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MATRIX SUMMABILITY OF THE CONJUGATE SERIES OF
DERIVED FOURIER SERIES

SHYAM LAL AND PURNIMA YADAV

Abstract. In this paper, a new theorem on matrix summability of the conjugate series of
a derived Fourier series is proved, which improves and generalizes all the previous known results
in this line of work.

1. Introduction

There are several known results on Norlund summability of Fourier series, conju-
gate series and derived series of Fourier series. In 1963, for the first time Tripathi [5]
established a theorem for Harmonic summablity of conjugate series of derived Fourier
series. Later on in 1972, Tripathi and Prasad [6] generalized the result of Tripathi for
(N, p,) summability which is weaker than Harmonic summability. Working in the same
direction Tripathi & Singh [8], Tripathi & Prasad [7] and Sulaimann [3] studied (N, p;,)
summability of conjugate series of derived Fourier series series and conjugate series of
Fourier series by matrix means. But until now no work seems to have been done in the
direction of a study of conjugate series of derived Fourier series by matrix summability.
It is important to note that Cesaro, Harmonic, Riesz, Norlund and generalized Norlund
summabilities are particular cases of the matrix summability. The purpose of this paper
is to establish a more general result than those of Tripathi [5], Tripathi & Prasad [6],
Tripathi & Singh [8] and Tripathi & Prasad [7].

2. Definitions and Notations

Let > uy, be a given infinite series with sequence of partial sum {S,}. Let T' = (an )
be an infinite triangular matrix of real constants. The sequence-to-sequence transforma-
tion

n n
t, = Z an,kSk = Z an,nfksnfk; (21)
k=0 k=0
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defines the sequence {t¢,} of matrix means of the sequence {S,}, generated by the se-
quence of coefficients (a, ). The series > u,, is said to be summable to the sum S by
matrix method if lim ¢, exists and is equal to S (see Zygmund [9]).

n—o0

We can write
t, = S(T), as n — oo.

The necessary and sufficient conditions for T-transform to be regular (i.e. lim S,, —
n—00
S = lim ¢, — §) are the well-known Silverman-Toeplitz conditions. If a,j = 0, for
n— 00

every k > n, then the matrix is called triangular (Toeplitz [4]).
Let f(t) be a periodic function with period 27, integrable in the sense of Lebesgue over
(—m, 7). The Fourier series and conjugate series of f(t) are given by

1 o0
f(t) ~ % + Z(an cosnt + by, sinnt)

n=1
and
oo
Z (b,, cosnt — a,, sinnt).
n=1

Then the conjugate series of derived Fourier series is

o0
- Z n(a, cosnt + by, sinnt). (2.2)

n=1

We shall use following notations:

ht) = [f(z + 1) + f(z — t) = 2f(2)];

1 K
- /h(t)cosec2zdt;
T 2

i -k
n 27_‘_z:ann kcos T ) 5 (23)

sin E

1
7 = Integral part of ; = [2]

Particular Cases: Seven important particular cases of matrix means are

i) (C,1 h = .
(i) (C,1) means, when a, I

(ii) Harmonic means, when a, ; = (n—k+1)logn’

n—k+0+1
§—1

("3°)

>,0§6§L

(iii) (C,d) means, when ap =
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1 =
H log?(k + 1).

(IV) (H,p) means, when An k= W o

" Pn—k . . .
(v) Norlund means, when ap; = ;) where {p,} is a real non-negative monotonic
" n
non-increasing sequence such that P, = Y pr — 00, as n — oo.

k=0
(vi) Riesz means (N, p,), when a,, = §+ where {p,} is a non-negative, non-decreasing
n
sequence such that P, = > pr — 00, as n — oo.
k=0

(vii) Generalized Norlund means (N,p,q), when a,; = = Dkl

Ry,

negative monotonic non-increasing sequence and {g, } is a non-negative monotonic
n

where {p,} is a non-

non-decreasing sequence such that R, = > pp—rqr — 00, as n — 00.
k=0

3. Known Theorem

Tripathi [5] established the following theorem.

