we have X(lnf)IIZII2 =0 and it
follows X(In f) = 0, for any X € I'(T Mt), which implies that f is a constant function on the
connected components of M. O

Now we provide examples of warped product semi-invariant submanifold of the type
M := M, x ¢ M7 in a metallic (and Golden) Riemannian manifold (M, g D.

Example 2. Let R® be the Euclidean space endowed with the usual Euclidean metric (-,-). Let
i : M — R® be the immersion given by:

i(f,a,p):=|fsina, fcosa, fsinp, fcosp, /p—;f),

where M :={(f,a,0) | f>0,a,6€(0,%)}and o := Opg = prvprtiq ”gzﬂq isametallicnumber (p, g €
N™).

We can find a local orthogonal frame on T M given by:

71 = sinai +Coso¢i +sin,3i +Cos,6i + Ei
- 0x; 0x2 0x3 0x4 q 0xs’

0 0 0 0
Z :fcosaa—x1 —fsin(xa—xz, Z3 :fcos,fia—x3 _fSin'BG_x4'

We define the metallic structure J : R5 — R® by:

J(X1, X2, X3, X4, X5) := (0X1,0X2,0X3,0X4,0X5),
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which verifies J2 X = pJ+gland (JX,Y)=(X,JY),forany X, Y € R°. Since

JZy =osina 9 +ocosa 9 +osinf 9 +0ocosf 9 +0 po 9
e 0x; 0x» 0x3 0x4 q 0xs’

JZy=02y, JZ3 =023,
we remark that JZ, | span{Z,,Z,,Z3} = TM (i.e. {(JZ,Z;) =0, for any i € {1,2,3}), and
] Z3,] 73 € spaniZs, 7). We find that | Z, |2 = 1+ 2 and | 2| = || Zs]1% = f2,

Let us consider D, = span{Z,} and D, = span{Z,, Z3}. The distributions D; and D sat-
isfy the conditions from Definition 3 and they are completely integrable. Moreover, D; is an
anti-invariant distribution and D5 is an invariant distribution with respect to J.

Let M, and M7 be the integral manifolds of D; and D,, respectively. Therefore, M :=
M, x ¢ Mt with the Riemannian metric tensor

o2
g:= (1 + ;) df2 + fz(da2 +dp?) = gm, +f2gMT
is a warped product semi-invariant submanifold in the metallic Riemannian manifold
®, ¢, D).
1+

In particular, forp=g=1and ¢ :=0;, = 2‘/5 the Golden number, the immersion i :

M — R® is given by

i(f,a,p):=(fsina, fcosa, fsing, f cospB, \/$f),

and the Golden structure J : R% — R® is defined by
J(X1, X2, X3, Xa, X5) := (X1, p X2, p X3, X4, pX5),

where ¢ = 1 —¢. If M, and My are the integral manifolds of the distributions D, := span{Z,}
and D; := span{Z,, Z3}, respectively and the metric on M := M, x ¢ Mt is given by

g:=(+¢Adf> + f2(da® +dp?) = gu, + 2 guy

then we obtain a warped product semi-invariant submanifold (M, g) in the Golden Rieman-
nian manifold (R®, {-,-), /).

Proposition 7. Let M := M, xy Mt be a warped product semi-invariant submanifold in a
locally metallic (or locally Golden) Riemannian manifold (M,g,]) (i.e. My is invariant and
M, is an anti-invariant submanifold in M). Then, f is constant on the connected components
of M, if and only if we have:

(T-pDAjxZ=-1V,JX, (5.6)

forany X e T(TM,) and Z € T(T My), where I is the identity on T (T M) and V* is the normal
connection on 1“(TL M).
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Proof. By using (5.5) and vV 2J)X =0 we obtain

qg(VzX, W) =g(V 2] X,JW) - pg(V 2] X, W),
forany XeI'(TM,), ZeT(TMry) (ie. JX=NX,JZ=T2) and W € T'(TM). Thus, we get

qg(VzX,W)=gUVzNX,W)-pg(VzNX, W)
and from here we get

qg(VzX, W)= -g(TAxxZ + tVyNX, W) + pg(Anx Z, W).
Thus, by using Lemma 1(2), we obtain
g(@X(nf)Z,W)=-g(T - pDANxZ+tVNX, W),
forany XeI'(TM,), ZeT(TMr) and W e T(TM), which implies
gX(Inf)Z=—(T-pDA;xZ—tViJX.

