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NEW BOUNDS FOR SIMPSON’S INEQUALITY

NENAD UJEVIC

Abstract. Some new bounds for Simpson’s inequality are derived. These bounds are better

than some recently obtained bounds.

1. Introduction

In recent years many authors have written about Simpson’s inequality, for example see
[1]-[9] and [13]. Simpson’s inequality gives an error bound for the well-known Simpson’s

quadrature rule:

b
B = [ i =50 1@ +ar D + 10). (1)

There are few known ways to express the term E(f). Different variants of E(f) give
different estimations of the error. In this paper we give a new approach to the subject.
This new approach is based on a generalization of pre-Griss inequality which is obtained
in [14]. It gives better results.

In [5] we can find the next result.

If we assume that f(»~1) is an absolutely continuous function on [a,b] such that
f™ € Ly(a,b) (n =1,2,3) then we have the Simpson’s inequality (for n € {1,2,3}),

E(f)] < Calb = a)o(f";a,0), (1.2)

where E(f) is given by (1.1),

“G=% “=may T mUs (1-3)
1/2
o) = |2 [ = ([ san)])] (14
and () (p (n)
I:f(n),a,b):| = 'f ( l)):£ (a), (15)
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|7 = /b (12t (1.6)

The above result is an improvement of a result obtained in [13].

In this paper we give a new expression for the term E(f) and use the generalization
of pre-Griiss inequality to derive some better estimations of the error for Simpson’s
quadrature rule. In fact, we further improve (1.2).

2. Main Results

We define the Chebyshev functional:

b b b
T(1.9) = 7= [ SO0t - =5 [ st [orr 2

and the functional
b b b
Suf.0) = [ fOgodt - = [ s [ g
b b
_ / F()Wo(t)dt / o() To(t)dt, (2.2)

where f,g,¥ € Ly(a,b), ¥o(t) = ¥(t)/||¥||,. We suppose that

b
/ U(t)dt = 0. (2.3)
a
Further, in [11] we can find the pre-Griiss inequality

T(f,9)* <T(f,f)T(g,9) (2.4)

and the Griiss inequality

(7,9 < B, (2.5

where § < f(t) < A and v < g(t) <T, t € [a,b]. Specially, we have

(s i< B0 (2:6)

Theorem 1. If g,h, ¥ € Ly(a,b) and (2.3) holds then we have

1Sw(g,h)| < Sw(g,9)*/*Sw(h, h)*/2. (2.7)



SIMPSON’S INEQUALITY 131

Proof. We can write

Setoh) = [ o) [h(t) i [ = [ heeis v | 2s)
We also have
/ab lh(t) - bia /abh(s)ds _ /abh(s)\lfo(s)ds wo(t)| dt =0 (2.9)
and
/ab wo(t) | n(t) bia/abh(s)ds—/abh(s)\llo(s)ds wo(t)| dt =0, (2.10)
since (2.3) holds.
Tt follows from (2.8)-(2.10) that
Seton)= [ [gu) i [Cotoas— [ atrmteras v
x [h(t)— bia/abh(s)ds—/abh(s)\llo(s)ds wo(t)| dt.  (211)

Then, using (2.11),
2
dt>0.  (2.12)

b b b
Sulg.) = [ [gu)—bia [ o@ds = [ atswa(s)ds wate)

In a similar way we get Sg(h, h) > 0. Now, using the Cauchy inequality and (2.11) we

get
9 1/2

b b b 2 2
X {/ lh(t) - bia/ h(s)ds —/ h(s)¥o(s)ds ¥o(t) dt}

= Su(g,9)"/*Sw(h, h)'/.
Remark 1. A more general result can be found in [14]. The mentioned result can
be applied in this paper as it is described in [14]. In fact, we here consider only the case
n = 1 of the mentioned result.

b b b
|Sm<g,h>|s{ / [gu)—ﬁ (5)ds = [ g(s)¥a(s)ds Wt

This completes the proof.
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We also have

b b
Sulf.9) = (b= a)T(f9) - [ FO¥()t [ g(®)¥olt)at. (2.13)
Hence, Sy (f,g) is a generalization of T'(f,g). From (2.13) we easily find that
Su(f, f) <O—-a)T(f,f). (2.14)

Theorem 2. Let I C R be a closed interval and a,b € Int I, a <b.If f: I — R is
an absolutely continuous function with f' € La(a,b) then we have

bga[f()+4f(a+b ] /f £)dt )3/2

Ky, (2.15)

where
1/2

o?(f';a,b)(b— a) (/f Yot dt)] (2.16)

and ¥ (t) = t — 22 while o is defined by (1.4).

K, =

Proof. We define

(0 {t—a, tE[a,“T%] (2.17)
pi(t) = " .
t—b, te (“2,0].
It is not difficult to verify that
b
D1 t)dt = .
dt =0 2.18
and ,
/ U(t)dt = 0. (2.19)
We also have ,
b — 3
Il = [ coar = C (2.20)
2 ’ (b—a)?
i = [ wra =5 (2.21)
such that /3
w12 a+b
PO e, = @apr T2 222
and

b _a)
/a () u (@)t = - 24) . (2.23)
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Integrating by parts, we have

5 )(b—a)— /ab ft)dt (2.24)

and

=24 (b—a)—/abf(t)dt. (2.25)

From (2.18) and (2.21)-(2.25) we have

/ dt——/bm()d /bf<>dt——/abp1<>wo dt/f () Wo(t)dt

b
f”“’ /f par+ 1 |10, )—/f(t)dt]

[ (@0 ]b— ——/f (2.26)

On the other hand, we have

b b b b b
[ moroi-= [moa [ roa-[ movoae [ rovoe=s. )

(2.27)
From (2.7), (2.26) and (2.27) it follows that

st [ i 0] - [ rwa

2
sgSw(f',f’)l/quJ(pl,pl)”z. (2.28)

Using (2.18), (2.20) and (2.23) we get

2

b 2 b — )
Sulpa,n) = il - 5 ( / p1<t>dt> - ( / p1<t>wo<t>dt> =02 )

We also have
b
Sulf's £) = IF'1 - (/ e dt) —(/ <>w0(t>dt>
=o?( )(b— a) (/f Yot dt) = K}. (2.30)

2
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From (2.28)-(2.30) we easily get (2.15).

