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ON ‘USEFUL’ RELATIVE INFORMATION AND
J-DIVERGENCE MEASURES

D. S. HOODA AND ANANT RAM

Abstract. In the present paper some new generalized measures of useful relative information
have been defined and their particular cases have been studied. From these measures new useful
information measures have also been derived. We have obtained useful measures of inaccuracy,
dependence and J-divergence corresponding to each measure of useful relative information. In

the end, an equality satisfied by useful J-divergence has been proved.

1. Introduction

Let P = {(p1,p2.-.,0n),0 < pi < 1},Q = {(¢1,92,---,4n),0 < ¢ < 1} be two
posterior and priori distributions of a random variable having utility distribution of
events as U = (u1,us,- .., uy), where u; > 0 is the importance or usefulness of an event
E;. A measure of directed divergence D(P : Q;U) of (P;U) to (Q;U) has to satisfy
the following conditions: (1)D(P : Q;U) > 0, (il)D(P : Q;U) = 0 iff p; = ¢; for each
i, (iii)D(P : Q;U) is a convex or pseudo-convex function of py,ps,...,p, as well as of
41,92 ---,qn-

Bhaker and Hooda [1] defined and characterized ‘useful’” directed divergence measure
given as below:

> wipilog(pi/a:)
D(P:Q;U) == (1.1)

n
§ U;Pi
i=1

This measure satisfies all three conditions (i)-(iii) provided .1 | piu; > D1 | qiu;. We
do come across some practical problems where we are to minimize D(P : Q;U) with
constraints Y ., pit; > Y or iU €.8.

A manufacturer makes n different types of articles in proportions ¢, go, - . -, g, hav-
ing profit of wuy,us, ..., u, respectively. On the basis of availability of labour and raw
material he plans to change the proportions of articles to p1,ps, . . ., pn; however, close to
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41,92, - - -, qn such that the average profit may not decrease i.e. Y. | piu; > > | qiti;.
To obtain p}s we minimize

n
Z u;p; log(pi/ ;) N N
D(P:Q;U)=*L subject to Zpiui > ZQiUi-
i=1 =1

n
§ U;Pi
i=1

It may be noted that D(P : Q;U) is not a metric as it does not satisfy symmetric and
triangle inequality. However, D(P : Q;U) satisfies convexity property (iii) which we
need to minimize D(P : Q;U) as function of P or @ subject to > . | pju; > >.1 | qiu;
and Z?:l p; = Z?Zl q; = 1. This convexity property ensures that in each case, a local
minimum will be global.

2. Some Requisite Results

(a) For all probability distributions P and ) having attached with utility distribution
U,

n

a l—a
E WiPi 4;
i=1

n
E Uipi
i=1

AV

n n
1 according to « z 1, provided Zpiu,- > Z Qi -
i=1 i=1

Proof. By Holder’s inequality, for a > 1.

n

Z uip;xqil—a > [Z(ugp?)l/a] @ [Z(u%—aqil—a)l/l*a] 11—«
i=1

i=1 i=1

n n ar M I—a n n n
= wigiq T > [Zumi} [Zui%’] > wipi,  since > upi > uigi
i=1 i=1 i=1 i=1 i=1 i=1
n
> wipfgl
i=1

== >,

n =
§ U;Pi
i=1

™ ipXql—e
For a =1, Eiilnu# = 1 for all probability distributions.
i=1 7t
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Also if @ # 1 and p; = g; for each i, i.e. P = (@), we have

n n

o l—a o l—a
E WiP; 4; E uip; q;
i=1

=1 and in other cases = # 1.

n n
E U;Pi E U;Pi
i=1 =1

TouiplglT®
(b) (a — 1)_1M is a convex function of P and Q.

Zi:l wipi

Proof. We prove this in the following steps:
" upigltTe
Step 1. Let S = %. If we differentiate S partially w.r.t. p; taking all ¢; and
o uibi

u; fixed, then Y7 | u;q; is fixed and thus Y"1 uw;p; > Y i, wig; is constant. Hence we
can write

n n n
_ 1
S=C E uip;?‘qil Y where ol E wip; > E u;iq; > 0
i=1 i=1 i=1

oS
= o = Cau;p? ‘qi @ (2.1)
(2
and 925
7 = a(a — 1)Cu;pt g™~ (2.2)
(2
n o ai-a
For a > 1, (2.2) is positive and hence Zi#‘# is a convex function of P.
i=1 1P
n el
For 0 < @ < 1, (2.2) is negative and hence E”ilnulp;i’_ is a concave function of P.
i=1 0t

Similarly, we can prove that is a convex function of @) for @ > 1 and is

St
Do, uipi

a concave function of () for 0 < a < 1.

