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AN APPLICATION OF BRIOT-BOUQUET DIFFERENTIAL
SUBORDINATION

JAGANNATH PATEL AND PRAVATI SAHOO

Abstract. By using the method of Briot-Bouquet differential subordination, we prove and
sharpen some classical results in geometric function theory. We also derive some criteria for

univalency for certain classes analytic functions in the open unit disc.

1. Introduction

Let Ag(p) denote the class of functions of the form

f(z) =2+ Z Aprmz" " (p,ke N=1{1,2,--}) (1.1)

m=k

which are analytic in the unit open disk E = {z : |z| < 1}. We denote A;(p) = A(p).
For any real number (> —p), we define
S+p—1 _ 2P .

DerP f(@—m*f(z) (f € A(p);z € E) (1.2)
where the symbol * stands for the Hadmard product (or convolution) of two power
series. We note that if p=1 and § € N, then D° f(z) is the Ruscheweyh derivative [11]
of f(z). Further, it follows from (1.2) that for 6 =1 —p

DYFP=lE(2) = £(2), DOTPF(2) = (1 —p)f(2) + 2f'(2),

and
ADMP ()Y = (5 +p) D f(z) — 5DV f(2). (13)

Let g(z) and h(z) be analytic in -E. Then the function g(z) is said to be subordinate
to h(z), written g(z) < h(z), if h(z) is univalent in E, g(0) = h(0) and g(E) C h(E).

In this paper, we propose to give some applications of Briot-Bouquet differential
subordination for certain classes of analytic functions defined in terms of the operator
D%tP=1_ Our results include several known results as special cases.
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2. Preliminaries
Let Py denote the class of functions of the form
p(z) =1+ prpz® + prpra®™t + -

that are analytic in the open unit disk F.
In our present investigation, we shall require the following lemmas.

Lemma 1.([4]). Let h(z) be convex univalent in E, h(0) =1, and p(z) € Py. If
!
o)+ 1 <o),

then for v # 0 and Re(y) > 0

=2

p(z) < gz B [ 1F h(t)dt = q(z) < h(2)

) / ;
0
and ¢(z) is the best dominant.
For real or complex numbers a, b, ¢ (¢ #0,—1,—2,---), the hypergeometric function
ab ala+1)b(b+1) ,
F = LI b: c: =14+ — _ 7 2.1
2f1(2) = pRilabiaz) =1+ ozt =y 7 F 21)
represents an analytic function in E [1, p.556].
The following identities are well-known [1, p.556-558].

Lemma 2. For real or complex numbers a, b and ¢ (¢ #0,—1,—-2,--), we have

/1 Tt (1—t) P (1 —t2) %dt= 7F(b)rf‘((cc)—b) oFi(a,b;¢;z) (Re(c)>Re(b)>0); (2.2)
oFi(a,b;¢2) = (1 —2)7% o Fy (a, c—b;c; ﬁ), (2.3)
(b+ 1) Fi(1,b;b+1;2) = (b+ 1) + bz. oFy (1, b+ 1;b + 2; 2); (2.4)
2 F1(1,1;2;2) = —2 7 In(1 — 2). (2.5)

We shall assume throughout in the sequel that X > 0, u > 0, § > —p, A and B are
fized real numbers with A # B and |B| < 1.

3. Main results
We now prove
Theorem 1. For 1 < j <p and f(z) € Ar(p), let ¢;(2) be defined in E by
(DL f )50\ k| (DPP L)) (D71 f(2)) 6D e
) +A( )( ) -

05(2)=(1-X) (5 prrmris
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If
' . p! b1+ Az
63(2) < L+ Aw = (=5 m1) T35, €5 (3:2)
then syt 1)
(DT f(2) VN P! "
( =it ) < ((p—j-l—l)!) a(z), (3:3)
where
o (1 _ é)(l_sz)fl F (1 1 #OHAP=1) | 1. Bz ) B£0
(2) = B B 281\ 5 S Xk ' Bz+1 )? (3.4)
q(z) = )
(1+A(p—j)) _
T =T B=0
and q(z) is the best dominant. Furthermore,
(DS L5 DNk gk
R —) > (Goam) ™ (3:5)

where

A+ (1-3)1-B) 1 ok (L1 AR 4 1B ), B £ 0

__u(4+Xp—j) _
T A=)+ A , B=0.

pL =

The estimate in (3.5) is best possible.

