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CONTROLLABILITY AND OBSERVABILITY OF LINEAR IMPULSIVE
ADJOINT DYNAMIC SYSTEM ON TIME SCALE

NUSRAT YASMIN, SAFIA MIRZA, AWAIS YOUNUS AND ASIF MANSOOR

Abstract. This paper deals with the controllability, observability of the solution of time-
varying system on time scales. We obtain new results about controllability and observ-
ability and generalize to a time scale some known properties about stability from the
continuous case.

1. Introduction

The study of controllability and observability plays an important role in the control the-
ory. In recent years, some research dealing with study of controllability and observability
for impulsive systems[10, 14, 19, 20, 24, 25]. From the control point of view, hybrid impul-
sive control based on the theory of impulsive dynamic systems, is an effective method in the
sense that it allows stabilization of a complex system behaviors may follows unpredictable
patterns Interest in impulsive control systems has grown in recent years due to its theoretical
and practical significance [4, 7, 15, 16, 26], but to our knowledge there are very few reports
dealing with hybrid impulsive dynamical systems and the corresponding contriol problem.

We are interested with dynamic systems on time scale because this area is new progres-
sive component of applied analysis. The theory of time scales was introduced by Stefen Hilger
in his Ph.D work [11] in order to unify continuous and discrete analysis.The main idea of the
study is to prove the results for dynamic equations where the domain of the unknown func-
tion is a so-called time scale, which is an arbitrary non-empty closed subset of the real num-
bers. By choosing the time scale to be set of real numbers, the general results yields the results
concerning ordinary differential equations, on the other hand, by choosing the time scale to
be set of integer, the same general results yields the results for difference equations.The study
of dynamic equations on time scale has recently received a lot of attention [1, 2, 3, 20, 22, 23].
It is a useful tool to explain the differences and similarities between difference and differential

equations. The theory of time scale provides a deep understanding of physical applications
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and leads to the invention of some results which are known even for the special cases of time
scale. Many research papers appeared in the theory and its applications to dynamic systems;
see for examples the interesting monographs of Bohner and Peterson [5, 6].Many publica-
tions to investigate the stability criteria for the solution of dynamic systems on time scales
can be found in [8, 12, 21].B. Kaymakakcalan [13] established a Levinson type theorem and a
Yakubovich type result on asymptotic equivalence of linear dynamic equations respectively.A.
Slavik [23] showed that dynamic equation on time scales can be treated in the framework of
generalized ordinary differential equations as introduced by J.Kurzweil. In recent years, there
has been much research activity concerning the oscillation and nonoscillation of solution of
various dynamic equations.Some authors studied impulsive dynamic systems on time scales,
but only few authors have studied linear impulsive dynamic systems on time scales [9, 17].V.
Lupplescuet. al. [18] studied some aspects of the qualitative theory of linear impulsive dy-
namic systems on time scales.They also studied the controllability and observability for a

class of linear time-varying impulsive control systems on time scales [19, 20].

The purpose of this project is to lay down the foundation of linear impulsive control sys-
tems on time scales. Here we examine controllability and observability in the both, time-
variant and time invariant cases. It should be noted that there have been other excellent at-
tempts to do so [18, 19, 24]. They all examine the following linear impulsive system

X2 =ADxO+Bu(t), te [t )T,
x(t0) =M +c)x(tp), t=tr,k=1,2,...,
y@)=C()x () +D(H)u(r),

Xx(to) = Xo,

1)

in an effort to generalize controllability and observability for dynamic equations. At first, this
seems to be a very natural extension from the continuous and discrete cases. However, when
studying controllability of the linear system (1) in a way following the corresponding proofs
for the continuous and discrete systems, one must assume that the graininess function is
differentiable, an assumption that is not satisfied in general for all time scales. To stepside

this issue, we have altered the linear system so that it appears as

xA(0) = AL O (D) + Be(Du (1), t€[tr_1, 1T,
x(t)=A+cp)x(t), t=1t, k=1,2,...,

y(1) = C(£)x (£) + Di()u (1),

x(ty) = xg.