Step 2. Sin(ie (o — 112’1 2 0 according to a 2 1, therefore,

(a—1)"1 Ei:h& is a convex function of P and @ for all & > 0 provided " | p;ju; >

iy WiDi
n
Zi:l qi;.

3. A Generalized Measure of ‘Useful’ Relative Information
We consider the function

Z Uip?qg_a
=
Da(P: Q;U) = [aﬁ( -
> wip;
i=1

a—1

)- ¢><1>] :
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where ¢(z) is a monotonic increasing convex function of z, then

n n
> uipfe ™ > upfe™®

a>1:>i:1n721:>¢(i:1n7) > ¢(1)
Zuipi Zuipi
i=1 i=1
= Dy(P:Q:U)>0.

n n
> uwipfq > uipfel

0<a<1:>i:1n7§1:>¢(i:1n7) < ¢(1)
Zuipi Zuipi
i=1 i=1

=Dy (P:Q:U)>0

> uipilog(pi/a:)
Asa— 1,D,(P:Q;U) — ¢'(1) EL—
> wip;
=1

(2
Also for p; = ¢; for each i, Do (P : Q;U) =0 and

> wiplqr ® > uiplql ®
Da(P: Q;U) = 0= ¢ =) = 6(1) > =

n
S i 5w
=1 i=1

= Either a =1 or p; = ¢; for each 1.

=1

Since an increasing convex function of a convex function is a convex function and
¢(z) is a monotonic increasing convex function and a > 1, therefore, D, (P : Q;U) is a
convex function of P and Q.

Similarly, if ¢(x) is a concave function and 0 < a < 1, then by the facts that an
increasing concave function of a concave function is a concave and the negative of a
concave function is a convex function, Dy (P : Q;U) is a convex function of P and Q.

Thus, we can use D, (P : Q;U) as a measure of ‘useful’ relative information if a > 1
and ¢(x) is any monotonic increasing twice differentiable convex function of z or if
0 < a <1 and ¢(z) is any monotonic decreasing twice differentiable concave function of

x.
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4., Special Cases

Y uipia ™
. a1 i=1
(i) Do (P QiU) = — [ (=5
> wip;
i=1

a—1
wherea>land j>1lor0<a<land0<j <1
(ii) When j = 1, (4.1) gives a measure similar to Hooda’s [2] ‘useful’ relative infor-
mation measure of degree a. If u; = 1, for each i, then (4.1) gives Harvda and Charvat
measure of directed-divergence.

)j—q, (4.1)

n
> wipilog(pi/q:)
P
(iii) a[ﬁl D, ;(P:Q;U)= —
Zuipi
i=1

which is j-multiple useful relative information measure characterized and studied by
Bhaker and Hooda [1].

Further if u; = 1 for each i, (4.2) gives j Y .-, pilog(p;/q;), which is J-multiple of
Kullback and Leibler [3] measure of directed divergence.

n
Z Uip?qg_a
1 i=1

(iv) Da(P: Q;U) = — log =
Euipi
=1

which is Bhaker and Hooda’s measure of useful relative information of order a. If a > 1,
(4.3) is pseudo-convex function of P and Q. If 0 < o < 1, (4.3) is convex function of P
and Q. In case utilities are ignored or u; = 1 for each i, then (4.3) reduces to

: (4.2)

: (4.3)

1 - Cu
Da(P:Q):a_llogpr‘qil :
i=1

which is Renyi’s measure [4] of directed divergence.

n n
o 1l—a 31—«
E UipP; q; ) E Uip; 4; .
1=1 1=1 J

() Dapis(P:Q:0) = ——4 (2 - (Zs
Zuipi Zuipi
i=1 i=1

a-p
where a > 1,/ >1,4>1,0<j <lora>1,0<;<1,8>1,5 > 1.

) (4'4)
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In case j = j' =1, (4.4) reduces to

n n
. dwiplq > wiplg®
Dus(P:Q:U) (= s

_ n n
O S Y
i=1 =1

> wigi 7 (o =)
1 = (4.5)

a—pf n
3w,
i=1

which is useful relative information measure of type («, 3). When utilities are ignored
or u; = 1 for each 7, (4.5) reduced to type («, 3) measure of directed divergence.