Proof. Defining the function p(z) in E by

—j+ 1) (DOHPLf(R)) D\ ke
p(z):((p ]Jo! ) ijjil)) )

(3.6)
and choosing the principal branch in (3.6), we see that p(z) € Py. On differentiating
both the sides of (3.6) and using (3.2) in the resulting equation, we deduce that

A-zp'(z) 1+ Az
I+Ap—j) 1+Bz

p(z) + o (z € E).

Since (1 + Az)/(1 4 Bz) is convex (univalent) in E, an application of Lemma 1 yields

1 )\ -7 P—J z P—J 1 At
p(2) < g(z) = HEFAR =) +A§€p DI ”/0 R liBtdt
[HH -+ BT R (1, 1; £0EXe=d) 4 4, B{j’jl), B#0
1+ p(A+AP—4) 4, ,B=0

pw(14+A(p—7))+Ak

by change of variable followed by the use of the identities (2.2), (2.3) and (2.4). This
completes the proof of (3.3).
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Next to prove (3.5), it suffices to show that

inf (Re(a(2))} = a(-D). (3.7)

Indeed, we have for |z| <r <1,

Re{1+Az} 1-Ar

1+Bz) = 1-Br’
Setting
1+ Asz
= <s<1 E
959 = ope,  (0<s<1, 2€B)
and
1 )\ -7 © P—J
du(s) = PAEFAR ) stmpmin

Ak

which is a positive measure on the closed interval [0, 1], we get

«azﬂg@aw@

so that

z%mw}zAX}}§§WMﬁ

q(=r), |z| <r < 1.

Now, letting r — 1~ in the above inequality, we obtain the assertion (3.7).
The estimate in (3.5) is best possible as the function g(z) is the best dominant.

, n
Taking A =1 — ((p_ﬁl)!) . 1+)\2((;77j) and B = —1 in Theorem 1, we get

Corollary 1. For 1 < j < p and f(z) € Ar(p), let ¢;(z) be defined in E by
(3.1).
(1) If

Re{$;(2)} > a (o <a<(l +)\(p—j))((p+!+1)!)u, ze E)

then

pe{ (D5

m
Zp_j+1 } >p2 (ZEE)7

where py is given by

Q@ I(( p!

e o ()

I
o) T M E
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(ii) I

Re{$;(2)} < a ((1+A(p—j)(pf!. )" <a, z€B)

then

Re{ (D=1 f(z))—D) }u < (zeD)

2p—j+1

The estimates in (i) and (ii) are best possible.

Corollary 2. Let f(z) € Ax(p) and 2 < j <p. If for B#0

Dé+pr—1 (9) 114 A*
DD Leds
ZP=J (p—Jj)N 1+ Bz
where
. B »Fi(1,1; MTJH B )

B-1
B

_ 1
B+ oFy(1,1; it By

then DOTP=1 f(2) is p-valent in E.

Proof. Putting A = y = 1 and replacing A by A* in Theorem 1, we deduce that

Re{Z(Da+p—1f(Z))(j—1) } _ Re{ (D=1 f(2)0 } >0 (z€B)

Zp—j+2 2p—j+1

Since 2P 92 is (p — j + 2)-valently starlike in E, in view of Theorem 8 of Nunokawa
[5], the function D?TP~1 is p-valent in E.

Remarks 1. Sincefor 1 <j<p,pu=A=k=1andd =1 —p,

(p—j+ D!I(2a+p)!
2p-4)+3

p2 >

part (i) of Corollary 1 improves the corresponding result due to Saitoh [12].
2. Putting j = p, k =1 and 6 = 1 — p in Corollary 2, we get the result contained in
[9, Theorem 2] which inturn yields the result obtained by Nunokawa [6] for B = —1.

Theorem 2. Let 1 < j <p, f(z) € Ax(p), let ¢;(z) be defined in E by (3.1).
(@) If

d+p—1 P G-\
Re{ (D Zp—f;(-l—l)) ] } > a(O <a< (ﬁ)u, S E) (39)
then
Re{¢j(z)} > (L+Ap—j)a  (]z| < Ri),
where

o= [ w1+ Xp—7)) ] : (3.10)
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(ii) I

Re{ (D6+p;:fj(fl))(j—1) }u < 0‘((#;1)!)“ <a, z € E)

then
Re{$;(2)} < (1+Ap—3)a  (lz] < Ri).
The bound Ry in (i) and (it) is best possible.

