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TWO NEW DISCRETE OU-IANG TYPE INEQUALITIES

WEN-RONG LI AND SUI SUN CHENG

Abstract. Two discrete Ou-Iang type inequalities are established which are supplementary to
some of the existing results.

In [1], several explicit bounding sequences are found for nonnegative sequences of the
form {z,}52 , which satisfy

n—1 n—1
xﬁf')/n“' me%%'*‘ ngx;lna n 2 a, (1)
m=« m=«x

where a is an integer, p,¢ > 0 and {fu},—, {0n}reu { I}, are nonnegative se-

quences.
Here we are interested in obtaining additional explicit bounding sequences for nonneg-
ative sequences of the form {z, } - = which satisfy the above or the following functional

relation n:la )
o(@n) < Yo+ Z fm@(zm) + Z Im¥(Tm), n > a, (2)

where o is an integer, {fu}o—, {9n}nee {Tn}nes are nonnegative sequences, and
{7}~ is nondecreasing.

There are many reasons for studying (2). As an example, let {z,},, be the popu-
lation of a species in time periods n = 0,1,... . Let ¢ measures the intellectual ability
of the species and 1 measures the living standard. It is reasonable that the increase in
intellectual ability in two consecutive time periods, that is ¢(x,11) — ¢(x,,), is propor-
tional to ¢(z,) and also to ¥(zy). Let €, stands for nonnegative extrinsic factors such
as knowledge from an outside civilization, then assuming a superposition effect, we then
have

@(xn—i-l) - (,O(J,'n) = f‘P(wn) + g¢(xn) +éen, n=0,1,2,.., (3)

where f and g are positive porportionality constants. Summing the above equation, we
then obtain

n—1 n—1
p(xn) = Y fol@m)+ D g(@m) + Tn,
m=0 m=0
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-1
where v, = Y0 " Em.

In case ¢ is trivial and ¢ is the identity function, the following two results are known
(see e.g. [2, Theorem 15.7] and [2, Lemma 15.6]).

Lemma 1. Suppose ¢ is trivial and ¢ is the identity function. Suppose {v,}, .., is
a positive sequence, and 1 is a positive, nondecreasing and continuous function defined
on (0,00). Let
vodt

B uo ’l/}(t)7
If {x,},, is a nonnegative solution of (2), then

n—1
Ty < G! (G('Yn) + Z gm>

forn=a,a+1,...,08, provided that

u, o > 0.

G(u)

n—1

Gr)+ Y. gm €G(0,0), n=a,a+1,...,0.

m=«x

We remark that when n = «, the sum appearing in the above result is taken to be
zero. This practice is in line with the general convention that empty sums are taken to
be zero, and empty products to be one.

Lemma 2. Suppose ¢ is trivial and o is the identity function. Suppose further that
Yo =+ Z"m_:la om for n > «, where {o},_ . is a nonnegative sequence, and 1 is a
positive, nondecreasing and continuous function defined on [0,00). Let

[
o ¥(®)
If {x,},, is a nonnegative solution of (2), then
n—1
wn <G (G () + Y gm>
m=a

forn=a,a+1,...,3, provided that

G(u)

u, ug > 0.

n—1

G(m)+ D gm €G(0,00), n=a,a+1,...,8.

In case ¢ is the identity function, the following is known (see e.g. [2, Theorem 15.10]).

Lemma 3. Suppose ¢ and ¢ are the identity function, and suppose 1 is a nonde-
creasing and continuous function on [0,00) such that ¥(u) > 0 for u > 0. Let

Todt
G(:r;):/ m, B,z >0,
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and . .
A=Y+ Y Ymfm [ Q+f) n>a
m=«a i=m+1

If {xn},_, is a nonnegative solution of (2), then
n—1 n—1
Tp < G (G(An) + Z gm H (1+ fz))
m=«a i=m+1

forn=a,a+1,...,03, provided

n—1

n—1
GA)+ Y gm J[ U+ f)€GO0,0), n=0a,a+1,...,5

m=auo i=m+1

In case ¢ = ¢, we may show the following.

