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MATRIX SUMMABILITY OF THE CONJUGATE SERIES OF

DERIVED FOURIER SERIES

SHYAM LAL AND PURNIMA YADAV

Abstract. In this paper, a new theorem on matrix summability of the conjugate series of

a derived Fourier series is proved, which improves and generalizes all the previous known results

in this line of work.

1. Introduction

There are several known results on N�orlund summability of Fourier series, conju-

gate series and derived series of Fourier series. In 1963, for the �rst time Tripathi [5]

established a theorem for Harmonic summablity of conjugate series of derived Fourier

series. Later on in 1972, Tripathi and Prasad [6] generalized the result of Tripathi for

(N; pn) summability which is weaker than Harmonic summability. Working in the same

direction Tripathi & Singh [8], Tripathi & Prasad [7] and Sulaimann [3] studied (N; pn)

summability of conjugate series of derived Fourier series series and conjugate series of

Fourier series by matrix means. But until now no work seems to have been done in the

direction of a study of conjugate series of derived Fourier series by matrix summability.

It is important to note that Ces�aro, Harmonic, Riesz, N�orlund and generalized N�orlund

summabilities are particular cases of the matrix summability. The purpose of this paper

is to establish a more general result than those of Tripathi [5], Tripathi & Prasad [6],

Tripathi & Singh [8] and Tripathi & Prasad [7].

2. De�nitions and Notations

Let
P

un be a given in�nite series with sequence of partial sum fSng. Let T = (an;k)

be an in�nite triangular matrix of real constants. The sequence-to-sequence transforma-

tion

tn =

nX
k=0

an;kSk =

nX
k=0

an;n�kSn�k; (2.1)
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de�nes the sequence ftng of matrix means of the sequence fSng, generated by the se-

quence of coe�cients (an;k). The series
P

un is said to be summable to the sum S by

matrix method if lim
n!1

tn exists and is equal to S (see Zygmund [9]).

We can write

tn ! S(T ); as n!1:

The necessary and su�cient conditions for T -transform to be regular (i:e: lim
n!1

Sn !

S ) lim
n!1

tn ! S) are the well-known Silverman-Toeplitz conditions. If an;k = 0, for

every k > n, then the matrix is called triangular (Toeplitz [4]).

Let f(t) be a periodic function with period 2�, integrable in the sense of Lebesgue over

(��; �). The Fourier series and conjugate series of f(t) are given by

f(t) �
1

2
a0 +

1X
n=1

(an cosnt+ bn sinnt)

and
1X
n=1

(bn cosnt� an sinnt):

Then the conjugate series of derived Fourier series is

�

1X
n=1

n(an cosnt+ bn sinnt): (2.2)

We shall use following notations:

h(t) = [f(x+ t) + f(x� t)� 2f(x)];

H(x) = �
1

4�

�Z
0

h(t)cosec2
t

2
dt;

Mn(t) =
1

2�

nX
k=0

an;n�k
cos(n� k + 1

2
)t

sin t

2

; (2.3)

� = Integral part of
1

t
= [

1

t
]:

Particular Cases: Seven important particular cases of matrix means are

(i) (C; 1) means, when an;k =
1

n+ 1
:

(ii) Harmonic means, when an;k =
1

(n� k + 1) logn
:

(iii) (C; �) means, when an;k =

�
n� k + � + 1

� � 1

�
:

�
n+ �

�

�
:

; 0 � � � 1:
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(iv) (H; p) means, when an;k =
1

(log)p�1(n+ 1)

p�1Y
q=0

logq(k + 1):

(v) N�orlund means, when an;k =
pn�k

Pn

where fpng is a real non-negative monotonic

non-increasing sequence such that Pn =
nP

k=0

pk !1, as n!1.

(vi) Riesz means ( �N; pn), when an;k =
pk

Pn
where fpng is a non-negative, non-decreasing

sequence such that Pn =
nP

k=0

pk !1, as n!1.

(vii) Generalized N�orlund means (N; p; q), when an;k =
pn�kqk

Rn

where fpng is a non-

negative monotonic non-increasing sequence and fqng is a non-negative monotonic

non-decreasing sequence such that Rn =
nP

k=0

pn�kqk !1, as n!1.

3. Known Theorem

Tripathi [5] established the following theorem.

Theorem. The conjugate derived series of the Fourier series of a function f(x) is

summable by harmonic means to the sum

�
1

4�

Z �

0

h(t)cosec2
t

2
dt;

at every point x at which this integral exists and

H(t) =

Z t

0

jdh(t)j = o(
t

log 1=t
); as t! +0:

4. Main Theorem

Many results are known for (C;�), (N; 1
n+1

), (N; pn), (N; p�
n
), � > �1 summabilities

of conjugate series of derived Fourier series. The purpose of this paper is to establish
a theorem on conjugate series of derived Fourier series by matrix summability so that
various known results come out as particular cases of our main theorem. In fact, in this
paper, we shall establish the following theorem.