Proof. Let us assume that (3.9) holds. Then

(DoHP L f(2)0 D\ e
( e ) =a+(B-apz) (:€B) (3.11)
where 8 = (p!/(p — j + 1)1)*. Choosing the principal branch in (3.11), we see that
p(z) € P, and Re(p(z)) > 0 in E. On differentiating both the sides of (3.11) and
simplifying, we get

Re{¢;(z) — (1 + AMp —j))a} = (8 — a)Re{(1 + A(p — j))p(2) + %ZP'(Z)}- (3.12)

Using the well-known estimate

|20/ ()] 2kr"
Re{p(z)} = 1—r2k

(lzl =7 < 1)

in (3.12), we obtain

2\krk
(1 —17%)
It is easily seen that the right-hand side of the above relation is positive when r < Ry,

for R, is given by (3.10). Hence, Re{¢;(2)} > (1 + A(p — j))a for |z] < Ry.
To show that the bound R; is sharp, we take f(z) € Ag(p) defined in E by

Re{gj(z) — (1 + Ap —4))a} 2 (8 — a)Rep(z){(1+ A(p - j)) — }-

S+p—1f(, G-\ p Sk
(55 ) =er oot cen
with 8 = (p!/(p — j + 1)!)*. Noting that
5(2) — (L4 Mo = o = (14 A= )1 - 22+ 2k =0

for z = Ry exp(in/k), we complete the proof of part (i) of the Theorem.
Similarly, we can prove part (ii) of the Theorem.
Using the same techniques as in the proof of Theorem 1, we have the following result.

Theorem 3. Let 1 < j <p, f(z) € Ax(p) and let ¥;(z) be defined in E by

D6+p71fz (G-D\p D6+pf2 (j—1) D6+p71fz (=1 p—1
() = (1= (P ) T (B
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If
p! nl+4+ Az
\Ilj(z)<((p—j+l)!) T B, (z € E)
then (D¥P=1f(2))=D \u p!
() < TR ES
where

. {% + (1= #) a0+ BT R (L1 4 1 82, B £0
q(2) =

p(d+p) —
L+ p s B=0

and q(z)is the best dominant. Furthermore,

() s () e cem G

where

/ {%+(1—%)(1_B)—1 B (L1 52 1 1), B A0
.

p(9+p) _
1+ WA y B =0.

The estimate in (3.13) is best possible.

Theorem 4. For f(z) € Ak(p), let F\(z) be defined in E by
Fx(z2) =1 =X +1)D*TP1f(2) + X0 +p)D°TPf(z) (0< A\, z€ E). (3.14)

If

()
F\(2) pl 14+ Az
gy (I =X+ X\p) -1t B: (z € E) (3.15)
for 0 < j <p, then
DtP=1 £()\() !
D
2 (p—9)!

where

@ {% (1= 5) 0B 2B (1152 415585, B#0
a\z) =

1-2+Ap Az

]._'_ 1—>\+>\(p+k)) ,BZO

and q(z) is the best dominant. Further, for 0 < j < p we have

S+p—1 £(,))(9) !
Re{(D *Zp_fj( )Y } > f'j);/"l (z € E), (3.16)
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where py is given by

{g +(1-3) =B LR (LS + L), B#O
pa =
1-A4+Ap _
]. mA ] B —_ 0-

The estimate in (3.16) is best possible.

Proof. Using (3.14) and the identity (1.3), it follows that
EJ(2) = (L= A+ M)(DTP7 f(2) 9 + 02D f(2))0F) (3.)
for 0 < j < p. Letting

(p— 30! (D" £ (2)
p! 2P=J

p(z) = (= € B), (3.18)
we note that p(z) € P,. On differentiating both the sides of (3.18), using (3.15) and
(3.17) in the resulting equation followed by a simple calculation, we obtain

A 1+ Az

!
A 144z B).
T oaap P 1rE, FEP)

p(2)

The remaining part of the proof is similar to that of Theorem 1. So we omit the details.

Settingd =1—-p, k=1, A=1- p!%'f(f’i;g\!m and B = —1 in Theorem 4, we obtain
the following.

Corollary 3. Let 0 < j < p, f(z) € 4, and Fx(z) = (1 — N)f(z) + Azf'(z) for
A>0.

G) If |
Re{F)(\Z)(Z)}>a (0<a<w ZEE)
: =il
then
fO(z) a p! a 1+Ap 1
Re{ 5 }>1—)\+)\p+{(p—j)! 1—)\+)\p}(2F1(1’1’ N T
(i) If
(4)
F\"(2) pl(1 =X+ Ap)
Re{ pry }<a ( W=7 <a, z€E)
then
f9(z) a e p! I+xp 1
Ref o } < 1_A+Ap+{1_A+Ap_(p_j)!}'(2F1(1’1’ N gD
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The estimates in (i) and (ii) are best possible.