Thus f is constant on the connected components of M if and only if (5.6) occurs. O

Proposition 8. Let M := M1 x f Ma1 be a warped product submanifold in a locally metallic (or
locally Golden) Riemannian manifold M, g, ]), where Myt and M, are invariant submani-
folds in M. If X(nf) #0, forany X e T'(T My 1), then we have:

TX(nf)=6X(nf), (5.7)

forany X eT(TMy1) and Z €T (T M,t), whered € {0,0}, 0 := O p,q is a metallic number (p, q €
N*)ando:=p-o.

Proof. From (5.5) we get gg(VzX, W) =g(V2JX,JW) - pg(V;X,]W), for any X € T (T M),
ZeT(TMyr) (ie. JX=TX,JZ=TZ)and W € T'(TM). Thus, we have

Gg(VzX,W)=g(VzTX, TW)+gh(Z,TX),NW)-pg(VzX,JW).

For W € ['(T M) we have W = W, + W,, where W; € ['(T M, 1) and W5 € [ (T My 7). Thus, JW =
JWi +JW, = TWy + TW, = TW and NW = 0. By using Lemma 1(2), we obtain

g(gX(nf)Z,W)=g(TX(nf)TZ,W)-pgX(nf)Z, TW),

which implies
ggX(nf)Z,W)=g(TX(nf)-pX(nf)JZ,W),
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for any X e T(TM;7), Z € T(TM,r) and W € I (T M), which implies
(TX(nf)-pX(nf)JZ=gX(Inf)Z. (5.8)
Applying J in (5.8) and using (2.1), we obtain
[gX(n f)—p(TX(nf)—pX(n )IJZ=q(TX(nf) - pX(nf)2). (5.9)

Using the proportionality of the coefficients of /Z and Z, respectively, from the equalities
(5.8) and (5.9), we obtain

( TX(nf) )2 _ TX(nf)

_— _— 5.10

Xtnp ) P Xxnp -10)

TX(
Denoting by a =: ﬁr}? in (5.10), we obtain the equation verified by the metallic num-

n

+vVp?+4

ber, az -pa—q= 0, with the solutions o = pqu, o= p—o and from here we obtain
(5.7). Oa

Proposition 9. Let M := My x§ M, be a warped product submanifold in a locally metallic
(or locally Golden) Riemannian manifold (M,E, J), where M, and M, are anti-invariant
submanifolds in M. Then, the warped function f is constant on the connected components of
My, ifand only if

tV;NX = pth(X, 2), (5.11)

forany X e T(TM, ) and Z € T(T My ), where V= is the normal connection on T (T+M).

Proof. For W € T'(T M) we have W = W, + W,, where W; € ['(TM; ;) and W, € T'(T M, ). Thus,
JW =JW, +JW, = NW; + NW, = NW and TW =0.

By using (5.5) we obtain gg(V, X, W)=g(VzJ X, JW)-pg(V;X,JW), forany Xe'(T M)
and ZeT(TM,,) (i.eJX =NX,J]Z=N2Z).

Thus, we get

Gg(VzX,W)=g(VzNX,JW) - pg(VzX,NW)

and, from here we get
qg(VzX, W) =g(V;NX,NW) - pg(h(X, Z), NW).

Thus, by using Lemma 1(2) and (3.3), we obtain

g(gX(nf)Z,W)=g(tV5zNX - pth(X,2),W),
forany X e I(TM; ), Z €T (T M,,) and W € T(T M), which implies

gX(nf)Z=tVzNX - pth(X, 2).

Therefore, the warped function f is constant on the connected components of M, if and
only if (5.11) occurs. O
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Theorem 2. Let M := M x ¢ My be a warped product semi-slant submanifold in a locally
metallic (or locally Golden) Riemannian manifold (]\_/[,§, J) (i.e. My is invariant and My is
a proper slant submanifold in M, with the slant angle € (0,%)). Then M := My xf My isa
non proper warped product submanifold in M (i.e. the warping function f is constant on the

connected components of Mr).