Theorem Let fan;kg
1

k=0 be a real non-negative and non-decreasing sequence with

respect to k such that T = (an;k) be an in�nite triangular matrix with an;k � 0, An;� =
�P

k=0

an;n�k, An;n = 1 for each n � 0. If

Z
t

0

jdh(u)j = o(
t�(1=t)

log 1=t
); as t! +0; (4.1)
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then the conjugate series of the derived Fourier series (2:2) is sumable (T ) to the sum

� 1
4�

R
�

0
h(t)cosec2= t

2
dt, provided �(t) is a positive monotonic decreasing function of t

such that
t�(1=t)
log 1=t

increases monotonically as t! +0.

5. Lemma

Our proof of the theorem needs some lemmas:

Lemma 5.1. Lal [1]

If an;k is non-negative and non-decreasing with k then for 0 � a � b � 1, 0 � t � �

and for any n, we have ���
bX

k=a

an;n�ke
i(n�k)t

��� � O(An;� ):

Lemma 5.2. For 1
n
� t � � < �,

Mn(t) = O(
An;�

t
); � � n:

Proof. Now by (2.3)

Mn(t) � j

nX
k=0

an;n�k
cos(n� k + 1

2
)t

sin( t
2
)

j

�
1

sin(t=2)
jRe

nX
k=0

an;n�ke
i(n�k+ 1

2
)tj

�
�

t
jRe

nX
k=0

an;n�ke
i(n�k)teit=2j (by Jordan's lemma)

�
�

t
j

nX
k=0

an;n�ke
i(n�k)tj (* jeit=2j � 1)

=
�

t
O(An;� ) by lemma (5:1)

= O(
An;�

t
):

6. Proof Of Main Theorem

Let Sr(x) denote the r
th partial sum of the series (2.2). Then

Sr(x) = �
1

�

Z
�

��

f(u)
d

dx

� rX
v=0

v sin v(u� x)
�
du
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= �
1

�

Z
�

0

d

dt

hcos t=2� cos(r + 1
2
)t

sin t=2

i
ff(x+ t)� f(x� t)gdt

= �
1

�

Z
�

0

cos t=2� cos(r + 1
2
)t

sin t=2
dh(t)

= �
1

2�
[

Z 1=n

0

+

Z
�

1=n

]fcot
t

2
(1� cos rt) + sin rtgdh(t); r < n:

= �
1

2�

Z 1=n

0

h
cot

t

2
(1� cos rt) + sin rt

i
dh(t)�

1

2�

Z
�

1=n

cot
t

2
dh(t)

+
1

2�

Z
�

1=n

h
cot

t

2
cos rt� sin rt

i
dh(t)

= I1 + I2 +
1

2�

Z
�

1=n

h
cot

t

2
cos rt� sin rt

i
dh(t); say: (6.1)

We have

I1 �
1

2�

Z 1=n

0

���n cot t
2
(1� cos rt) + sin rt

o���jdh(t)j

�
1

2�

Z 1=n

0

j cot
t

2
2 sin2

rt

2
jjdh(t)j+

1

2�

Z 1=n

0

j sin rtjjdh(t)j

�
r2

2�

Z 1=n

0

j cot
t

2
2 sin2

t

2
jjdh(t)j +

r

2�

Z 1=n

0

j sin tjjdh(t)j (* sinn� � n sin �)

=
r2

2�

Z 1=n

0

j sin tjjdh(t)j +
r

2�

Z 1=n

0

j sin tjjdh(t)j

�
r2

2�

Z 1=n

0

jtjjdh(t)j+
r

2�

Z 1=n

0

jtjjdh(t)j (* j sin �j � j�j)

�
r

2�

r

n

Z 1=n

0

jdh(t)j +
1

2�
�
r

n

Z 1=n

0

jdh(t)j

�
r

2�

Z 1=n

0

jdh(t)j+
1

2�

Z 1=n

0

jdh(t)j (* r < n)

=
r

2�
o(

�(n)

n logn
) +

1

2�
o(

�(n)

n logn
) by (4.1)

= o(1) + o(1); as n!1: by hypothesis of the theorem

= o(1); n!1: (6.2)

Next, consider I2

I2 = �
1

2�

Z �

1=n

cot
t

2
dh(t)

= �
1

2�
[h(t) cot

t

2
]�1
n

�
1

4�

Z �

1=n

h(t)cosec2
t

2
dt
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= o(1) +
1

2�

h
h(

1

n
)
cos 1

2n
1
2n

�
1
2n

sin 1
2n

i
�

1

4�

Z
�

1=n

h(t)cosec2
t

2
dt

= o(1) +
1

2�
2n h(

1

n
)�

1

4�

Z �

1=n

h(t)cosec2
t

2
dt

= o(1) +
1

�
n o(

�(n)

n logn
)�

1

4�

Z �

1=n

h(t) cos sec2
t

2
dt by (4:1)

= o(1) + o(1)�
1

4�

Z �

0

h(t)cosec2
t

2
dt+

1

4�

Z 1

n

0

h(t)cosec2
t

2
dt (6.3)

