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ON SOME USEFUL INTEGRAL INEQUALITIES
AND THEIR DISCRETE ANALOGUES

S. B. PACHPATTE AND B. G. PACHPATTE

Abstract. In this paper explicit bounds on certain integral inequalities and their discrete ana-
logues are established. To illustrate the usefulness of one of our results, some applications are
also given.

1. Introduction

Integral inequalities which provide explicit bounds on unknown functions and their
discrete analogues are frequently used to study the different properties of the solutions
of various differential, integral and difference equations, see [1-8] and the references cited
therein. However, the bounds provided by the inequalities available in the literature do
not apply directly in some situations and it is desirable to find bounds on certain integral
inequalities and their discrete analogues, which are useful in some new applications. The
main purpose of this paper is to establish explicit bounds on certain integral inequalities
and their discrete analogues, which will be equally important to achieve a diversity of
desired goals. Some immediate applications of one of the result to convey the importance
of our results to the literature are also given.

2. Statement of Results

In what follows, R denotes the set of real numbers, Ry = [0,00), Ny = {0,1,2,...}
are the given subsets of R and / denotes the derivative. The partial derivatives of a
function z(z,y), z,y € R with respect to z and y are denoted by Dy z(z,y) and Dyz(z,y)
respectively. We assume that all the functions which appear in the inequalities are real-
valued and use the usual conventions that empty sums and products are taken to be 0
and 1 respectively.

For t,s,0 € Ry, 0 < o < s and some real-valued nonnegative continuous functions

p(s),q(s, o) we set

Altpls)ato.o)] = [ t )+ [ ato.o] s
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and for z,y,s,t,0,n € Ry, 0 < o < s, 0 < n <t an some real-valued nonnegative
continuous functions p(s,t), ¢(s,t,0,n) we set

Ble, 1. 05,0, alsitan] = | ’ / ' [p<s,t> - s / st n)dndrf} dids.

Further, for n,s,0 € Ny, 0 < o < s and some real-valued nonnegative functions
p(s), q(s,0) we set

n—1 s—1
Bln, s o+ Sate .
s=0 o=0

E[S,p(s), q(87 U)] = p(S) + Z q(87 U);
o=0

and for m,n,s,t,o, n €No, 0 <o < s, 0 < n <t and some real-valued nonnegative
functions p(s,t), q(s,t,0,n) we set

3
|

n

Hm, n,p(s,1),4(s,t,0,1)] = lp(s,w £ S g b0, n)] ,

o=0n=0

s—1t—1
p(s,t) +ZZ stan]

o=0n=0

[=}

= o
~

S o

F[S, n,p(s, t): q(sa t: g, 77)]
t

Our main results on integral inequalities are established in the following theorems.

Theorem 1. Let u(t),a(t),b(t),p(t), q(t,s) be nonnegative continuous functions de-
fined fort,s € Ry, 0<s <t andk >0 be a constant.
(ar) If
u(t) < k+ Alt, p(s)u(s), q(s, o)u(o)], (2.1)
fort € Ry, then
u(t) < kexp(Alt, p(s), q(s, 0)]), (2.2)
forte Ry.
(az) If
u(t) < a(t) + b(t) Alt, p(s)u(s), q(s, o)u(o)], (2.3)

fort € Ry, then
u(t) < a(t) + b(t)Alt, p(s)als), q(s, 0)alo)] exp(A[t, p(s)b(s), a(s, 0)b(0)]),  (2.4)

forte R,.
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Let f;i : R2 — Ry,i=1,2, be continuous functions such that

ngi(tau)_fi(tav) Sgi(tav)(u_v)a (25)
for u > v > 0, where g;(t,v) are nonnegative continuous functions for ¢,v € Ry. If
u(t) < a(t) + b(t)Alt, p(s) fi(s,u(s)), q(s, o) f2(o,u(0))], (2.6)

for t € Ry, then
u(t) < a(t) + b(t)A[t, p(s) f1(s, a(s)), q(s, 0) f2(0, a(0))]
x exp(A[t, p(s)g1(s, a(s))b(s), 4(s, 0)g2(0, al0))b(0)]), (2.7)
fort e Ry.

Theorem 2. Let u(x,y),a(z,y),b(x,y),p(x,y),q(x,y,s,t) be nonnegative continu-

ous functions defined for z,y,s,t € Ry, 0<s <z, 0 <t <yandk >0 be a constant.