Proof. Forany X e ['(TMy) (i.e. JX = TX)and Z € T (T Mp), from V] =0,wegetV,JX = JV X
(where V denotes the Levi-Civita connection on M) and by using Lemma 1(2), (3.1) and (3.6) (i)
we obtain:

TXInHZ+h(TX,Z)=TVzX+NVzX+th(X,Z)+nh(X,2)

Thus, from the equality of the normal parts of the last equation, it follows
hTX,Z)=X(Inf)NZ+nh(X, Z). (5.12)

By using JX = T X, forany X e I'(T Mr) and replacing X with T X in (5.12), we get h(J2X,Z) =
TX(Inf)NZ+nh(TX,Z)and applying g(-, NZ) in the last equality, we have

TX(nf)g(NZ,NZ)=g(h(?*X,Z),NZ)-g(nh(TX,Z),NZ)
and using (2.1), we get
TX(nf)g(INZ,NZ)=pg(h(TX,Z),NZ) + qg(h(X,Z),NZ)-gnh(TX,Z),NZ),

forany X e I'(TMr) and Z e T'(T Mp).

By using (5.2)(ii) we have g(h(T X, Z), NZ)=0and g(h(X, Z), NZ)=0, forany XeI' (T M7)
and ZeI' (T Myp) and from (4.6) we obtain

TX(In f)sin?0(pg(TZ, Z) + qg(Z, 2)] = =g (nh(T X, Z), NZ). (5.13)
Moreover, by using (2.1) and (3.2)(ii), we have

g(nh(TX,Z2),NZ)=g(W(TX,Z),nNZ)=g(h(TX,2),]*Z-]TZ)
=p8WTX,2),NZ)+qg(WTX,Z),2Z)-gh(TX,Z),NTZ)=0

because g(h(TX,Z),NZ)=gh(TX,Z),NTZ) =0 (from (5.2)(ii)) and TX e I'(TMr) and Z,
TZ eT(TMy).

Thus, from (5.13) we obtain TX(In f)sin?0[pg(T Z, Z) + qg(Z, Z)] = 0 and using (4.4) (i)
we get

1
T X (In f) sin? eg( 5 T°Z, z) =0.

cos?

Therefore, from (3.2) (i) we obtain 7 X (In f) tan? 0g(TZ,TZ)=0,forany Z € T'(T Mp).
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Moreover, for 0 € (0,%) we get TZ # 0 and tan26 # 0 which imply TX(In f) = 0, for any
X eT'(TMr). Therefore, the warping function f is constant on Mr. a

We shall construct some examples for the non trivial case of a warped product submani-
fold M := My x y M in a metallic (and Golden) Riemannian manifold.

Example 3. Let R* be the Euclidean space endowed with the usual Euclidean metric (:,-). Let

i : M — R* be the immersion given by:

i(f,a,B):=(fsina, fcosa, fsinf, f cosf),
where M := {(f,a,0) | f >0,a,€ (0,%)} and 0 := Opg = pPrvprtiq ”§2+4q is the metallic number
(p,qe N¥).
We can find a local orthogonal frame on T M given by:

7= sinai +Coso¢i +sin,3i +Cos,6i
- 0x1 0.?62 0x3 OX4,

0 0 0 0
ZZ:fcosaa—)Cl—fsinaa—xz, Zg:fcos'ga—xg_fSin'BO—M'

We define the metallic structure J : R* — R* by:
](Xl) XZ»X?)) X4) = (UXI)O-XZ»EX3)EX4))
which verifies J2X = pJ + gl and (JX,Y) = (X, JY), forany X, Y € R%. Since
JZy=osina 9 +o0cosa 9 +osinp 9 +0cospf 9
1 X1 0.?62 0.?63 OX4,
JZy =02, JZ3 =023,

we remark that (JZ;, Z)) =0 +0 = p and ] Z», J Z3 S span{Z,, Z3}. We find that || Z;||?> = 2 and
122112 = | Z5 117 = f2.

Let us consider D; = span{Z;} the slant distribution with the slant angle
0 = arccos —Z+Z — and D; = span{Z;, Z3} the invariant distribution with respect to J. The

V2(0%+0°)

distributions Dy and D, satisfy the conditions from Definition 3 and they are completely in-
tegrable. Let Mg and M7t be the integral manifolds of D, and D», respectively.