2

The study of controllability of the linear system (2) turns out to be feasible using the clas-

sical techniques without assuming differentiability of the graininess function. However, when
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examining observability of the linear system (2) using classical methods, one must again as-
sume differentiability of the graininess function. But the observability study of the linear sys-
tem (1) does not feature this problem.

The main purpose of this paper is to derive necessary and sufficient criteria for controlla-
bility and observability of class linear impulsive adjoint system on time scale. One of the main
application of these results will be in population dynamics. Many hybrid models of different
populations can be studies and check there relationship by using these criteria.

2. Basic notion

Let R" be the space of n dimensional column vectors x = col(xy, X2,..., X;) with a norm
[I-ll. Also, by the same symbol ||-||. We will denote the corresponding matrix norm in the space
M, (R) of n x n matrices. If A€ M,(R), then we denote by A” its conjugate transpose. We
recall that ||| := sup{ll Axll; x|l < 1} and the following inequality | Ax| < || All [ x| holds for all
A€ M,(R) and x € R".

By a time scale T we mean any closed subsets of R. Since a time scale T is not connected
in generally, we need the concept of jump operators. The forward jump operator o: T — T is
defined by o (¢) := inf{s € T : s > ¢}, while the backward jump operatorp : T — T is defined by
p () =sup{seT:s<t}.Inthese definitions we put inf¢ =sup T and sup¢ =infT.If o (¥) > ¢,
we say t is a right-scattered point, while if p (¥) < ¢, we say ¢ is a left-scattered point. Points
that are right-scattered and left-scattered at the same time will be called isolated points. A
point ¢ € T such that t <sup T and o () = ¢, is called a right-dense point. A point ¢ € T such
that r > infT and p (t) = ¢, is called a left-dense point. Points that are right-dense and left-
dense at the same time will be called dense points. The set Tk is defined to be TK = T\ {m}if T
has a left-scattered maximum m, otherwise T* = T. The graininess function p : T — [0,00) is
defined by p () = o (¢) - t. The notations [a, b], (a, b), and so on, will denote time scale interval
such as [a,b] :={te€T;a<t=< b}, where a, be T. Also, forany 7 € T, let T(;) := [1,00) N T and
T4;=T.If to € T and 6 > 0 then we define the following neighborhoods of #y : Ut (%,9) :=
(to—0,th+6) N T. Let us consider some examples on time scales see [5, 6].

Example 1. If h >0, T = hZ = {hk: ke Z} is a time scale. Then we have o (f) = t+ h, and
p()=t—hforall t € hZ. Hence each point t € hZ is a isolated point,and Th=T

Example2. If T = {Zn,neI\I}U{O},thenwehavea(l):l ndp( )=, ie, —1sleftscattered

2)=2
Als0,0 (35) = 555 and p (3 ) =. Therefore, all points 5-,n€N,n = 2, are right-scattered and
left scattered, i.e., all points 2 -, nEN,n =2, are isolated.

Example 3. Let T =P} ; = Ugez [2k,2k +1]. Then

o t+1ifte Upez 2k +1} t=1if t€ Upez {2k}
g = , =
tif te Upez [2k,2k+1) P tif te Upez 2k,2k + 1]
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Definition 4. A function f: T — R is called regulated if its right sided limits exist (finite) at
all right-dense points in T and its left-sided limits exist (finite) at all left-dense pointsin T. A
function f: T — R is called rd-continuous if it is continuous at all right-dense points in T its

left-sided limits exist (finite) at all left-dense pointsin T.

A time scale T is a nonempty closed subset of R.

Definition 5. Let f: T — Rand t € TX, We define f* () € R (provided it exists) with the prop-
erty that for every € > 0 there exists 6 > 0 such that

|fle@)-f©-2Wlo@-sl|<elo@®-sl,

forall se Uy (£,0). we call f A () the delta derivative (A-derivative for short) of all ;. Moreover,
we say that f is delta-differentiable (A-derivative for short) on T* provided £ (1) exists for all
teTk,

We denote by C; (T R") the set of all functions f: T — R” that are differentiable on T and
its delta-derivative f2(t) € C,4(T,R™). The set of rd-continuous (respectively rd-continuous

and regressive) functions.

