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RATE OF CONVERGENCE OF HERMITE-FEJER POLYNOMIALS FOR
FUNCTIONS WITH DERIVATIVES OF BOUNDED VARIATION

ABEDALLAH RABABAH AND SHAHNAZ ABO GAZLA

Abstract. In this paper, the behavior of the Hermite-Fejér interpolation for functions
with derivatives of bounded variation on [-1,1] is studied by taking the interpolation
over the zeros of Chebyshev polynomials of the second kind. An estimate for the rate of
convergence using the zeros of the Chebyshev polynomials of the second kind is given.

1. Introduction

The Hermite-Fejér interpolation polynomials for functions of bounded variation are ap-
plicable in a variety of fields and research areas such as computer aided geometric design,
computer vision, graphics, and image processing.

In 1992, Bojanic, R. and Cheng, E H. [7] estimated the rate of convergence of the Hermite-
Fejér polynomials for functions with derivatives of bounded variation using the zeros of Cheby-
shev polynomials of the first kind.

In this paper, the rate of convergence of the Hermite-Fejér polynomials to functions with
derivatives of bounded variation using the zeros of the Chebyshev polynomials of the second
kind, U, (x), as nodes of interpolation is estimated.

2. Preliminaries

The Chebyshev polynomials of the second kind, U,,(x), are defined by

sin((n+1)0)

Un (x) = s]n@ )

x=cosf, xe[-1,1], n=0.

The roots of U, (x) are given by xi,, = cos8y,, where

km

=—-: k=12,...,n.
(n+1)

kn

2010 Mathematics Subject Classification. .
Key words and phrases. Hermite-Fejér interpolation, Chebyshev polynomials of second kind, rate of

convergence.
Corresponding author: Abedallah Rababah.

21


http://dx.doi.org/10.5556/j.tkjm.51.2020.2939

22 ABEDALLAH RABABAH AND SHAHNAZ ABO GAZLA

Let f be a function defined on [-1, 1]. The Hermite-Fejér interpolation polynomial, H,(f, x),
of f based on the zeros xy;, of the Chebyshev polynomial, U,,(x), is defined by

Holfr 0= " Fem) (1= 2 ) (14222 —3xxp] U )
n\J,X) = & kn kn kn kn (n+ 1)2(x_xkn)2.
Define a function fg(x) as follows
fQ(X)=f(—1)+f1Q(t)dt, xe[-1,1], )

where Q(¢) is a function of bounded variation on [-1, 1], abbreviated BV [-1, 1].

3. Results

If we subtract f(x) from the Hermite-Fejér interpolation polynomial, H,(f, x), of f based
on the zeros of the Chebyshev polynomial of the second kind, U, (x), then for any x € (—1,1)
such that x # xi,, k=1,2,..., n, we have from (1) and (2):

n Xkn
Hn(fQ»x) _fQ(X) = Zf Q(t)dtHyp(x)
k=1YX

--y [f Qodt|Hep(x)+ Y. [kanQ(t)dt]Hkn(x)» ®)
Xpn<XJ Xkn X

Xin>X

where

3%kn (X — Xgp) ] U2 (x)

2 2[4
Hien(0) = (1=, )°[1 1-x2) Jn+1D2—xe)?

Define Q,(#) in the following way:

Q(H—-Q(x-),fort<x
Qx(1) = 0,fort=x
Q) —Qx+),fort>x

then (3) can be expressed as

X Xkn
Hafo0 - fo) == Y || Quode|Hino+ ¥ [f Qu(1)dt| Hyn ()
Xin>X

Xjen <X -J Xgp X

—Q(x=) Y (x=Xkp)Hin() + Q(x+) Y (Xpn— X Hin(x).  (4)

Xkn<X Xin>X

Since

Qx+) Y (Xpn—X)Hin(x) = Q(x=) Y (X— Xgn) Hin(x)

Xkn>X Xin <X

- w Y % — x| Hin () + w 2 (Xkn = 2) Hien (x)
=1 k=1
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and the two summations on the right-hand side of the equation are the Hermite-Fejér inter-
polation polynomials of fy(#) = [t—x|and g,(t) = t—x, —1 < t < 1, then we can further rewrite
equation (4) as follows

Ax
Hn(f»x) f(x) _Hn(fx»x)+ Hn(gx»x)+Pn(f»x)y 6)
where
0x= Qx+)-0Q(x-); Ax= Qx+)+Q(x-) (6)
and
Puf0== X [[ Quwdi] Hiuo + f | Qu(ndi| (0. ™)
Xin<X Y Xkn Xn>X

Therefore, evaluation of the rate of convergence of H, (f, x) to f (x) is estimated and the details
are given in three parts.

