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ON A PAPER OF S. ZAHID ALI ZENEI

�ZIVORAD TOMOVSKI

Abstract. In this note two theorems obtained by S. Zahid Ali Zenei in [11] are re�ned.

1. Introduction

In 1973, S. A. Telyakovskii [6] introduced a Sidon-type condition [3] described by

class S in his paper.

De�nition 1. A null sequence fang
1
n=0 belongs to the class S, or brie
y fang 2 S if

there exists a monotonically decreasing sequence fAng
1
n=0 such that

P1

n=0 An <1 and

j�anj � An, for all n.

Telyakovskii [6], �rstly proved that the Sidon's class is equivalent to the class S and

second that S is a L1-integrability class for cosine series

f(x) =
a0

2
+

1X
n=1

an cosnx (1.1)

Thus the class S is usually called as Sidon-Telyakovskii class.

Theorem A.([6]) Let the coe�cients of the series (1:1) belong to the class S. Then

the series (1; 1) is a Fourier series of some f 2 L1(0; �) and the following estimate holds:

Z �

0

jf(x)jdx � C

1X
n=0

An; where C > 0:

Similar theorem for sine series

g(x) =

1X
n=1

an sinnx (1.2)

is also proved for the class S by Telyakovskii in [6].
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Theorem B.([6]) Let the coe�cients of the series (1:2) belong to the class S. Then

the following relation holds for p = 1; 2; 3; : : :

Z
�

�=p+1

jg(x)jdx =

pX
n=1

janj

n
+O(

1X
n=1

An)

In particular g(x) is a Fourier series i�
P

1

n=1
janj

n
<1.

For other generalizations of the Theorem A and Theorem B, see [8], [9], [10].

N. Singh and K. M. Sharma [4] de�ned a class S0 as follows:

De�nition 2. A null sequence fang
1
n=0 belongs to the class S0 if there exists a

sequence fAng
1
n=0 such that

P1

n=0An < 1, j�anj � An, for all n, where fAng
1
n=0 is

quasi-monotone sequence (i.e. for some constant � � 0; An

(n+1)�
# 0).

Singh and Sharma [5] have proved Theorem A and Theorem B for the class S0. In [11]

S. Zahid Ali Zenei considered the class S(�), introduced in [2].

De�nition 3. A null sequence fang
1
n=0 belongs to the class S(�) if there exists a

sequence fAng
1
n=0 such that

P
1

n=0An < 1, j�anj � An and �An � ��n, for all n,

where f�ng is a sequence such that �n � 0, for all n and
P1

n=0(n+ 1)�n <1.

S. Zahid Ali Zenei [11] veri�ed the following embedding relations

S � S0 � S(�):

Very recently, S. A. Telyakovskii [7] and L. Leindler [1] proved the following theorem.

Theorem C.([1, 7]) The classes S, S0 and S(�) are identical.

Namely, Telyakovskii [7] supposing that fang 2 S(�) proved that the sequence

Bn = An +

1X
k=n

�k (1.3)

satis�es the conditions of the class S:

Bn # 0; n!1;

1X
n=0

Bn <1 and j�anj � Bn; for all n: (1.4)

Using this idea, we shall give correct formulations and short proofs of the following two

theorems, obtained by S. Zahid Ali Zenei [11].

Theorem D.([11]) Let the coe�cients of the series f(x) satisfy the condition S(�).

Then the series is a Fourier series and the following relation holds:

Z
�

0

jf(x)jdx � C

1X
n=0

An; where C > 0:
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Theorem E.([11]). Let the coe�cients of the series g(x) satisfy the condition S(�).