Definition 6. A function f: T — R is said to be regressive (respectively positively regressive)
if 1+ u(0) f(1) #0 (respectively 1 + u(t) f(£) > 0) for all £ € T,

We denote by Z (respectively ) the set of all regressive (respectively positively regres-
sive) functions from T to R.

The set % (respectively Z*) of all regressive (respectively positively regressive) functions
from T to R is an Abelian group with respect to the circle addition operation &, given by

(weq)(t):=w()+q(t)+uw)q(r).

The inverse element of w € % is given by

__w(®
1+u(Hw(r)’

(ew)(1) =
and so, the circle subtraction operation e is defined by

oo = ws oanin = K55S

The space of all rd-continuous and regressive functions from T to Ris denoted by C,; 2 (T, R).ectively
R7") the set of all regressive (respectively positively regressive) functions from T to R.

Cosider the following dynamical system on time scales

x2(8) = Ap(D), 3)
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where Ay € C.q 2 (T4, M,,(R), k =1,2,..., and ¢ € [#;_1, t)7.This is a homogenous linear dy-
namic system on time scales that is nonautonomous, or time-variant. The corresponding
nonhomogenous linear dynamic system is given by

X2 = Ap()x+ h(D), 4)

where he C,;(T,,R").

A function x € C}d (T,,R™) is said to solution of (4) on T provided X)) = A x()+ ()
forall teT,.

Theorem 7 (Existence and Uniqueness Theorem ([6], Theorem 5.8)). If A€ C,; 2% (T, M,(R))
andhe C,q(T4,R"), then for each (t,n) € T, x R" the initial value problem

x% = A()x+h(1), x(1) =1,
has a unique solution x: T ) — R".

A matrix X, € C,q 2 (T4, M, (R)) is said to be matrix solution of (3) if each column of X4,
satisfies (3). A fundamental matrix of (3) is a matrix solution X4, of (3) such thatdet X, (1) #0
forall ¢ € T.. A transition matrix of (3) at initial time 7 € T, is a fundamental matrix such that
Xa, (1) = I. The transition matrix of (3) at initial time 7 € T, is the unique solution of the
following matrix initial value problem

XA =Ar0X, X(1) =1,
and x (1) = @4, (t,7)n, t = 1, is the unique solution of the initial value problem
XA = Ar(Dx, x(1) =n.

Lemma 8 ([6], Theorem 5.21). IfA€ C,q%(T 4+, M, (R)) then
(i) ®(t,0)=1,
(i) ®a(o(2),8) =T +uAM))DPA(L,S);
(i) @51 (r,9)=@L . (1,9);
(iv) @u(r,8) =D, (s, 1) = cDgAT(s, 1);
(V) ®A(L, )DA(S, 1) =D (L, 1), t=5=T.

Lemma9 ([6]). IfA€ C,qZ(T,M,(R)) and he C,4(T.,R™), then for each (t,n) € T, x R" the
initial value problem
x® = A x+h(D), x() =1,

has a unique solution x : T ) — R" is given by

t
x(t):q)A(t,T)n+f Du(t,0(8)h(s)As, t=T1.

T
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As in the scaler case, along with (3), consider the following adjoint equation
xB=-AL(0)x7. ®)

If Ap € CrqZ(T 4+, M,(R)) and h € C,4(T ,R™), then the initial value problem
A _

y° =—-Ax(0)y?, y(r) =n, has a unique solution x : T, — R" given by x(¢) = @gAT(t,T), t=T.
k
Lemma 10 ([6], Theorem 5.27). If A€ C,qZ(T,,M,(R)) and h € C.4(T,,R™), then for each

(t,m) € T4+ xR™ the initial value problem
xh=-AT(0)x7 + h(v), x(1) =1,

has a unique solution x : T ) — R" is given by

I3
x(t):(DeAT(t,T)T]+f Dar(t, )R ($)As, t€ T (.