Firstly, the basic formula for the rate of convergence of Hermite-Fejér polynomial H, (f, x)
for f(x) stated with complete proof obtained by Bojanic, R. and Cheng, E H. [6]. Secondly,
the estimation of H,(fy,x) and H,(gy, x) are given in Theorem 1. Finally, the estimation of
P, (f,x), is given in the result of Theorem 2.

Theorem 1. Letx € (—1,1) and x # xy, foranyk=1,...,n, then
2U%(0) (V1= log(n) | _ nCIUZ ()|
n(n+1) T (m+1?%

nC|U;(x)|
(n+1)2 °

8

n
Z |Xkn — X| Hien (%) —
k=1

— X)Hin(x) = C)

Theorem 2. Let f be a function in DBV [-1,1] and Q in BV[-1,1], and suppose that (2) is
satisfied, then for any x € (—=1,1) such that x # Xy, k=1,...,n, we have

2 — 2%
Hn(f,x)—f(x)_axU”(X)(m) log(n)

n(n+1)
(|/1x|+|5x|) nUp()| | wlUp(| | ximiu,01/2(n+1) IZUZ(X) x+7r/k(Qx)
2 (n+1)2 (n+1) *7lUn0l/2(n+1) (Qx) + +1) 1;1 Vx nlk (10)
If f is continuous at x, i.e., 6x =0 and A, = 2 f'(x), then (10) can be simplified as follows:
Cnf'OIU, ()| wlUnl _ ximu,1r2(n+1) 12U; 1k (f)
H"(f’x)_f(x) = (n+1)2 + (n+1) ;;UnI/Z r:l+1 f( )+( 1) Z V;:f/k k-’ (11

Consider the Hermite-Fejér polynomials of the function f(x) = x? at x = 0 for even n.
Since U, (0) =1, then for an even integer n, we have

n/k

20 ) 12 n/k(QO)
Hy(f,0) - f(0)|= T )_,,,Z(n+1)(Q) (+1)kzl p (12)
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Since Q(f) = 2¢ and Qy(t) = Q(f), we have
2

" Am
(+1)2 (n+1)§ﬁ (n+1)

Hy(f,0) - f(O)' (13)

for some ¢ > 0. Hence for the function f(x) = x% when n is an even integer we have

m < |Hu(10- fO)|<

(n+ 1)
for some constant ¢ = 0. Therefore (10) can not be improved asymptotically.
Proof of Theorem 1. To prove (8), observe that

U2 (x) _ nClx|U?(x)
(n+12(x—xg)?1”  (n+1)?

n

Hy(fr X) = Y 1Xpn — xI(1 = x3,)(1 = x°) (14)
k=1

Therefore, it is sufficient to study the asymptotic behavior of the second term on the left-hand

side of (14) only. Let x =cos(@), 0<60<m, Xin=c08Okn), Okn= k=1,2,...,n, and

(n+1)’
define
1, for0O<a<@
og(a) =
-1, forO<a<m.
Then
n U? u? sin?(0)sin?Op)
—xl(1 = %2 (1 = 52 n = 0 o a5
kg'l'xkn X=X X)(n+1)2(x—xkn)2 (n+1)ZZ 76! k")(osekn—cose) (15)

Since (cos Oy, —cosO) = (0 —Ory) Sin(B'kn) for some 0;cn between 6 and 6y, it follows that

n U2 sin?(0) sin? (0., n U2 sin(0) sin? (0,
kg‘ 6 On) (cosOin —cosO) (n+1)2 ,;109( kn) (0 = Ogp) (n+1)2
UZsin) & . , sin(6) 1
=Tt 1Z (n+1)? { Z st (ekn)((cosekn—cose) B (H—Hkn))
_ U2sin(0 sin(0) 1

) X": B
~ (n+1)? [Zl(cosO, —cosh) (0 —0kp)

_ U2sin(0) & sin(0) 1
T (n+1? o sin@}cn(e—ekn) @ -0y,

_ U2 sin(0)
T (n+D? 100k sinf_
3 U2sin(9) Z”: 1 (9—9/,”1)
(n+1)? 510 —0kn) sing,
U2sin(0) & 1
RUALON
(n+1)* 5 sm(@kn)