Remark. We note that the results contained in Theorem 4 and Corollary 3 improves
the corresponding work of Yang [13].

Theorem 5. Let0 < j < p, f(z) € Ax(p) and F)\(z) be defined in E by (3.14).
(@) If

(DT f(2))V) p!
then )
Re{F;pff) } >A-A+ )a (2] < R»)
where
Ry — [\/()\k)2 + (1 =X+ Ap)2 = k7%
*T (I =X+ Ap) '
(i) If
(DOHPLf(2)W) p!
RG{T}<O{ ((p_j)!<a,Z€E),
then

()
Re{L(Z)} <@-A+Ap)a (2| < R

2P—J

The bound Ry in (i) and (ii) is best possible.
Proof. Defining the function p(z) in E by

(D¥7 ()

2P—J

=a+ (8 —a)p(z) (3.19)

with 8 = p!/(p— j)!, we see that p(z) € P, and Re(p(z)) > 0 in E. Differentiating both
the sides of (3.19) and using (3.17) in the resulting equation, we obtain

F9(z) ,
Re{ gy S (I-=X+ )\p)a} = (8 —a)Re{(1 — A+ Ap)p(z) + Azp'(2)}.
The estimates in (i) and (ii) can now be deduced on the same lines as that of Theorem
2.

The bound R» can be seen to be sharp by taking f € Ag(p) defined by

D+p—1 () 14 2k
L=

(0<j<p, z€E).

Remark. We note that our method of proof of Theorem 5 is much simpler than that
of Yang [13].
We now study certain integral transforms of functions in A (p).
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Theorem 6. For f(z) € Ax(p), let I,(z) be defined in E by

I(z) = v;p/O £ f(dt (v > —p). (3.20)
If
(D=1 f(2))W) 1+ Az ,
2P—J = (p_])l ’ 1+ Bz (OSJ SP,ZEE) (321)
then ( - ( ))(') |
D1 (=) p!
2P—J = (p _ ])'q(z)a (322)
where

4+ (1-4)0+B2) R (LLHE+ 1 425), B#0

Y+p —
1+W+p+kAz ,B=0

q(z) =

and q(z) is the best dominant. Furthermore, for 0 < j < p we have

S+p—17 ())() !
Re{(D + Zp{;( NY } > f'j)!p5 (z € E), (3.23)

where p5 is given by
A+(1-2)0-B A (L2 + Lig), BAO

_ _o+p _
1— A ,B=0.

Ps =

The estimate in (3.23) is best possible.

Proof. Letting

(0= )} (D711, ()

p' zZP—J (Z < E)’

p(z) =
we see that p(z) € Pr. On differentiating the above expression, using (3.21) and the
identity

2D ()Y = (v + p) (DT f(2) D) = (y + (DL ()Y
in the resulting equation, we get

2p'(2) - 1+ Az
vy+p 14+ Bz

p(z) + (z € E).

Now, the assertion (3.22) and the estimate (3.23) follow by employing the techniques
that proved Theorem 1.
Taking A =1— 204(”;—!])! and B = —1 in Theorem 6, we get

Corollary 4. Let 0 < j < p, f(z) € Ar(p) and I,(z) be defined in E by (3.20).
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(1) If St 1)
Do+p— J
Re{¢}>a (z € B),
zP—J
then
(D711 (2)) D) p! e, 1
Re{ - }>a+{ (p_j)!—oz} (B (L5 541 5)-1)
(ii) If
(DoHP= f(2)D) P!
e{ prr }<a ((p— 5 <a, z€E),
then
(D271 (2)) D) P! tp 1
Re{ o }<a—{a—m}( 2F1(1,177+1,§)—1)
The estimates in (1) and (ii) are best possible.
Following the lines of proof of Theorem 2, we have
Theorem 7. Let 0 < j < p and I,(z) be defined by (3.20).
) If I
(DL (2))Y p!
Re{ g }>a (0§a<(p_j)',z€E),
then st )
Dotp=lf(z)l
Re{(zT())}>a (|Z|<R3)
where .
Ry=[VOr+pr+ R +k| "
(ii) If
(D1 (2) ) p!
Re{ pr } <a ((p—j)! <a, z €E),
then - )
D°P— [ ((z)V
Re{( ijj(( ) }<a (|2] < Rs)

The bound Rz in (i) and (ii) are best possible.
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