T

Proposition 11. For the system (5) with A, € M, (R) constant, there exist scalar functions

Yo(t,T),...,Yn-1(t,T) € C‘r’z (T4, R) such that the unique solution has representations

n-1 .
ear(t,0)= ) v, (A7) 6)
j=0

3. Controllability

Consider the following linear time-varying impulsive adjoint dynamic system

xB () =—AL (O x7 () + B (D u(r), 1€ [tey, )7
x(tf)=+ex(tp), 1=t k=1,2,... @
X (fo) = Xo,

with the following conditions:

(i) Time scale T is unbounded above with bounded graininess(i.e. supT =o0 and u(t) <
00).
() o<ti<try<--tp<---,withlimg_, tx = 0o, where t; € T are right-dense.
(iii) x(t,j) :=limp—o+ x(tx + h), v(t;) :=limp_.o+ x(tx — h) and ¢ € R are constants.
(iv) Ar() € CrgZ (T4, M,(R)), Br(-) € C,qR(T 4, Myxm(R)), x € R" is the state variable and
u € R™ is the control input.
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Lemma 12. Foranyte€ [ty_y, ti)T,k=1,2,3,--+, the solution of intial value problem (7) is given
by

t
o] (1, t)x0+] @} (r,0)B) (1) u(1) AT, k=1,
fo

1 1
q)z;k(l‘k—l,t){ [ A+c) IT @) (fi-1, 1) %0
i=k-1 i-k-1 '

_ k-2 i i+1 ti
(1= +Z( M (1+¢) TI d>,§.(tj_1,tj)f <1>£.n,ti)Bi(r)u(r)Ar) ®)
i=1 | j=k-1 j=k-1 % tion
FUt o) [ 08 @6 DB @ u@ At

t
+f ¢£k(T,t)Bk(T)u(T)AT, k=2,3,....

-1

Definition 13. The impulsive system (7) is said to be completely controllable on [z, trlt if
given initial state x, € R" there exists a picecewise rd-continuous input signal (- : [to, tf] T

R™ such that the corresponding solution of (7) satisfies x (z7) = 0.

We consider the following matrices.

For t € [1y, 1T

Ly
Gy i= G (1o, 17, 1) = f T (1, 10)B, (1) B (1)@, (7, £))AT, ©)
fo

forte[t;_1, )T, where2<l<k-1

)
Gy :=G(tp-1, 1y, ty) :f ®£I(T, tr)B; (T)BIT(T)q)Al(T, tr)AT, (10)

78]

and for r € [fr_1, t)T
l’f
G := G(tg—1, Ly, tf) :f q).zik(‘r’ £)Bi (1) By (1) @, (7, 1)AT. (11)
r-1

Theorem 14.

(i) Ifthereexistatleastle{1,2,--- k} such that
rank (Gl (tl—l» t, tf)) =n,

then the impulsive system (7) is controllable on [to, t¢] (¢f € [£1-1, 1) ).
(i) Assumethatc; #-1,i=1,2,---, k. Ifimpulsive system (7) is controllable on
[t0, t7]4 (tr € [t1-1, t)T), then
rank (Gy---Gg) = n.
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Proof. Let [ € {1,2,--+, k} such that the rankG; (-1, 1, tf) = n,thatis G; (-1, 17, t) is ivertible.
Then for a given xj € R”, choose a control function given as:

—BIT(I) Dy, (t, tf) Gfqu/Y;l (t(), tf) X0, for te[ty, hl1,2<1l<k-1,
1
~B] (0@, (1,t7) G, D) (11, 1) i:111(1+0i)

1
x ];[ @ﬁi(ti_l,ti)xo, for te[t-1, )1,
i=i-1
u(®=<0 if t € [to, ] \[t1-1, 1), (12)

1
~BL (DO (t,t7) G @) (te-1, 1) :1]:[_1(1+c,-)

1

1
x I ®£.(ti—1»ti)x0; for t € [tr_1, ti)T
i=k-1

0 iftE[t(), tf]v\[tk_l,tk)'[r.