(b1)

If
w(z,y) < k+ Blz,y,p(s, t)u(s, t),q(s, t, 0,n)u(o, n)], (2.8)
for x,y € R4, then
u(z,y) < kexp(Blz,y,p(s,t),q(s,t,0,n)]), (2.9)
for z,y € Ry.
If
u(z,y) < a(z,y) + b(z,y)Blz,y,p(s, t)u(s, 1), q(s, t, 0,n)u(o, n)], (2.10)

for z,y € R4, then

u(z,y) < a(z,y) + b(z,y) Bl, y, p(s, t)a(s, t), (s, t,0,n)alo, )]

x exp(B[z,y, p(s, t)b(s, t),q(s,t,0,m)b(o, n)]), (2.11)
for z,y € Ry.
Let L; : Ri — Ry,i=1,2, be continuous functions such that
0< Li(wayau) - Li(ﬂf,y,’l}) < Mi(:L“,y,’U)(U - ’U), (212)

for u > v > 0, where M;(z,y,v) are nonnegative continuous functions for z,y,v €
R,.If

w(z,y) < alz,y) +b(z,y)Blz,y,p(s,t)L1(s,t, u(s, 1)), q(s, t,0,m) L2 (o, m,u(o,n))],
(2.13)
for x,y € R4, then
U(J,',y) < a(m,y) + b(m,y)B[m,y,p(s t)Ll(Sataa(sat))a q(s,t,a, T’)LQ (Uana a(Ua 77))]

x exp(Blz,y,p(s, t)Mi(s,t,a(s, t))b(s, 1), q(s,t,0,n) M2 (0,1, a(o,n))b(o, n)],
(2.14)

for x,y € R.
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The discrete analogues of Theorems 1 and 2 are given in the following theorems.

Theorem 3. Let u(n),a(n),b(n),p(n),q(n,s) be nonneqative functions for n,s € Ny,
0<s<n andk >0 be a constant.

(c1) If
u(n) <k + Eln, p(s)u(s), q(s, o)u(o)], (2.15)
for n € Ny, then
m) < k I [+ Bls.p(o), a(s,0)]. (216)
for n € Np.
(c2) If
u(n) < a(n) + b(n)En, p(s)u(s),q(s, o)u(o)] (2.17)
for n € Ny, then
u(n) < a(n) + b(n)E[n,p(s)a(s), q(s,o)a(o)] 1:[ [1 + E[s,p(s)b(s), q(s, U)b(a)]] ,
) (2.18)

for n € Ng.
(c3) Let fi: No x Ry — Ry, i = 1,2, be functions such that

0< ﬁ(na u) - E(na U) < E(na ’U)(’LL - ’U), (219)

for u > v > 0, where g;(n,v) are nonnegative functions for n € No, v € Ry. If

u(n) < a(n) +b(n)Eln, p(s) fi(s,u(s)), (s, 0) f2 (o, u(0))], (2.20)

for n € Ny, then
un) < an) + b Efn, p()Fa (5, 6). gt ol ()]
x H [+ Bls, ()75, a(3)b(s), a(3,0)3 (0, alo)b(o)]],  (221)

for n € Np.

Theorem 4. Let u(m,n), a(m,n), b(m,n), p(m,n), g(m,n,s,t) be nonnegative
functions defined for m,n,s,t € No, 0 < s <m, 0 <t <nand k > 0 be a constant.
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(di) If
u(m,n) < k+ H[m,n,p(s, t)u(s, t),q(s,t,o,n)ulo,n)], (2.22)

for m,n € Ny, then

ulm,n) <k H [1 + H[s,n,p(s,t),q(s, t,0, 7))]] (2.23)
for m,n € Np.
(d2) If
for m,n € Ny, then

u(m,n) < a(m,n) + b(m,n)H[m,n,p(s,t)a(s, ), q(s,t,,m)alo, )]

x T [1+Hs,n.p(s, 0b(s,0),a(s,t, 0, m)blerm)] (2.25)
for m,n € Npy.
(d3) Let L; : N3 x Ry — Ry, i =1,2, be functions such that
0 < Li(m,n,u) — Li(m,n,v) < M;(m,n,v)(u —v), (2.26)

for u > v > 0, where M;(m,n,v) are nonnegative functions for m,n € Ny, v € R.
If

u(m,n)<a(m,n)+b(m,n)H [m, n,p(s,t)L1(s,t,u(s,t)),q(s, t,0,n)Ls(0,n,u(o, n))] ,
(2.27)

for m,n € Ny, then

u(m, n)<a(m,n)+b(m,n)H [m, n,p(s,t)L1(s,t,a(s,t)),q(s,t,0,n) L2 (0,1, alo, n))]

s T [1+Hls.m.pls, 135 (5, a5, 0)b(, 1), 45, .0, m) M. )bl )]
s=0
(2.28)

for m,n € Ny.

