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ON AN EXTENSION OF A BILATERAL GENERATING FUNCTION

INVOLVING GENERALISED BESSEL POLYNOMIALS

P. K. MAITI

Abstract. In this note we obtain an extension of the bilateral generating function involving generalised Bessel poly-

nomials obtained by S. K. Pan from the existence of a quasi-bilinear generating relation involving the polynomial

under consideration.

1. Introduction

In [1], quasi-bilateral generating function is defined as follows:

G(x,u, w) =
∞
∑

n=0

an p(α)
n (x)q (n)

m (u)wn (1.1)

where p(α)
n (x) and q (n)

m (u) are two polynomials of orders n, m and of parameters α, n respec-

tively. When q (n)
m (u) ≡ p(n)

m (u), then the above generating relation is quasi-bilinear.

In [2], Pan obtained the following theorem on bilateral generating functions involving gen-

eralised Bessel Polynomials, Y (α)
n (x) introduced by H. L. Krall and O. Frink [3]:

Theorem 1. If

G(x, w) =
∞
∑

n=0

anY (α)
n (x)wn

then

e−
βw

(1−wx) (1−w x)α−2G(x(1−w x), w z) =
∞
∑

n=0

wn fn (x, z)

where

fn(x, z) =
n
∑

p=0

ap
βn−p

(n−p)!
Y

(α−2(n−p))
n (x)zp .

The object of the present paper is to obtain the following theorem as an extension of the

above theorem from the concept of quasi-bilinear generating function by using one parame-

ter continuous transformations group.
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Theorem 2. If

G(x,u, w) =
∞
∑

n=0

anY (α)
n (x)Y (n)

m (u)wn

then

(1−w)−m+1(1−w x)α−2 exp
(

−

βw

1−w x

)

G
(

x(1−w x),
u

1−w
,

w v

1−w

)

=

∞
∑

n=0

∞
∑

p=0

∞
∑

q=0

an
wn+p+q

p !q !
v pβp Y

(α−2p)
n+p (x)(m +n−1)q Y

(n+q)
m (u).

2. Proof of the Theorem

In [4, 5], we see that

R1 = x2 y−2z
∂

∂x
+ x y−1z

∂

∂y
+βy−2z −2x y−2z.

R2 = ut
∂

∂u
+ t 2 ∂

∂t
+ (m −1)t

such that

R1(Y (α)
n (x)yαzn) = βY (α−2)

n+1 (x)yα−2zn+1 (2.1)

R2(Y (n)
m (u)t n) = (m +n−1)Y (n+1)

m (u)t n (2.2)

and

ewR1 f (x, y, z) = exp
[

−

βw y−2z

1−w x y−2z

]

(1−w x y−2z)−2

× f
(

x(1−w x y−2z), y(1−w x y−2z), z
)

(2.3)

ewR2 f (u, t) = (1−w t)−m+1 f
( u

1−w t
,

t

1−w t

)

. (2.4)

Let we consider

G(x,u, w) =
∞
∑

n=0

anY (α)
n (x)Y (n)

m (u)wn . (2.5)

Replacing w by w zt v and then multiplying both sides of (2.5) by yα, we get

yαG(x,u, w zt v) =
∞
∑

n=0

an(w v)n(Y (α)
n (x)yαzn)(Y (n)

m (u)t n). (2.6)

Operating ewR1 ewR2 on both sides of (2.6), we get

ewR1 ewR2 (yαG(x,u, w zt v))

= ewR1 ewR2

( ∞
∑

n=0

an(w v)n(Y (α)
n (x)yαzn)(Y (n)

m (u)t n)
)

. (2.7)
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L.H.S. of (2.7) is

ewR1 ewR2 (yαG(x,u, w zt v))

= ewR1

[

(1−w t)−m+1yαG
(

x,
u

1−w t
,

w zt v

1−w t

)]

= (1−w t)−m+1 exp
(

−

βw y−2z

1−w x y−2z

)

(1−w x y−2z)−2

×yα(1−w x y−2z)αG
(

x(1−w x y−2z),
u

1−w t
,

w zt v

1−w t

)

. (2.8)

R.H.S. of (2.7) is

ewR1 ewR2

( ∞
∑

n=0

an(w v)n(Y (α)
n (x)yαzn)(Y (n)

m (u)t n)
)

=

∞
∑

n=0

∞
∑

p=0

∞
∑

q=0

an
wn+p+q

p !q !
vnR

p
1 (Y (α)

n (x)yαzn)R
q
2 (Y (n)

m (u)t n)

=

∞
∑

n=0

∞
∑

p=0

∞
∑

q=0

an
wn+p+q

p !q !
vnβp Y

(α−2p)
n+p (x)yα−2p zn−2p (m+n−1)q Y

(n+q)
m (u)t n+q . (2.9)

Equation (2.8) and (2.9) and then putting y = z = t = 1, we get

(1−w)−m+1(1−w x)α−2 exp
(

−

βw

1−w x

)

G
(

x(1−w x),
u

1−w
,

w v

1−w

)

=

∞
∑

n=0

∞
∑

p=0

∞
∑

q=0

an
wn+p+q

p !q !
vnβp Y

(α−2p)
n+p (x)(m +n−1)q Y

(n+q)
m (u). (2.10)

which is Theorem 2.

Particular Case:

If we put m = 0 in (2.10), we get

(1−w)(1−w x)α−2 exp
(

−

βw

1−w x

)

G
(

x(1−w x),
w v

1−w

)

=

∞
∑

n=0

∞
∑

p=0

∞
∑

q=0

an
wn+p+q

p !q !
vnβp Y

(α−2p)
n+p (x)(n−1)q

=

∞
∑

n=0

∞
∑

p=0

an
wn+p

p !
vnβp Y

(α−2p)
n+p (x)

∞
∑

q=0

w q

q !
(n−1)q

=

∞
∑

n=0

∞
∑

p=0

an
wn+p

p !
vnβp Y

(α−2p)
n+p (x)(1−w)−n+1

= (1−w)
∞
∑

n=0

∞
∑

p=0

an

( v

1−w

)n wn+p

p !
βp Y

(α−2p)
n+p (x).

Therefore,

(1−w x)α−2 exp
(

−

βw

1−w x

)

G
(

x(1−w x),
w v

1−w

)
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=

∞
∑

n=0

∞
∑

p=0

an wn+p βp

p !
Y

(α−2p)
n+p (x)

( v

1−w

)n
.

Replacing
v

1−w
by v , we get

(1−w x)α−2 exp
(

−

βw

1−w x

)

G(x(1−w x), w v)

=

∞
∑

n=0

wn
∞
∑

p=0

an−p
βp

p !
Y

(α−2p)
n (x)vn−p

=

∞
∑

n=0

wn
n
∑

p=0

ap
βn−p

(n−p)!
Y

(α−2(n−p))
n (x)v p

=

∞
∑

n=0

wn fn (x, v),

where

fn(x, v) =
∞
∑

p=0

ap
βn−p

(n−p)!
Y

(α−2(n−p))
n (x)v p ,

which is Theorem 1.
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