Obviously, the control input u (-) is piecewise rd-continuous on [to, tf]v' By Lemma (12), we
have

Iy
x(t) =@} (fo, tf)xo - f @) (7,17)B1 (1) Bf (1)@, (7,17) G;' @) (f0, tf) XoAT.
5}
By using equation (9)

x(tp) = @} (to, tp)x0 — G1Gy '@ (fo0, 1) xo
=0, forte [fo, t1lT -

Thus the system (7) is controllable on [#y, ]t .
Similarly, for2<l<k—-1and t€[t;_1, )T
1 1

x(ty) =‘D£l(tl—1,tf) l:[ (1 +ci) l;[ q>£l.(ti—1,l‘i)xo
i=I-1 i=l-1

t 1 1
—f @} (7,17)B1 (1) B] ()@, (2, 17) G, @) (111, tp) [] Qi) [[ @) (11, 1) X0AT,
78] i=l-1 i=l-1

it follows from equation (10)

x(tf) =0, telti_y, )7,
and similarly, we obtain

x(tf) =0, t€ [tr_1, )T
Thus the system (7) is controllable on [, tf]v' So (i) holds.

(i) Assume that (7) is controllable on [to, tf] T-we have to prove that

rank(G;---Gg) = n.
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Suppose contrary that
rank(G;---Gy) <n,

then, there exist a nonzero x, # 0 € R"such that
x4 Gi(ti-1,ti, 1f)Xq =0,i =1,2,-- k.
fori=

Iy
xFGixg = f Xq @) (T, 17)B1 (1) B (1)@ 4, (1, 1) Xa AT,

to

As x,{ fl>£1 (t, tf)B1 (1) is rd-continuous functions so

2
g (1B (1) =0,

which follows that
B ()@} (t,1f)xq =0, 1€ [fg, 1]y, (13)

Forl=2,---, k-1,

T (Y roT T _
X, Gixq = Xy CDAZ (T, tf)Bl (1) B; (1) D@y, (7, tf)xaAT =0,
I

-1

LT (1, t9)By (1) BY (1) D, (1, t7)xa = | x50 (1,17) B (D)),

Bl ()@} (1,1)x =0, t€[t;_1,17)T. (14)

Similarly,
B ()@} (1, 1) xq =0, 1 € [y, )T (15)

However, the impulsive system (7) is controllable on [z, trlT, and so choosing xy = x4, there

exists a piecewise rd-continuous input u () such that
tr
0=x(tp) =@} (fo, If) Xq +f @) (1, 1) BI(Tu@)AT; k=1, (16)
fo

Multiply through by x! in (16) and using the transpose of equation (13), we obtain

@ (fo, £7)Xg Xq = 0. a7
Similarly,
1 1
x(ty) Z‘I’gk(tk—l»tf){ [T a+e [ @4 i1, ti)xa
i=k-1 i=k-1

k-2 i i+1 t
3 (I1 (+ep) T1 q)ﬁj(tj_l,tj)xf (1, £)B; (1) u (1) At)
i=1"j=k-1 j=k-1 ti-1
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Tk-1
+(1+Ck—1)/ ‘DLH (T, tg-1) B—1 (1) u (1) AT}
k-2

I
+f fbik(r, tr)Bi (1) u (1) At, k=2,3,.... (18)
17

k-1

Multiplying by @} (t1, 1) @) (t2,13)--- @} (tx-1,f7) and xq in (18), and using equations (14),

and (15), we obtain
k

[Ta+cpxlxa=0. (19)
j=2

From equations (17) and (19), it follows that xg Xq = 0. This contradicts x, # 0 and so, we

conclude that
rank(G; -+ Gi) = n. O

Our next result give us necessary and sufficient conditions for time invariant system. Let

us define new matrices:
W;=[B] B/ A; - B A", i=1,2,-- k.

Theorem 15. Assume thatc; # —1,i =1,2,...,k, and A (t) = Ay, Bi(t) = By are constant ma-
trices. Then, the impulsive system (7) is controllable on [ty, telr(ty € [tg—1, L) T)) if and only
if

rank(WiWs---Wy) = n. (20)

Proof. Suppose that the impulsive system (7) is controllable on [#y, trly. If the rank condition
(20) does not hold, then there exist x, € R” with x, # 0, such that

BiAl x4 =0, @

fori=1,--,k, j=0,1,...,n—-1.
Consider

Iy
Gi(lo, I, 1) Xq = f ey (T,t)B1B] eq, (T, 1) XaAT.
fo

Using Proposition (11), and equation (21), we obtain

ty n—1 .
G1 (o, Lf, Lf) Xa =/ eﬁl (T,t))B1B{ Y 71;(T, tf) A Xo AT,
to j=0

n—1

tf .
:f ey (T,t)BLY. 71(T, 1) B] A{xaAT
I j:()

=0.