1 (sine—sinﬁ;m)’

i M=
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Furthermore, we have
’sin(g)’z ’Q’
2 T
If |6| < 7, then we have

(cosO —cosOy,,)

- 0’ —
S ke 6—0r)
’231n(6+9k")81n(9 6"”)|
(9 ekn)
|281n(9+9]m)(9 ekn)
>
(0 Bkn)
2 2
- —‘sin(m)|2 ZM@),
T 2 T
where p —6)
M(@) = min(sin—,sin " )
2 2
Therefore,
U? sin%(0) sin%(0 n U?sin@sin%(6y.,,) nCU?
n ( ) ( kn) > _ Z O'g(gkn) n kr; S nz. (16)
(cosOk,—cosO)(n+1)= (o O -0k, (n+1) (n+1)
Let j be an integer such that 6, <6 <61 5. It is easy to see that
3 [(n+ 1)9]
= - .
Since (n+1)(0 —0y,,) = n(@ - k), we have
n Uzsin(B)sinz(Hkn)
0 n
goe( ) 0 —0Okp)(n+1)?
U2sin(0) & 1
< — 0
S Eap SLL v
U2sin(0) & 1
= — 09g(Or,)————
(n+1) kzl Ok 0 =0k (n+ 1)
_ Ujsin(0) i i 1 ]
(n+1) D@l — ) o S7 (8 —
_ UZsin(@) (/! 1 "il 1 ]
R e S T R SV
UZsin(9) /=) 1 nJol 1
- (n+1)0 + ) (n+1)0 ]
(n+Dn k=0 [*———j + k] =0 [k+1- + jl
U?sin(@) (/= iy 1
= nSIn©O) Z = w; + wy, 17

(n+ 1 L=, ((n+1)9)+k o 1-S((n+1)0) +k
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where
S(x)zf—[f]. (18)
T V4

We shall prove that w; and w, are both asymptotically equal to

U2 sin(0)log(n)
an+1)
First, observe that )
Uz sin(6)1
wy - ——— sIn(0) log () = w1+ Wy, (19)
n(n+1)
where
U2 sin(6) 1 UZsin() /=) 1
- , - -1 .
= D) [S((n+ 1)0)] L2 D) [k; S(n+1)0) +k og(n)|
Since
10
sin((n+1)0) = (=1)"sin(S((n+ 1)0)1) = (~1)"sind, j= [("2 ) ]
U3
< . 20
w1l Tt D) (20)
On the other hand, it is easy to see that
j-1
—— 1 <5.
'k; S(irng) k08"
Hence,
lw 2l = 51U, | 21
L=+
Therefore, from (20) and (21) we have
i - U2sin(9)logn _ 3|UZ| 22)

a(n+1) T (m+ 1)’

The evaluation of the asymptotic behavior of w, can be carried out in a similar way. First,

observe that

U?sin(0)log(n)
_ IpSING)R08) , 23
w2 P Wo,1+ Wz (23)
where
U2sin(0) 1 UZsin() /=) 1
_ , - ~1 .
Vel T LT=s+no T T [211—5((n+1)0)+k 0g(m)
It follows that,

(24)
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On the other hand, it is also easy to see that

n—j-1 1
-1 <5.
k; —S(+no+k o8
Hence,
5|U2|
<
[ws,2l i+ D

Therefore, from (23) and (24), we have

U2 sin(0) log(n) - 3|U;|
n(n+1) T (n+1)’

wy (25)

and the estimate (8) follows from (14), (15), (16), (17), (18), (20) and (23). To prove (9), observe
that by using a similar technique we can show that

n U? nClx||U2(x)]
H, (g, X) — —xQ-x2 )1 -x? n < n 26
)= 3. (i =001, (1= ) (n+1)2(x_an)2| T (26)
n U? 1 U?sin®6sin® 0
—0(1=x2)1=x2 n = 1 n 27
kzl(xkn X = Xjep) (1 = x )(n+1)2(x—xkn)2 = (cos Oy, —cosB)(n+1)? @7)
no U2sin?(0) sin®(@g,) iU,%sianinz(Bkn nCU?> 28)
= (cosOr, —cosO)(n+1)? [ O-0k)(n+1)217 (n+1)?’
Wherex:cose,xkn:cost9kn,9kn:(,ZCT”D,k:I,...,n,and
" U2 sin? 0y, sin?0
= wi — ws. (29)
,21 (0 —0rn) b

Therefore (9) follows from (26), (27), (28), and (29).