Then the series converges to a function and the following relation holds for p = 1; 2; 3; : : :

Z
�

�=p+1

jg(x)jdx �

pX
n=1

janj

n
+O(

1X
n=1

An):

2. Results

Theorem 2.1 Let the coe�cients of the series (1:1) belong to the class S(�). Then

the series (1:1) is a Fourier series of some f 2 L1(0; �) and the following estimate holds:

Z
�

0

jf(x)jdx � C

1X
n=0

[An + (n+ 1)�n]; where C > 0: (2.1)

Proof. According to the Theorem A and Theorem C it su�ces to prove the estimate

(2:1). The sequence Bn de�ned by (1:3) satis�es the conditions (1:4) of the class S.

Applying the Theorem A and Theorem C, again, we obtain

Z �

0

jf(x)jdx � C

1X
n=0

Bn = C(

1X
n=0

An +

1X
n=0

1X
k=n

�k)

= C(

1X
n=0

An +

1X
k=0

kX
n=0

�k) = C(

1X
n=0

An +

1X
k=0

(k + 1)�k)

= C

1X
n=0

[An + (n+ 1)�n]:

This proves the Theorem.

Theorem 2.2. Let the coe�cients of the series g(x) satisfy the condition S(�). Then

the series converges to a function and the following estimate holds for p = 1; 2; 3; : : :

Z
�

�=p+1

jg(x)jdx =

pX
n=1

janj

n
+O(

1X
n=1

An) +O(

1X
n=1

n�n) (2.2)

Proof. Firstly we note that the convergence of the series
P1

k=0(k+1)�k <1 implies

that
P1

k=1 k�k <1. Similarly as in the proof of the Theorem 2.1 it su�ces to prove the

estimate (2.2).

Applying the Theorem B and Theorem C, we obtain:

Z
�

�=p+1

jg(x)jdx =

pX
n=1

janj

n
+O(

1X
n=1

Bn)
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=

pX
n=1

janj

n
+O(

1X
n=1

An +

1X
n=1

1X
k=n

�k)

=

pX
n=1

janj

n
+O(

1X
n=1

An) +O(

1X
n=1

n�n):

References

[1] L. Leindler, On the equivalence of classes of numerical sequences, Analysis Mathematica

(Szeged-Moscow), 26 (2000),227-234.

[2] S. M. Mazhar, On generalized quasi-convex sequence and its application, Ind. Journal of

Pure and Appl. Math., 8 (1977), 784-790.

[3] S. Sidon, Hinreichende Bedingungen fur den Fourier-charakter einer trigonometrischen

Reihe, J. London Math. Soc, 14 (1939), 158-160.

[4] N. Singh and K. M. Sharma, Convergence of certain cosine sums in a metric space L, Proc.

Amer. Math. Soc., 72 (1978), 117-120.

[5] N. Singh and K. M. Sharma, Integrability of trigonometric series, J. Indian Math. Soc., 49

(1985), 31-38.

[6] S. A. Telyakovskii, On a su�cient condition of Sidon for integrability of trigonometric

series, Mat. Zametki, 14 (1973), 317-328 (Russian).

[7] S. A. Telyakovskii, A remark on a condition for integrability of trigonometric series, Moscow

University Mathematics Bulletin, 4(2000), 58-60 (Russian).

[8] �Z. Tomovski, An extension of the Sidon-Fomin type inequality and its applications, Math.

Ineq & Appl, 4, (2001), 231-238 (Zagreb).

[9] �Z. Tomovski, Some results on L
1-approximation of the r-th derivate of Fourier series,

accepted in JIPAM. URL:http://jipam.vu.edu.au/accepted papers/005 99html.

[10] �Z. Tomovski, New generalizations of the Telyakovskii inequalities, RGMIA, Research Re-

port Collection 3 (2000); URL: http://melba.vu.edu.au/� rgmia/v3n3.html; to appear in

Bulletin of Russian People's Friendship University, Moscow, Serija Matematica, \Vestnik-

RUDN" 8 (2001), 110-117.

[11] S. Z. A. Zenei, Integrability of trigonometric series, Tamkang J. Math. 21 (1990), 295-301

Faculty of Mathematical and Natural Sciences, Skopje, MACEDONIA.

Email address: tomovski@iunona.pmf.ukim.edu.mk