LINEAR IMPULSIVE ADJOINT DYNAMIC SYSTEM

By again using Proposition (11), and equation (21), it follows that
vor T
Gi(t1-1, 11, tf) Xa =[ ey, (T,tp)BiB) ea, (T, 1) X AT,

-1
l‘f T Tn—l .
:ft e) (T,t)BiB] Y y1j(T,1p) Al X AT
I-1 j=0
-1

l‘f n .
:ft en, (T, 1p)B1 Y v1j(T, 1f)B] Al xoAT
-1 j=0

=0,

for2 <l < k—1. Similarly, G (¢5-1, tk, tf)Xq = 0, which follows that

rank(Gy Gy --- Gg) < n.

211

This contradicts the conclusion (ii) of Theorem 14 and therefore, we can conclude that the

condition (20) is true.

Conversely, suppose that (20) holds. If the impulsive system (7) is not controllable on

[to, tf] 7 (€ [tk—1, 1) 1), then it follows from the conclusion (i) of Theorem 14 that the matri-

ces Gy (o, tf, tf), Gy(ty—1, 17, L) and Gy (fx_1, tr, t¢) are not invertible. Thus, there exist x, € R"

with x4 # 0, such that

T Yoror T
X G1 (o, Iy, tf)xa :ft Xqep, (T, L‘f)BlB1 eq (T, tf)xaAT =0,
0

Iy
x,fGl(tl_l, 1y, tf) Xq =ft x(:fegl (T, tf)BlBlTeAl (T, 1) xeAT=0,2<1<k-1,
0

T Yoror T
Xo Gr(tg-1, tgy Lf) Xa :f Xqey (T,17)BrB e (T, [r)xqAT =0.
fo
Exactly as in proof of Theorem 14, it follows that

Blea (t,tf)xq=0, forte(ty,nly,

BlTeAl(t, tf)xq =0,  forre (g, )7,
where2<[/<k-1, and

B,ZeAk(t, tf)xq =0, ,forte[tx_y, )T

Differentiating equations (22), (23) and (24) j times, where (0 < j < n—1), we have

Bl Ales (r,t5)xa =0,  for t€ [ty 1y,

B,TA{eA,(t, tf)xq =0,  forrelfy, )7,

(22)
(23)

(24)

(25)
(26)
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where2</[/<k-1, and
Bl AL ea,(t,17)xq =0, for € [y, 1) 27

If we take ¢ = tr in equations (25), (26) and (27), then it follows that Bl.TA{xa =0,fori=1,---k,
and j =0,---.n—1. Which implies that the rank condition (20) fails, which gives contradiction.
So the impulsive system (7) ic controllable on [to, L‘f]T (tf € [tg—1, LK) T)- O

4. Observability

In this section we have to study the observability properties for the following linear time-

varying impulsive dynamic system:

x2(8) = —Ap(Dx° (1) + Bp(Du (1), t€ [tr—1, )T,

x(60) = (1 + ) x(tp), r=t,k=12,..., 08)
y(@) = Cr()x () + Dr(Hu (1),
x(fp) = Xo,

under the following conditions:

(i) Time scale T is unbounded above with bounded graininess (i.e. supT =oo and u(#) <
00).
() fo<ti<try<---tp<---,withlimy_, tx = co. where, t; € T, are right-dense.
(iii) x(t;c“) :=limy,_g+ x(f; + h), x(t,;) :=limy,_ ¢+ x(#; — h) and ¢ € R are constants.
(iv) Ar() € CrgZ (T4, M,(R)), Br(-) € C,qR(T 4, Myxm(R)), x € R" is the state variable and
u € R™ is the control input.
V) Ck() € CrgR(T 4, Mpxn(R)), Dy () € Crg R (T 4+, Mpxm(R)), y € R” is the output.