3. Proofs of Theorems 1-4

Since the proofs resemble one another, we give the details for Theorems 2 and 3 only.
The proofs of Theorems 1 and 4 can be completed by following the proofs of the above
mentioned theorems and closely looking at the proofs of the similar results given in [4],
see also [5].
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(b1) Let k > 0 and define a function z(z,y) by the right-hand side of (2.8). Then z(z,y) >
0 and nondecreasing for z,y € Ry, z(z,0) = 2(0,y) = k, u(z,y) < z(z,y) and

Diz(z,y) = /Oy [p(m,t)u(:r,t) + /0z /Ot q(z,t,0,n)u(o, n)dnda] dt
<[
z(z,y) /Oy lp(:r;,t) + /Ow /Ot q(z,t, 0, n)dndo] dt

p(x,t)z(z,t) +/0I/0 q(z,t,0,n)z(0o, n)dndo] dt

ie.
Diz(z,y) /y /w/t
——== < plz,t) + q(z,t,0,n)dndo | dt. (3.1)
z(z,y) 0 o Jo
Keeping y fixed in (3.1), setting = s and integrating it with respect to s from 0 to
T we get
z(z,y) < kexp(Blz,y,p(s,t),q(s, t,0,n)]). (3.2)

Using (3.2) in u(z,y) < z(z,y) we get (2.9). If & > 0, we carry out the above
procedure with k + € instead of k,where € > 0 is an arbitrary small constant, and
subsequently pass to the limit as € — 0 to obtain (2.9).

(b2) Define a function z(z,y) by

z(w,y) = Blz,y, p(s, tyu(s, t),q(s,t, 0,m)u(o,n)]. (3-3)
Then (2.10) can be restated as

u(z,y) < alz,y) +b(x,y)z(z,y)- (3.4)

From (3.3) and (3.4) we have

z(z,y) < Blz,y,p(s,t){a(s,t) + b(s, )z(s, )}, q(s, t, 0,n){a(o,n) + b(o,n)z(0, 1) }]
= Blz,y,p(s,t)a(s,t),q(s, t,0,m)a(o,n)]
+ Blz,y,p(s,1)b(s, t)z(s, 1), (s, t, 0,m)b(o,m)z (o, n)]
<e(z,y) + Blz,y,p(s, t)b(s, t)z(s,1), q(s, t,0,m)b(o,n)z(0,1)], (3.5)
where e(z,y) = € + Blz,y,p(s,t)a(s, t),q(s,t,0,n)a(o,n)], in which € > 0 is an ar-

bitrary small constant. Clearly e(x,y) is positive, continuous and nondecreasing in
z,y € Ry. From (3.5) we observe that

N
—~
8
<
~

st oy o b 2@
(@ 1) <1+B m,y,p(S,t)b(S,t)e(s,t);q( ,t,0,m)b( ,n)e(m) . (3.6)
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Now an application of the inequality in (b1) to (3.6) yields

z(x,y) < ez, y) exp(Blz,y, p(s, )b(s, 1), (s, ¢, 0,m)b(o,1)]).- (3.7)

Using (3.7) in (3.4) and letting ¢ — 0 we get the required inequality in (2.11).
Define a function w(z,y) by

w(w,y) = Bla,y,p(s,t)L1(s, t,uls, 1)), q(s,t,0,n) La(o,m, ulo,m)]. - (3.8)
Then (2.13) can be restated as
u(z,y) < alz,y) + b(e, y)w(z, y)- (3.9)

From (3.8), (3.9) and (2.12) we observe that
w(z,y) < Blz,y,p(s, t){L1(s,t,a(s,t) + b(s,t)w(s,t)) — L1(s,t,a(s,t))
+L1(s,t,a(s,t))},q(s,t,0,n){L2(0,n,a(o,n) + blo,n)w(o,n))
_L2(07 1, a(Ua 77)) + L2(Ua m, a(a, T’))}]
< E(z,y) + Blz,y,p(s,t) M1 (s, t,a(s,t))b(s, t)w(s,t),
q(s,t, g, U)M2 (0'7777 a(Ua U))b(Ua U)w(a: T’)]: (310)
where
E(z,y) = e+ Blz,y,p(s,t)L1(s,t, a(s, 1)), (s, t,0,n)L2(0, 0, a(o,n))],

in which € > 0 is an arbitrary small constant. The rest of the proof can be completed
by following the last arguments as in the proof of (b2) given above.

Define a function z(n) by the right-hand side of (2.15). Then z(n) is nondecreasing
for n € Ny, z(0) =k, u(n) < z(n) and

z(n+1)—z(n) = [p(n)u(n) + z_: q(n, U)u(a)]

< [pwzm) + 3 alm, a>z<o>] ,
z(n+1) < 1+p(n)+z_:q(n,a)] z(n). (3.11)

By setting n = s in (3.11) and then substituting s = 0,1,2,...,n — 1 successively we
obtain

z(n) <k 1:[ 1+p(s)+ z_: q(s, 0’)]
=k 1:[ [1 + E[s,p(s),q(s, 0)]} . (3.12)