Therefore, from (6.1), (6.2) and (6.3), we get

Sr(x) �
�
�

1

4�

Z
�

0

h(t)cosec2
t

2
dt
�

= o(1) +
1

4�

Z 1=n

0

h(t)cosec2
t

2
dt+

1

2�

Z �

1=n

cos(r + 1
2
)t

sin t=2
dh(t)

Now

nX
k=0

an;n�k

h
Sn�k(x)� (�

1

4�

Z
�

0

h(t)cosec2
t

2
dt)
i

=

nX
k=0

an;n�k

h
o(1) +

1

4�

Z 1=n

0

h(t)cosec2
t

2
dt+

1

2�

Z �

1=n

cos(n� k + 1
2
)t

sin t=2
dh(t)

i
:

Next; tn(x)�H(x)

=o(1)+
1

4�

Z 1=n

0

h(t)cosec2
t

2
d+

Z
�

1=n

h 1

2�

nX
k=0

an;n�k
cos(n�k+ 1

2
)t

sin t=2

i
dh(t)

Since the conjugate series of the derived Fourier series is summable to H(x), therefore

�
1

4�

Z 1=n

0

h(t)cosec2
t

2
dt = o(1); as n!1:

Thus

tn(x) �H(x) = o(1) + o(1) +

Z �

1=n

Mn(t)dh(t)

= o(1) + [

Z
�

1=n

+

Z
�

�

]Mn(t)dh(t);

where � is a �xed positive number such that for t � �, condition (4.1) holds.

= o(1) + I3 + I4; say: (6.4)
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Firstly let us consider I3. Using lemma (5:2), we have

I3 �

Z
�

1=n

jMn(t)jjdh(t)j

= O[

Z �

1=n

An;�

t
jdh(t)j]

= O[
An;�

t
o
�t�(1=t)
log 1=t

�
]�1=n +O[

Z �

1=n

An;�

t2
o
� t�(1=t)
log 1=t

�
dt]

+O[

Z
�

1=n

1

t
o
� t�(1=t)
log 1=t

�
d(An;� )]

(Integrating by parts and using condition (4.1))

= o[An;�

�(1=t)

log 1=t
]�1=n + o[

�(n)

n logn

Z �

1=n

An;�

t2
dt] + o[

�(n)

n logn

Z �

1=n

d(An;� )

t
]

(by hypothesis of the theorem)

= o(1) + o[An;n

�(n)

logn
] + o[

�(n)

n logn

Z n

1=�

An;udu] + o[
�(n)

n logn

Z n

1=�

ud(An;u)]

(take
1

t
= u)

= o(1) + o[O(1)
�(n)

logn
] + o[

�(n)

n logn
(uAn;u)

n

1=� ]

+o[
�(n)

n logn

Z n

1=�

ud(An;u)] + o[
�(n)

n logn

Z n

1=�

ud(An;u)] (Integrating by parts)

= o(1) + o[
�(n)

log n
] + o[

�(n)

n logn
nAn;n] + o(1) + o[

�(n)

n logn

Z n

1=�

ud(An;u)]

= o(1) + o[
�(n)

log n
] + o[

�(n)

logn
] + o[

�(n)

n logn
n

Z n

1=�

d(An;u)]

= o(1) + o[
�(n)

log n
] + o

h �(n)
logn

nX
k=0

an;k

i

= o(1) + o[
�(n)

log n
] + o[

�(n)

logn
An;n]

= o(1) + o(1) + o[
�(n)

logn
O(1)]

= o(1) + o(1) + o(1); as n!1:

= o(1); as n!1: (6.5)

Lastly, by the Riemann-Lebesgue theorem and the regularity condition of matrix
summability, we obtain

I4 �

Z
�

�

jMn(t)jjdh(t)j = o(1); as n!1: (6.6)
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Thus from (6.4), (6.5) and (6.6), we get

tn �
�
�

1

4�

Z �

0

h(t)cosec2
t

2
dt
�
= o(1); as n!1:

This completes the proof of the theorem.

Particular Cases.

(1) If we take an;k =
1

log(n� k + 1)
and �(t) = 1 then a result of Tripathi [5] become

a particular case of our theorem.

(2) A result of Tripathi and Prasad [6] becomes a particular case of our theorem if

an;k =
p�
n�k

P�
n

and �(t) =
tp
�

t
log t

P�

t

, � � �1. Where fp�
n
g be a real non-negative

non-increasing sequence such that P�
n
!1, as n!1.

(3) If an;k =
pn�k

Pn

and �(t) =
log t�(t)

Pt

, then a result of Tripathi and Prasad [7]

becomes a particular case of main theorem.

(4) If an;k =
p"
n�k

P "
n

and �(t) = log t, where fpng is a sequence with p0 > 0 and pn � 0

for n > 0. For " > �1, we de�ne P "
n = p"0 + p"1 + � � � + p"n, then the main theorem

reduces to Tripathi & Singh [8] theorem.
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