Complete observability of linear impulsive systems is define as follows:
Definition 16. The impulsive system (28) is said to be completely observable on

(20, t7]; (7 > to) if any initial state x(#o) = Xo € R” is uniquely determined by the correspond-
ing system input u(#) and the system output y(t) for [, tf]v'

Theorem 17. Assumethatl+c; =0,i=1,2,..., k. Then, the impulsive system (28) is observable
on [to, ty]y (tf € (tx, trs1D1 if and only if the matrix

k-1 i k
M((to, tg) := M(to, to, t1) + Y [ (L +c))M(to, ti1, t2) + [ [ (1 + ¢;)) M (1o, tie—1, 1)
i=2j=1 j=1

is invertible, where

5]
M(to, to, 1) := f @4, (1, 7)C] (1)C1 (DD (1, T)AT,

)
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I
M(tg, ti-1,17) :=f Qi(to, IC] (MCi(Q] (10, AT i =2,..., k-1,

Li-1
and
ty
M(to, ti—1, tf) = f Qi (10, T)C{ (D) Ce (), (T, T)AT.
k-1
with

Q (10,7) = @ (11, Iy (Ei-z, 1)+ D (fo, 11), i=1,...k.

Proof. Suppose M(ty, tr)yis invertible. From (8) and (28), we obtain

h
y(1) =CL(DD) (1, DX+ C1 (1) | @} (7, DB (D) u(r)AT+ Dy ()u(t), L€ [fo, h]y (29)
5}
and
1 1
y(t)zcl(r)<1>£,(tl_1,t){ [T a+en [T @} (tio1,t)x0
i=l-1 i=l-1
-2 i i+1 ti
caw+y (I (+e) I1 cbgj(tj_l,tj)f (7, 6B (1) u (1) A1)
i=1"j=1-1 j=1-1 liza

-1
Cl(f)+(1+0k—1)f d)ﬁl_l(r, ti-1)Bi— (D u (1) AT}
-2

t
Ci(1) +f ®£,(T’ HB (M) u(t)At+Dj(t)u(r), for t€ (t;_1, 417, [ =2,..., k. (30)

I

It is easy from the Definition 16 that the observability of system (28) is equivalent to the ob-
servability of y(t) is given by

Cl(t)q)};l(t()» Dxo L€ [ty il

y() = 1 31
H (1 + Cl)Cl(t)QlT(tO) t)x() re (tl—l) tl]T) l = 2)~-~» k»
i=1-1
as u(t) = 0. Now, multiply by Q; (¢, ) ClT (2) to both sides of (31) and integrating with respect
to fp to tf, we have

ty T
f Q(%,7)C; (My@AT

to

h k-1 i t;

=[ f Dy, (10, 7)C] (MCL (DD} (10, AT+ Y [[(L+¢)) f Q; (1, 1)C] (1)Ci(1)Q] (29, T)AT
lo i=2j=i tic1
k

t
fTla+ep | QutionC! @C@aL (1o, mAT| x0
[1

] k-1

and so,

1 T
f Q;(t, 71)C; (My(MAT

fo
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k-1 i
= | Mo, to, 1) + ) 1‘[(1+c])M(to, tio1, t) + 1‘[(1+c])M(to, i1, tf) | Xo
i=2j=1 j=1
= M(ty, l'f))C(). (32)

Obviously, the left hand side of equation (32) depends on y (1), t € [ 1o, tf]v' Since the matrix
M(t, tf) is invertible, then from linear algebraic equation (32) we deduce that x(#) = x is
uniquely determined by the corresponding system output y(¢) for t € [#, trlt.

Conversely, suppose that the matrix M (t, tr) is not invertible, then there exist a nonzero
Xq € R, such that
X M(ty, tp)xq = 0.

Since1+¢;=0,i=1,2,...,k, M(ty, to, t1), M (1o, ti—1,t;) fori =2---, k—1and M(ty, tx—1, tf) are
positive semidefinite matrics, we have

xC];M(tO» 1o, tl)xa = 0»
xIM(to, tio1, t)xq =0,  fori=2,...,k-1 (33)
xg M(to, tg_1,tf)Xq = 0.