Using (3.12) in u(n) < z(n) we get the desired inequality in (2.16).
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(c2) Define a function z(n) by

z(n) = E[n, p(s)u(s), ¢(s, o)u(o)]. (3.13)
Then z(0) = 0 and (2.17) can be written as
u(n) < a(n) + b(n)z(n). (3.14)

From (3.13) and (3.14) we obtain

z(n) < Eln, p(s){a(s) + b(s)z(s)}, a(s, 0){a(o) + b(0)z(0)}]
< e(n) + Eln, p(s)b(s)z(s), q(s, 0)b(0)z(0)], (3.15)
where e(n) = e+ E[n,p(s)a(s),q(s,0)a(o)], in which € > 0 is an arbitrary small

0)
constant. Clearly, e(n) is positive and nondecreasing for n € Ny. From (3.15) wi
observe that

#n) n,p(s)b(s s) s,0)b(o )
S <1 B o) S a0 >e(s)]. (3.16)
Now a suitable applications of the inequality in (¢;) to (3.16) yields.
(n) < efm) T [t +Bls. p(s)b(s), a(s, )b(o)]. (317)
s=0

Using (3.17) in (3.14) and letting e — 0 we get the required inequality in (2.18).
(c3) The details of the proof follows by the similar arguments as in the proof of (¢2) and
closely looking at the proof of (b3) given above. Here we omit the details.

4. Some Applications

In this section we present applications of the inequality (b1) in theorem 1 to obtain
bound on the solution and uniqueness of solutions of the initial boundary value problem
for hyperbolic partial integrodiferential equation of the form

DsDyz(z,y) = Flz,y, 2(z,9)) + / ' / Gley, 0 20 m)dndo,  (4.1)
(x 0) = 01( ) z(O,y) = Cz(y); C1 (0) = 02(0) =0, (4-2)

where F : R x R— R, G : R x R — R, ¢1,¢3 : Ry — R are continuous functions.
Our first result gives the bound on the solution of (4.1)-(4.2).

Theorem 5. Suppose that

| F(z,y,2(7,y)) < p(,y) | 2(z,9) |, (4.3)
| G(z,y,0,m,2(0,m)) |< (@, y,0,m) | 2(0,n) |, (4.4)
| er(z) +e2(y) IS K, (4.5)
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where p, q, k are as defined in Theroem 2. If z(z,y) is any solution of (4.1)-(4.2), then
| z(z,y) |< kexp(Blz,y,p(s, 1), a(s, t,0,m)]), (4.6)
for x,y € Ry.

Proof. The solution z(z,y) of (4.1)-(4.2) satisfies the equivalent integral equation

z(z,y)=c1(z)+ca(y / /

Using (4.3)-(4.5) in ) we have

P J;y|<k+//[st st|+// (s,t,0,7) | (an)|dnda]dtds(48)

Now an application of (b;) in Theorem 2 to (4.8) yields (4.6). The right-hand side of (4.6)
gives the bound on the solution z(x,y) of (4.1)-(4.2) in terms of the known functions.
The next result deals with the uniqueness of the solutions of (4.1)-(4.2).

(s t,z(s,t))—l—/os/0 G(s,t, 0,1, 2(0, n))dnda]dtds.(él.?)

Theorem 6. Suppose that

| F(m,y,z(m,y)) - F(:c,y,?(:c,y)) |§ p(:l:,y) | z(m,y) —E(:c,y) |7 (49)
|G(x,y,0,n,2(0,m) =G (2, y,0,n,Z(0,n) |[<q(x,y,0,m) |z(0,m)—Z(o,m) |, (4.10)

where p, q are as defined in Theorem 2. Then the problem (4.1)-(4.2) has atmost one
solution for z,y € R4.

Proof. Let z(z,y) and Z(x,y) be two solutions of (4.1)-(4.2) for z,y € R, then we
have

“(o.9) - = | ' / ’

+/05/0{G(s,t,U,U,Z(U,n))—G(s,t,a,n,E(U,ﬂ))}dTldU] dtds. (4.11)

{F(s,t,z(s,t)) — F(s,t,Z(s,t))}

Using (4.9), (4.10) in (4.11) we have

| z(w,y) — Z(z,y) | < /0 /Oy [p(s,t) | 2(s,t) — Z(s,1) |
4 / ) / 4(s,t,0,m) | 2(0)) — Z(o,1) | dndol dds.  (4.12)

Now an application of the inequality (b;) in Theorem 2 with k = 0 yields | z(z,y) —
Z(z,y) |< 0. Therefore z(z,y) = Z(x,y) for z,y € R, i.e. there is atmost one solution
of the problem (4.1)-(4.2).
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In concluding, we note that the inequalities established in Theorems 2 and 4 can be

extended very easily to functions of several independent variables. The precise formu-
lations of these results are very close to that of given above and closely looking at the
related results given in [4, 5]. Here we do not discuss the details. Various applications
of other inequalities established here will be given elsewhere.
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