Therefore, M := My x M, with the Riemannian metric tensor
g:= de2 +f2(doc2 + d,62) =gm, + fngT

is a warped product semi-slant submanifold in the metallic Riemannian manifold (R4, (-, ), D).
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= 1+2‘/§ the Golden number, the immersion i :

In particular, for p=g=1and ¢ := 0,
M — R*is given by
i(f,a,p):=(fsina, fcosa, fsing, f cosf),

and the Golden structure J : R* — R* is defined by
J(X1, X0, X3, Xa) := (X1, p X, X3, X1),

where ¢ =1—¢.

For Mg the integral manifold of the slant distribution D; := span{Z;}, with the slant angle
0 = arccos —= \/6 and M7 the integral manifold of the invariant distribution D, := span{Z,, Zs},
then M := My x ¢ M7 is a warped product semi-slant submanifold in the Golden Riemannian
manifold (R?, ¢-,-), J), with the metric

g:=2df*+ f*(da’®+dp*) = gu, + [ 8m;.

Example 4. Let R® be the Euclidean space endowed with the usual Euclidean metric (-,-). Let

i : M — R® be the immersion given by:
i(f1, f2,a,PB) :=(ficosa, focosa, ficos B, fcos B, fisina, fosina, fi sinf, f>sin f),

where M :={(f1, f>,a,0) | fi,f2>0,a,6€(0,2)}.

We can find a local orthogonal frame on T M given by:

Z —cosai+cos,6 9 +sm0¢i+sm,6i
0x; 0x3 0xs 0x;’

Z 9 +cosf 9 + 9 +sin f—
=cosa—— +cos f— +sina—— +sin
z 0x 0x4 0xe 0xg’

0 0 0 0
Zs=-f1 sinaa—x1 —fzsinaa +fi cosaa + cosaa—xs,

0
:—flsln,B——fzsm,B +f1 Cos,B +fzcos,B—.
Xg
We define the metallic structure J : R® — R8 by:
J(X1, X2, X3, X4, X5, X6, X7, Xg) := (0X1,0X2,0 X3,0X4,0 X5,0 X4,0 X7,0 Xy),

which verifies J? = pJ+ql and (JX,Y) = (X,]JY), for any X, Y € R8, where o := Opg =
p+Vp*+iq
2

is the metallic number (p,q€ N*) and ¢ = p — 0. Since

JZy=o0cosa 9 +0ocosf 9 +osina 9 +osinf 9
1 0x; 0x3 0xs 0x;’
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JZ 9 +0ocosf 9 + o si 9 +0osinf 9
=0cosa— +0cosf— +osina— +osin f—,
2 0xo 0xy 0xe 0xg

JZ3 =023, JZy =02y,

we remark that (JZ1, 1) = (J 23, Zo) =0+ G = p, | Z1|1* = | Z|1* = 2.
Let us consider D; = span{Z,, Z,} the slant distribution with the slant angle
0 = arccos —2*2 and D, = span{Z , Z4} an invariant distribution with respect to J. The
\/m 2 p { 3 4} P ]
distributions D; and D, satisfy the conditions from Definition 3 and they are completely in-

tegrable. Let My and M7 be the integral manifolds of D; and D», respectively.

Therefore, M := My x VI M, with the Riemannian metric tensor
1 2

g:=2(dfE+df) +(ff + fda’ +dp*) = gu, + (L + f3)8m,

is a warped product semi-slant submanifold in the metallic Riemannian manifold (R, (-, -, J).

In particular, forp=g=1and ¢ :=0;,; = % the Golden number, the immersion i :

M — R® is given by

i(f1, f2,a,B) ;= (ficosa, focosa, ficosB, focos B, fisina, fosina, fisin B, f>sinf),

and the Golden structure J : R® — R® is defined by
J(X1, X2, X3, X4, X5, X6, X7, Xg) := (X1, 0 X2, X3, X, ) X5, X, p X7, X3),

where ¢ = 1 - ¢. If Mj is the integral manifold of the slant distribution D; := span{Z;, Z,}
with the slant angle 6 = arccos % and M7 is the integral manifold of the invariant distribution

D, = span{Zs, Z,} with respect to J, then M := My x VI M, with the metric

T
g:=2(dff +df)+(fi + f)da® +dp*) = gu, + (f + [) 8wy
is a warped product semi-slant submanifold in the Golden Riemannian manifold (R, ¢, ), ]).