193

Theorem 1. Suppose ¢ = ¢, and ¢, are continuous and nonnegative functions

defined on [0,00), ¢ is increasing and ¢ is nondecreasing. Let

" dt
Q(T’)—/ﬁ m,r,ﬁ>0,
and n—1 n—1
Fn:7n+27mfm H (1+fj):n2a-
m=au j=m+1

If {x,},, is a nonnegative solution of (2), then

n—1 n—1
Tp <! (Ql QT+ Y g [[ O+ 1) )
m=« i=m+1

forn=a,a+1,...,08, provided

n—1

n—1
Q)+ > gm J[ A+ £) €0,00), n=0a,a+1,...,8

m=« i=m+1

Proof. Let
n—1 n—1
Up = Yn + Z fm@(xm) + Z Im¥(Tm), n > .

Then {u,},., is nonnegative, uq, = 7, and

Au, = A'Yn + fnd)(mn) + gn¢(mn) >0,n2>a.

(4)
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Since ¢ is increasing, thus z, < ¢!(u,) for n > a. As a consequence,
Au, < A’Yn + fatin + gn¢(¢_1(un))7 n > a,
which implies

n—1 n—1
Up <Y + Z fmUum + Z gm¢(¢_1(un))a nza.
m=«x m=ux

According to Lemma 3,

n—1 n—1
U QO QUT) + D gm [ A+ 5) (6)
m=«x i=m+1
forn=a,a+1,...,0, provided that
n—1 n—1
QT+ Y gm [[ A+ fi) €900,00), n=c,a+1,....5
m=« i=m+1

Finally, (5) follows from (6) and ¢(x,) < uy. The proof is complete.

As a corollary, let ¢(u) = uP and 1(u) = u? where p, ¢ are distinct positive numbers.
The function 2 defined by (4) is then equal to

Todt p
— — (r—a)/p _
Qr) = 1 t‘J/P_p—q(r 1),r>0,

and o)
_ p/(p—q
QL) = <ut+ 1>
P

where

— domQ-! = { @/(@=p),) p>q
(0, 00) = dom¥ _{(—oo,p/(q—p))p<q'

Therefore, the conclusion of Theorem 1 is now

n—1 n—1 1/(p—a)
zp < {F%’"W” + 2225 IT @ +fl-)}

b m=«a i=m+1

forn =a,a+1,...,43, provided that

n—1 n—1
rp o+ Pod Y gn I G4 f)edom@ ™ n=aa+1,...0
m=« t=m+1

We remark that the above conclusion is different from the result stated in [1, The-
orem 1] for equation (1), and therefore Theorem 1 is not a direct generalization but a
complementary result of Theorem 1 in [1].
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Theorem 2. Suppose @ is the identity function. Suppose v, > 0. Suppose further
that ¢, are positive, continuous and nondecreasing on [0,00). Let

vodt
U(u) = ——,u,ug > 0,
W=, 5@
O(u) = A u,up >0
o ¢(t)7 » 40 9

and ®(u + v) > ®(u) + ®(v) for u,v > 0, and limy_, o ®(u) = +o00. If {zp}o, is a
nonnegative solution of (2), then

n—1 n—1
oy < U (w (vn+<1>—1 (Z fm>> + Y gm>

forn=a,a+1,...,3, provided that

n—1 n—1
v (’7n+¢1 (Z fm)) + Z gm € 111(0700)7 n:a>a+1>---7ﬁ-

m=«x

Proof. Let
n—1 n—1
Up = Yn + Z fm@(xm) + Z Im¥(Tm), n > .

Then {u,},. , is a nonnegative sequence, uq = 7, and
Au, = Ay + frd(xn) + gnt(z,) >0, n > a.
Since x, < u, for n > «a,
Aup < Ay + fad(un) + gnth(un), n 2 a,

which implies

m=«x

n—1 n—1
Uy < (% + > (gmt(un) + Am)) + Y fm®(um), n > a.