Proof of Theorem 2. Since the evaluation of H,(fy,x) and Hy(gy, X) is already done in The-
orem 1, the only thing we have to do now is the evaluation of P,(f,x) using the result of

Theorem 1. For any x € (—1,1), such that x # x, for k=1,2,..., n, we have

- Y || ewadr]Haw+ ¥

Xin<X " Xkn Xikn>X

Pn(frx)’:

Xkn
fx Qu(dt] Hiy ()

n
=3
k=1

| vitimQodd ||

X
kn

n
X+
< ) 1= X V2 (Qx)
k=1

Hkn(X)|,
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where Vab (Qy) is the total variation of Q, on [a, b]. Let 8; = and define

(n+1)

rm (r+1)n
E,(n,@)—{k.z(n+ <10 -0, < 1)} r=0,1,2,....2n—1.
We have U, (0|
|g_gi|su.
2(n+1)
Thus
2n—1 ot
Paf,|s Y Y =l VI Qo) Hin ().
r=0 keE,(n,0)
Since U
TlUn
tkn =1x— <10 —0kul <
kn =X — Xppl | knl 20t D)

and Ey(n,0) has at most two elements. If k € Ey(n,0) it follows that:

x+t,m T|Unl  xamU,172(n+1)
keEZ(:n 0 |x— xanV (Qx)Hkn(x) n+1) Vx 7|U,l/12(n+1) (Qx)
o(n,

On the other hand, since

Up

|5 = Xpep| Hicnn (%) = 1 = Xp| (1= x5 ) [1 425 = 3XXpcp]

_ UAsin® 0, [1+2cos? O, —3c0s6 cos O]
a (n+1)%|cosB — cosO,l
§ CU?
(n+1)?sin@_ 10— Opnl

CU? 1
=+ 1?10 = Oknl 2M(6)

_ CnU?>
T 2(n+1)210 -0,

But
rm

6-06 e
| kn|>2(n+1)
1 2(n+1)

<

|0 —Okpl I

’

we have 5
n

(n+1r

and ty, < g(;}r)ﬁ ;if k€ E;(n,0), we haveforr=1,2,...,2n—1:

[X = Xgpl| Hip(x) <

2CU?
Y Ix = xknl Vi Q) Hin (%) < n_yxHrDmi2ne ) g o

ke ) ( +1)r x—(r+1)m/2(n+1)

(n+1)2(x — xgp)?

(30)

(31)
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Therefore, by (30) and (31),

\Unl [ xemU,112(n+1) 2CUR 2550 coniui2ns )
Pn(f’ x)'S (n+1) x—7|Uy,|/2(n+1) (Qx)] + (n+1) ] 7 x—m|Up|/2(n+1) (Qx) (32)
r:

Let Q(f) = V¥ (Qy), then

2n—1 2n
L o xrar+1)2mn41) _ 1 rm
L veien= 1 el
2n
1 rm
<2) —-Q[——|. 33
rz‘:er(Z(n+1)) (33)
But Q(#) is non-decreasing function
e Q(t)dt - Q( rm )f(zr(ﬁi]ﬁ ﬂ
2(:1]4[-1) t 2(” + 1) 2(;:[-1) t
r 1
> log(1+ -),
Q(Z(n+1)) 8 r)
or (r+1)m
o)Ll [Fiaw,,
2n+1)/)r 2 s t
Hence s
2" n+1)m
1 rm 3 n+ t
$ 1ol tr ) 3 [FFawn,,
= \2(n+1) 2J1s t

We notice that Q(%) is non-decreasing and Q(%) = Q(m), for 0 < t = 1 then we have the follow-

ing:

n+1)m
f ot Q;t)dt _ ﬁ(n+1) Q(%) dt

n (n+1) t
(n+1) 2n+1)
1 (Z) (n+1) Q(Z)
_Zthdt+f Q‘dt
L 1 ¢
no Q%)
Q(m) n Z Q k
Cn+1) o k
n A
<2 Z %,
k=1 k
and therefore , o
n] rm " Q%)
- <3 . 34
rg‘er(Z(n+1)) kg‘l k GY
The proof of Theorem 2 follows from (32) and (34).
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