Choose xy = x4. Then, from (31) and (33), it follows that

t 5]

y @y@AT = f X @, (to, )C] (1)C1(T)DY (fg, T)Xo AT
1

to 0

2
ti

f x0 Qi (o, T)C/ (1)C; (1)Q] (19, T)Xa AT
ti-1

i
H L+¢j)

2
o T T
xan(t(),T)Ck (T)Ck(T)Qk (tg, T) XqAT.
I

k-1

k
H I+¢j)

Further, we have
2
T
Xo M(to, ti-1, i) Xa

l‘f k-1
y @y @AT =X M(to, to, 1) X0+ Y,

)

H (1+ Cj)
=2 | j=1

2
xCJ;M(tO» tk—l) tf)xa =0

k
+ [ [[A+¢p
j=1

and so,

ty
f ly@|?ar =o.
5}

It follows that

Cl(t)d)ﬁ (to, )Xo, L€ [, 11T,
I

O—y(t)—< H(1+C])Cl(t)Q (o, 1) xg IE[II l)tl)'ﬂ') l:2,...,k—1,

e
1‘[ 1+ ¢j)Cr(Q (Lo, )Xo T € [Ty, 1T
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The last equality implies, by Definition 16, that the impulsive system is not observable on

[to, trlv(tf € [t—1, L) T)- O

Our next result give us the sufficient and necessary criterion for time-invarient case for
impulsive system (28).

Let us define the following matrix

% Ci
! C; AT
S=|:landV;= ) (34)
Vi -1
Ci(A])"

Theorem 18. Assume that1+c; = 0,i = 1,2,...,k and Ay(t) = Ay, Ci(t) = Cy. are constant
matrices. Then, the impulsive system (28) is observable on | 1, L‘f]T (tf € [tg-1, t) 1) if and only
ifrank(S)=n.

Proof. Suppose that rank(S) = n and we aim to show that system (28) is observable on
[0, L‘f]1r (tf € [tg-1, tx) 7). If otherwise, namely system (28) is not observable then by Theo-
rem 17, it follows that the matrix M(f, t¢) is not invertible, which leads to that there exists a

nonzero vector x, # 0. Then by using Theorem 17, we obtain
T nor T T
Xo M(to, to, 11) Xq =f xqea (10, 7)C; Crey (to, T)Xo AT
4}

51 T
=f |Cref (to, %0 | [Crel, o, m)xa | AT,
to

it follows that

C ei (tg, 1) xq. (35)
Similarly,
CiQ (fo, Dxg=0,i=1,- k-1, (36)
and
CrQ (o, Dxq =0, (37)
where

Qf (to,0) = e} (t;i1, D€, (tia, ti-1)--ey (fo, 11)

Obviously, at t = fy, we have C;x, =0, for i = 1,--, k, and differentiating the equations (35),

(36) and(37) n—1 times and evaluating the result at ¢ = f; gives

CiAlxg=0,j=01,..,n-1,i=1,k (38)
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Therefore, by (34) and (38) we have Sx, = 0 and moreover x, # 0 implies that rank(S) < n
which leads to a contradiction with the assumptions that rank(S) = n. The proof of sufficient

part is finished.

Conversely, we suppose that rank(S) < n. Then, there exist v, # 0 such that Sx, =0,
which leads to (38).

By using (14) and (38), we have

Hh n—-1
M(to, to, 1) xa = | Y ¥j(to,T)ea, (o, T)C] Crey (o, T)xaAT
N j:0
Hh n-1 T T
= ZYlj(to»T)eAl(to,T)Cl C1A] xgAT =0,
o j=0

similarly, fori =1,2,...,k—1

M(t()) ti—ly ti)xa =0
and

M(t()r tk—lr tk)xa =0

(38) yields M (1o, tf)xq = 0. Since xo # 0, the matrix M (i, ff) is not invertible. Hence the sys-
tem is not observable and it contradicts with the assumption of observability. The proof is

completed. O

5. Conclusion

In this paper, we investigated the issue on the controllability and observability criteria
for linear impulsive adjoint system on time scales. Using the adjoint system, we find some
necessary and sufficient results of controllability for adjoint impulsive system (for both time
varying and time invariant) on time scales. we also find some necessary and sufficient results
of observability for adjoint impulsive system (for both time varying and time invariant) on

time scales.
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