Remark 2. It is obvious that (2.15) is better than the corresponding inequality in
(1.2).

Theorem 3. Let I C R be a closed interval and a,b € Int I, a <b. If f: I — R is
such that f' is an absolutely continuous function with f" € Lo(a,b) then we have

b—a a + b (b— a)5/2
‘ T @+ 4D+ 50| - / foa| < U0k, an
where
, 97 1/2
Ky = [a2(f”;a,b)(b—a) - ( f”(t)\Ifo(t)dt> ] , (2.32)
_ 1, te [a, “T*b]
U(t) = {_17 e (s (2.33)
and Wo(t) = ¥(t)/ [[¥]],-
Proof. We define
3(t—a)(t — 2452, t € [a, %5]
_Jz 3 2
pa(t) = {%(t_b)(t aony. e (et 1] (2.34)
It is not difficult to verify that ,
/ p2(t)dt =0, (2.35)
b
/ W(t)dt = 0, (2.36)
b
/ ()T (B)t = 0 (2.37)
Integrating by parts, we have
b afb b b b
[ mosoa=g [T e-oe-Sghroasg [ e-ne- g0

)+f(b)] + [ f(t)dt. (2.38)
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From (2.35), (2.37) and (2.38) it follows that

[ morwai o [ roa- [ powoa [ rono

=—b‘a[f()+4f(““’ } /f (2.39)

6

On the other hand, we have

b b b b b
/a pa(t) f”(t)dt_lea ) po(t)dt /a ! (t)dt — /a po(t) o (t)dt /a F'(#)To(t)dt
= Su(pa, 1) (2.40)

Using (2.7), (2.39) and (2.40) we have

@ v ar Y o) - /f t)di

- < Sw(p2,p2)2Su (", f)V?. (2.41)

We also have

b 2 b 2
N B N ( / p2<t>dt> - ( / p2<t>wo<t>dt>

_(b—ay

—_— 2.42
4320 ( )

and
b 2
Se(f", ") =o*(f ;a,b)(b—a) — (/ f"(t)\I’o(t)dt> =K. (2.43)

From (2.41)-(2.43) we easily get (2.31).

Remark 3. It is obvious that (2.31) is better than the corresponding estimation in
(1.2).

Corollary 1. Let the assumptions of Theorem 3 be satisfied. If there exist constants
v, € R such that v < f"(t) < T, t € [a,b] then we have

2 @ a4 o) - /f

. —a)’ K, (2.44)

= 12\/_

where

b71/2
. [(F—47)2 ~ (f (a) —21;(_%:“1” (b)> ] _ (2.45)
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Proof. The proof immediately follows from (2.31)-(2.33) and (2.1), (2.6).

Theorem 4. Let I C R be a closed interval and a,b € Int I, a <b. If f: I — R is
such that " is an absolutely continuous function with f"' € La(a,b) then we have

b—a a+b ’ (b—a)7/?
= @+ a5 v go) - [ f(t)dt‘ e )
where
, 97 1/2
K; = [aQ(f”;a,w(b—-a>—-<j/ f”Xt»Pouﬁ#> ] (2.47)
" T e foog
= 2.48
H {t— e (240). (249
Proof. We define
_ l( a)Z( - a+b)7 € [aa a_b]
wO={ [ ety re (. -
It is not difficult to verify that ,
/ pa(t)dt = 0, (2.50)
b
/ W(t)dt = 0, (2.51)
b
/ ()W)t = 0, (2.52)

Integrating by parts, we have

a+b

b 5 a » b a .
[ mor 0= [T a—are=5f 0+ /a%b(t—bﬂt— O
b
=— / po(t) f (t)dt
—a a b
=2t i@ an D v s - [ soa (253)

From (2.50), (2.52) and (2.53) it follows that

b b b b b
/ﬁw#%w-ﬁ% m@ﬁ/ﬂﬂ%—/m@%@@/ﬂ@%wﬁ
b
=2t @ an g v s - [ soa (254)
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On the other hand, we have

b b b b b
/a p3<t)f”’(t)dt—ﬁ / ps(t)dt / f(t)dt — / p3(t) ¥ (t)dt / FU ()W (t)dt

= Sw(ps, [ ) (2.55)

Using (2.54), (2.55) and (2.7) we get

vt s a2 w10 - [ o

< Sulps,p3)/2Su(f", f)H2. (2.56)

We also have

b 2 b 2
Sups, ) = llps I~ = ( / pg(t>dt> - ( / p3(t)‘1’0(t)dt>

(b-a)

= B.13.105 (2:57)

and
b 2
sq,(f”’,f’”)=02(f"';a,b)<b—a>—( / f’”(t)%(t)dt) = K3. (2.58)

From (2.56)-(2.58) we easily get (2.46).

Remark 4. It is clear that (2.46) is better than the corresponding estimation in
(1.2).

Remark 5. Further improvements of the obtained results are possible. If we really
need better error bounds then we can apply the procedure described in this section and
a procedure described in [14]. However, some complications may occur - see [14].
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