{[Zn:uzpf‘fhla] }
(vi) Dop(P:QiU)=[a—p] 14| 5—r| -1 (4.6)
Z Uipfqil_a

Ifa>1,<lora<l,p>1,(4.6) is Pseudo-convex function of both P and Q.

n n
> uwipfel > wiplg®
=1 i=1

1 — —
(vii) Dgga(P:Q:U)=——1 exp, - — exp, —
{ ( Z uip; ) ( Z uip;
i=1 =1

)}

(4.7)

a—pj

wherea >landa>1,0<lora<1,8>1.

In view of convexicity of (4.7), it can be considered as ‘useful’ relative information
measure and consequently, we can find more special cases. If we put ¢(z) = zlogz, we
get the limiting cases of these measures as a — 1 and get functions of Bhaker and Hooda’s
[1] measures of ‘useful’ information. If we put ¢(x) = zlogz —a~1(1+ az)log(1l +ax) +
a~'(1+ a)log(1 + a) we get a function of ‘useful’ information measure and if utilities
are ignored or u; = 1 for each i, we get a function of Kapur’s [3] measures of directed
divergence.



‘USEFUL’ RELATIVE INFORMATION AND J-DIVERGENCE MEASURES 155

5. Measures of ‘Useful’ Information

Let C = (n, }l, ey %) be the uniform distribution. Then

> uipilognp;
(a) D(P:C;U) = Zzln— >0
Zuipi
=1
(b) D(P:C;U) =0, if P=C.
(¢c) D(P:C;U) is a convex function of P.

> wipilogp;

We see that D(P : Q;U) =logn + =Ly = D(C,U) — D(P;U), where D(P;U)
Zulpz

is ‘useful” information measure characterlzed by Bhaker and Hooda [1]. So to minimize
D(P : C;U) we maximize D(P;U).

, since nP; > 1.

(d) D(C;U) = D(P;U)
(e) D(C;U)=D(P;U),if P=C.
(f) D(P;U) is a concave function of P. Thus D(P;U) is ‘useful’ information measure

of P and U corresponding to ‘useful’ directed divergence measure D(P : Q;U).
Next we define

1 -zn:ulp? v
Ha o(P;U) = ——[6( =5 ) - éne)] (5.1)
Zuipi

so that
H,m,(C; U) =

and
Lt1 H, 4(C;U) =logn (5.3)
a—r

If p(z) = 27, (j > 1), we have
Zuzp? a-t

1 J .
Hoj(P:U) = 1_a[( ) - @ey]
Zuipi
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o1 Zn:uip?
_ )][(zzl

T l-a n
> up;
i=1

J
) 1]
In particular for j = 1, we get

n
(63
E U;p;
i=1

Hoy(p: )= 27D =

l—-al®
> up;
i=1

When o — 1, the measure (5.1), (5.4) and (5.5) respecitively reduce to

_1}

> uipilogpi
i=1
Hio(P;U) = =4/ (1) (= )
> uips
i=1
n
Z uip; log p;
H, j(P;U) = —j*=

> uipi
i=1
> wipilogpi
Hi, (PU) = ==

n
§ U;pi
i=1

If we take ¢(z) = logz in (5.1), we get

H,4(P;U) = 1 i - [log ( - ) — log(n®™h)
Z UiP;
i=1
n
Zuip?
=71= log =1 ,

(5.6)

(5.8)



‘USEFUL’ RELATIVE INFORMATION AND J-DIVERGENCE MEASURES 157

which is Bhaker and Hooda’s [1] measure of ‘useful’ information of order «. This gives
Renyi’s entropy in case the utilites are ignored or u; = 1 for each 1.
if we take ¢(z) = xlogx, we get

n n
§ X 1 § : & = 1
ulpz U’lpz

1 i— -
Hyy(P:U) = T [’*1 — log =L —n* " llogn®!

Z uipi Z Uipi
i=1 i=1
n n
Z uip§ Z uip§
=1

- 1 e (5.10)
dowipi Y ups
i=1 i=1

Incase o — 1, (5.10) reduces to Hq 4(P;U) = —W which is ‘useful’ informa-

tion measures studied by Bhaker and Hooda [1].
When utilities are ignored in (5.10), we have

Hy o(P [Zpl logZpl] (5.11)

When a — 1, the measure (5.11) reduces to

H, 4(P) = - pilogp, (5.12)

which is Shannon’s entropy.
We can get more general measure if we put

¢(z) = zlogx — &(1 + az)log(l + ax) in (5.4). (5.13)

wherea>1,7>1ora<1,5 <2.
Thus we can obtain multi-parameter families of useful information measures by taking
positive combinations of these measures of ‘useful’ information:

Hoo(PiU) = lfa] [@(’ 12n: . )—¢j(n%‘*1). (5.14)
u;p!

i=1

where C; > 0,a; > 0,0 #1 and ¢;’s are n different increasing convex functions.
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For the independent distributions P and @ having U and V respectively as utility
distributions, (5.4) gives

n m
(a3 (83
E Uip; E Ujq;
i=1 i=1 J

Hoj(P+Q:UxV) = O [( =

: n
D wipi ) v
i=1 i=1

(a—1)j Z wip; Z vidy
_n (=1 J(i=1 T4
T 1l-a n n -

Dwpi Y vids
i=1 i=1

_n(o‘*l)j[ 11—« 11—«

Ho (P U)+1H o Ha (@ : V) +1} -1

-1

T 1—a Liple—1)j
]_ _

= Ho (P:U)Hea ;(Q:V)+Ho j(P:U)+Ha(Q:V) (5.15)
nla—1)j

which is a well known functional equation and proves that the measure (5.4) is non-
additive.

6. Measure of ‘Useful’ Stochastic Dependence

Let f(z1,z2,...,%,) be the density function of joint probability distribution of
X1,T2, ..., Ty having h(y1,ys, ..., ym) utility function such that y; corresponds to x;
for each i. Let gi(x1), g2(x2), - -, gm(xm) be the density function of the m marginal
probability distributions having respectively hi(y1), h2(y2), .- ., A (ym) as marginal util-
ity distributions. Then the ‘useful’ relative information of f(zy,zs,...,z,,) from g;(z;),
g2(x2), - ., gm(Tm) is given by

ST Bt e ) @1 o) log bRty -
S h(yrs - ym) f(@1, . ) da - dapdys -+ - dym,
T ), ) V08 £ -2 dadys g
N [y, ym) (@1, . 2m)dey - - dzpdyy -+ - Ay,
ffh y1)g1(z)log g1 (z1)dx - dys ffh Ym)Gm () log(xm)dzm - dym
S ha(y1) g1 (z1)dzrdy S P (Yim) gm (@) 2, - dym
=5 +S+...+45,—-5=D. (6.1)

where S; is the ‘useful’ information measure of ith marginal distribution and S is the
‘useful’ information measure of the joint probability distribution. It may be seen that D >
0 and vanishes if and only if 1, z2 - - -, z,,, are statistically independent. D can, therefore,
be called a ‘useful’ measure of stochastic dependence among the variates 1,2, ..., Ty



‘USEFUL’ RELATIVE INFORMATION AND J-DIVERGENCE MEASURES 159

If the variates are independent, D = 0, where as if these are dependent, D > 0. Also the
greater the value of D, the greater would be the dependence among the variates.

7. Measure of Useful J-Divergence

Corresponding to D(P : Q;U), we get a measure of symmetric divergence called
J-divergence.

J(P:Q;U)=D(P:Q;U)+D(Q: P;U)
Y uilp — qi) log(pi/ai)
= T u (7.1)

we see that (7.1) reduces to J(P: Q) = Y., (pi—q;)log (%) in case utilities are ignored
or u; = 1 for each 1.

Theorem 1. J(P : Q;U) is not a homogeneous function in U. However, if U =
(Ulﬁ, Ug, ..UP), B > 0 be the B-power utility distribution, then the following inequality
holds:

BI(P : Q;U")

N~
B(P) , where E(P) —X:ul-pz Constant  (7.2)

i=1

Xn:uiJ(P:Q;UB) =

i=1
Proof. Let J(P : Q;U) be a homogeneous function of degree 3 in utility distribution.
Then by Euler’s theorem, we have
J(P:Q;\U) =) °J(P:Q;U)
_ N wilpi — 4i) log(pi/ 4i)
B Z?:l UiPi
=N"LJ(P:Q;\U) (7.3)

It implies A~ =1 or 8 = 1.
Hence J(P : Q;U) is not a homogeneous function in U.
Next from (7.1), we have

zn: u} (pi = ¢:) log(pi/a) n
J(P:Q; U’B) _ =1 _ _ Zui=1 uzﬁ(sz_(Zgz)) log(pi/q:) (7.4)
Z Ufpi

Differentiating (7.4) with respect to u; and multiplying by w; both sides and taking
summation over ¢, we get

BI(P: Q;U”)

TR (7.5)

" 8J
) . 0-T78 =
;:1 Ui (P:Q;U")
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where E(P) = Y7, u’fpi: Constant. Hence the theorem is proved.
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