In view of Lemma 2,

Up < ! ((I) ('Ya + z_: (gm¥(um) + A'Yﬂ%)) + z_: fm> (7)

m=«x

forn =a,a+1,...,3, provided

n—1 n—1
P <7a—|— Z (gmw(um)ﬂ—Avm)) + Z fm € ®(0,00), n=a,a+1,...,0.

m=«x m=«x
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Since limy 00 ®(u) = 400, the last condition holds for any 5. Thus (7) holds for all n > a.
Next, note that the conditions imposed on ® imply ®~!(u +v) < @~ (u) + ®~!(v) for
all u,v € ®(0,00). Thus,

n—1
UnS’Ya“‘Z (gm¥(um) + Aym) + @~ (me)

= (’Yn"'@_l (Z fm)) + Z gm"/}(um)-

Since {% + &t (ZZ1 la fm)} is a positive and nondecreasing sequence, according to

n—1 n—1
Tn Sy < T (\I' (vn +o! (Z fm>> + ) gm>

forn =a,a+1,...,3, provided

n—1 n—1
v <7n+q>1 (Z fm)) + Z gm € lIJ(():OO); n:a,a+1,...,/8.

m=«x

Lemma 1,

The proof is complete.

As an application, consider the functional relation

T < (an + nz_: me(xm)> (bn + nz_: Gmw(xm)> , 2> a, (8)

m=« m=«

where {Fn}zo:a’ {Gn}fbo:(){7 {an};z.ozoﬂ {bN}SLOZOH {AG’N}SLOZQ and {AbN};z.oza are nonneg-
ative sequences and w is a positive, nondecreasing and continuous function defined on
[0,00), and aab, > 0. Denote the right hand side of (8) by z,. Suppose {z,},-, is a
nonnegative solution of (8). Then

Az, = (an + Ti: me(mm)> (Abn + an(xn))

m=«x

+ (Aay, + Fyw(zy,)) (an + > Gmw(mm)>

m=«x

= a,Ab, + bpr1Aay, + (anGr + b1 Fr)w(xy,)

n—1
+Ab, Zme xm)+AanZGmw Tm)
n—1
+Gw(zy,) ZF w(zm,) + FLaw(z,) ZGmwmm)

>0
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for n > a. If we assume further that w is nondecreasing, then

Azp < A(anbn) + (anGn + bn—i—an)w(zn)
n—1 n
+ (Abn Z F,, + Aa, Z Gm> w(zn)
n—; n -
+ (Gn Z Fy + F, Z Gm> w2(zn)'

Let
n—1 n
fn:anGn+bn+1Fn+Abn ZFm+Aan Z Gm, n > a,
m=a m=a«a
n—1 n
gn:Gn ZFm+Fn ZGma nZa;
u
Wl(u):/ i: U,,U0>0,
uo 'lU(t)
and

odt
WQ(U,):/ wz—(t)’ U,U0>0.

According to Theorem 2, if we make the additional assumption that W, satisfies W1 (u +
v) > Wi(u) + Wi(v) for u,v > 0, and limy_, o W(u) = 400, then

n—1 n—1
Tn < W2_1 <W2 (anbn + W1_1 (Z fn>> + Z gm>
forn=a,a+1,...,0, provided that

n—1 n—1
W2 (anbn+W11 (Z fn)) + Z 9m € WQ(0,00), n= Oé,Oé+ 17"'75'
m=« m=ux

As another example, we consider our equation (3). It is reasonable to assume that

¢, are continuous and nonnegative functions defiend on [0, 00), ¢ is increasing and v is
nondecreasing. For simplicity, we will also assume that €, = ¢ > 0 for all n. Then letting

" dt
Q(r) :/ PG D) r,p >0,
and
n—1 n—1
Fpn=mm+ Z Ymfm H (1+fj)
m=« j=m+1
n—1
=ne +mfe Z (14 fyn—m-t
m=0

=ne+me((1+ )" -1),
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if {z,},, is a nonnegative solution of (2), then

T0 <67 (n—l [ﬂ(m N f)"—m*])
m=0

oo o)

forn=a,a+1,...,0, provided

1+ " -1

QT,) +g 7

€ 2(0,00), n=a,a+1,...,0.
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