Proposition 10. Let M := M, x§ My (or M := My x ¢ M) be a warped product hemi-slant
submanifold in a locally metallic Riemannian manifold (M, g, ]) (i.e. M, isanti-invariantand
My is a proper slant submanifold in M with the slant angle € (0,%)). Then M is a non proper
warped product submanifold in M (i.e. the warping function f is constant on the connected
components of M| ) if and only if

Anz X = Anx Z, (5.14)

forany X eT(TM,) and Z € T (T Mp) (or X e T (T Mp) and Z e T(T M), respectively).
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Proof. Let M := M, x y Mg be a warped product hemi-slant submanifold in a locally metallic
Riemannian manifold (M,E,]) and XeI'(TM)) (i.e. JX=NX), ZeT(TMp) (i.e. JZ=TZ+
N2Z).

From VJ = 0, we have VZ]X = ﬁzx and using (3.1) and (3.6), we get:
—ANXZ+VéNX =J(VzX+h(Z,X)).
By using Lemma 1(2), we obtain
-AnxZ + VéNX =XInHTZ+XUnfINZ+th(Z,X)+nh(Z,X). (5.15)
From the equality of tangential component from (5.15), we obtain
-AnxZ=XInTZ+th(Z,X), (5.16)
forany X e I'(TM,) and Z € T'(T Mp). From Vx JZ = JVx Z and using (3.1) and (3.6), we get:
VxTZ+hX,TZ)~ Anz X +VxNZ = J(VxZ+h(X, Z)).
By using Lemma 1(2), we obtain
XInHTZ+h(X,TZ) - ANZX+V§ZX =X f)TZ+VxNZ+th(Z,X)+nh(Z,X). (5.17)
From the equality of tangential component from (5.17), we obtain
-AnzX =th(Z,X), (5.18)
forany X e I'(TM,) and Z € T'(T Mp). Thus, from (5.16) and (5.18) we get
X(Inf)TZ=Anz X - Anx Z, (5.19)

forany X e I'(TM,) and Z € I'(T My). Therefore, the warping function f is constant on the
connected components of M| if and only if (5.14) holds.

For M := My x y M1, we use a similar proof to obtain the conclusion. O

Remark 5. In a metallic (or Golden) Riemannian manifold (M, g, J) there exist proper hemi-
slant warped product submanifolds of the form M := M x f Mg or M := My x f M|, where M
is anti-invariant submanifold and Mp is a proper slant submanifold in M, with the slant angle

0€ (0, %), as we can see in the next examples.
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Example 5. Let R be the Euclidean space endowed with the usual Euclidean metric (., -). Let

i : M — R> be the immersion given by:

i(f,a):= fsina,fcosa,fsina,fcosa,‘ / p—;f),
where M :={(f,a) | f >0,a € (0,%)} and 0 := Opg = prvptiq ”gzﬂq is the metallic number (p, g €
N™).
We can find a local orthogonal frame on T M given by:

Z1 =sina 9 +cosa 9 +sina 0 +cosa 9 + po 0
1 0x; x> 0x3 0x4 q 0xs’

0 0 0 0
Z =fcosaa—xl—fsinaa—xz+fcosaa—xg—fsinaa—x4.

We define the metallic structure J : R5 — R® by:
](le XZ» X?n X4» X5) = (O-Xl» O-XZ)EXEHEXAL)EXS)»
which verifies J2X = pJ + gl and (JX,Y) =(X,JY), forany X, Y € R%. Since

. 0 0o _ . 0 _ 0 _ |[po 0
JZ, =0sina— +o0cosa— +osina— +o0cosa— +0,/ ——,
0x; 0xo 0x3 0xy q 0xs

0 0 0
JZ :afcosaa—x1 —afsinaa—x2 +Efcosaa—xa—5fsinaa—x4,

we remark that /7, L span{Z;,Z,} = TM and (JZ,, Z,) = f2(0+5) = f2p. We find that
12112 =1+ and | Z ) = 2f2.
Let us consider D, = span{Z,} the anti-invariant distribution (with respect to /) and D, =

span{Z} the slant distribution with the slant angle 6 = arccos % The distributions D,
g°+0
and D, satisfy the conditions from Definition 3 and they are completely integrable. Let M

and Mjy be the integral manifolds of D; and D», respectively.

Therefore, M := M x Vaf My with the Riemannian metric tensor

0.2
g:= (1+ 7)df2+2f2doﬁ =gm, +2f°gum,

is a warped product hemi-invariant submanifold in the metallic Riemannian manifold
R, ¢, D).
In particular, forp=g=1and ¢ :=0;, = % the Golden number, the immersion i :

M — R® is given by

i(f,a,p):= (fsin(x,fcosa,fsin,B,fcos,B,\/af),
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and the Golden structure J : R° — R® is defined by

J(X1, X2, X3, X4, X5) := (X1, p X2, X3, P X4, pX5),

where ¢ = 1—¢. If M, is the integral manifold of the anti-invariant distribution D, := span{Z;}
and My is the integral manifold of the slant distribution D, := span{Z,} with the slant angle
0 = arccos —= \/_, then M:= M, x s 3f My with the metric

g:=A+¢Hdf*+2f*da® = gy, +2fgum,
is a warped product hemi-slant submanifold in the Golden Riemannian manifold (R5,¢-,-), ).

Example 6. Let R’ be the Euclidean space endowed with the usual Euclidean metric (-, -). Let

i : M — R’ be the immersion given by:

. . o .
i(f,a):=|fsina, fcosa, —fsina, — fcosa,

val g fff

where M := {(f,a@) | f >0,a€(0,5)}and o :=0) 4 = p+— V2 "9 is the metallic number (p,qe
N*).

We can find a local orthogonal frame on T M given by:

P00 0x2 \/a oxs /G 0xs  \20xs  v20xs 0%
0 0 0 0
Zg—fcosaa—m—fsmaa—xz+Ff osa 5_363_7f 1noca—x4

We define the metallic structure J : R’ — R’ by:
J(X1, X2, X3, X4, X5, X6, X7) 1= (0X1,0X2,0X3,0Xy,0X5,0X6,0X7),

which verifies J2X = pJ+gland (JX,Y)=(X,JY),forany X, Y € R°. Since

JZ1=0 (smai+cosai)—\/ﬁ(smai+cosai)+i(i+i)—ﬁi,
0xy 0xo 0x3 0x4) +/2\0x5 Oxg 0x7
JZ mf(fcosai —fsinoci)—\/_(fcosoci —fsmai)
0x1 0.?62 0 X3 OX4

we remark that /7, L span{Zl, Zotand (J 2, Z1) =0 +0.
We find that || Z; ||? —3+ 2 and | %% = f2(” +1).

We denote by D := span{Zl} the slant distribution with the slant angle 6, where cosf =
Vq(0+0)

(0%4+39)(0%+q+2)

distributions D; and D, satisfy conditions from Definition 3.

and by D, := span{Z,} an anti-invariant distribution (with respect to J). The
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If My and M, are the integral manifolds of the distributions D; and D,, respectively, then

5 M | with the Riemannian metric tensor

F+Df

0.2
;4‘1 8Mm,

o? 2 2‘72 2 2
g:= ;+3 df<+f ;+1 da“ =gy, +f

is a warped product hemi-invariant submanifold in the metallic Riemannian manifold

®7, (), D
In particular, for p = ¢ = 1 and ¢ := 011 is the Golden number, the immersion i : M — R’
is given by
1 1
i(f,a):=|fsina, f cosa, sina, cosa,—f,—f,—f|,
f f f ¢f of \/if fzf f

and the Golden structure J: R’ — R’ is defined by

J(X1, X2, X3, X4, X5) := (X1, Xo, p X3, p Xy, p X5, pXs, HX7),

where ¢ = 1—¢.

gle 6 = arccos

If My is the integral manifold of the slant distribution D; := span{Z;} with the slant an-

1

73 and M, is the integral manifold of the anti-invariant distribution D, :=

P>+1

span{Z,}, then M := My x VI M | with the metric

g:= (@*+3)df*+ f2(p* + Dda® = g, + 2% + g,

is a warped product hemi-slant submanifold in the Golden Riemannian manifold (R7, (-,-), ]).
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