Theorem. The conjugate derived series of the Fourier series of a function f(x) is
summable by harmonic means to the sum

1 [7 t
——/ h(t)cosec® = dt,
™ Jo 2

at every point x at which this integral exists and

H(t):/o |dh(t)|:o(®), a5 t = +0,

4. Main Theorem

Many results are known for (C, «), (N, n+1) (N,pn), (N,p%), a > —1 summabilities
of conjugate series of derived Fourier series. The purpose of this paper is to establish
a theorem on conjugate series of derived Fourier series by matrix summability so that
various known results come out as particular cases of our main theorem. In fact, in this
paper, we shall establish the following theorem.

Theorem Let {a, 1}, be a real non-negative and non-decreasing sequence with
respect to k such that T = (ayx) be an infinite triangular matriz with a, >0, A, =

> apn—k;, Ann =1 for eachn > 0. If
k=0

/|dh 10( 1/2) as t = +0, (4.1)
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then the conjugate series of the derived Fourier series (2.2) is sumable (T') to the sum
foﬂ cosecz/%dt, provided £(t) is a positive monotonic decreasing function of t

such that fg( 1//2 increases monotonically as t — +0.

5. Lemma
Our proof of the theorem needs some lemmas:

Lemma 5.1. Lal [1]
If a,, 1, is non-negative and non-decreasing with k then for 0 <a <b<oo0,0<t <7
and for any n, we have

b
‘ Z an,n—kei(n_k)t < O(An,'r)
k=a

Lemma 5.2. For 1 <t <4<,

Proof. Now by (2.3)

cos(n — k + 3)t
M <|Zann kT|
k=0

|ReZann peln kt g )|

- Sln(t/2)
< — |ReZann pet Rt ’t/2| (by Jordan’s lemma)
< _| Zan,n—kel(n Ic)t| ( |eit/2| < 1)

= ?O(A,M) by lemma (5.1)

6. Proof Of Main Theorem

Let S,.(x) denote the rt" partial sum of the series (2.2). Then

:_—/ f(u szmv u—m))du
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1 /W d [cost/Q — cos(r + %)t {f(z+1t)— flx—t)}dt

T dt sint/2

1 [T cost/2— + 3t
___/ cost/ ‘cos(r 5) dh(t)

T Jo sint/2

1 1/TL ™

= ——[/ + {cot E(1 — cosrt) + sinrt}dh(t), r < n.
2 0 1/7’l 2
1 1/n ™

t 1
=5 | [cot 5(1—cosrt)—|—sinrt]dh(t)——ﬂ_/l/n

T

cot Edh(t)

— [cot ! cosrt — sin rt} dh(t)
2 1/TL

1 [" t
=hL+5L+ o /1/n [cot 3 cosrt — sin rt] dh(t), say. (6.1)

We have

1 l/n

t
L < { cot 5(1 — cosrt) + sinrt}‘|dh(t)|

27 Jo

l/n t ot 1 1/n
< —/0 |cot§2sin25||dh(t)|+%/0 | sin 7| |dh ()|

IN
|

r 1/n
/ | sint||dh(t)] (. sinnf < nsinf)

1/n ¢ 2t
t —2sin” —||dh(t —
| teot g2sin® Sliane + - [

1/n r 1/n
= _/ | sint||dh(t)| + —/ | sin t||dh(t)]
0 2w Jo

IN
|

1/n r 1/n

= [ than@n+ 5= [ a1 ¢ lsin) <o)
ror Y7 1 r [Yn

< _ _ .

<ot [ i+ g L [ ane)

1/n
< — |dh(t)| + % /0 |dh(t)] (-r<n)

r o §n) 1 &n)

= Loy 2 S 41
27r0(n10gn)+27r0(n10gn) by (4.1)

=o0(1) + o(1), as n — oco. by hypothesis of the theorem

=o(1), n — oc. (6.2)

Next, consider Iy

T t
IL=—— t —dh(t
T ) ®)
1 t 1 (7 t
=——[h(t)cot =]T — — [ At >=dt
271_[ (t) co 2]% o /1/n (t)cosec 5
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1

1 1 cosz = 1 /"
=o(1) o [h( ) % g %] - /1/n h(t)cosec? dt
=o(1) + ! 2 h( ) L[ h(t)cosec2tdt
- o "\ 4 Ji/n 2

1 &(n) 1 (" 5t
oo L _ 1 4 11
o(1) + —n O(nlogn /i h(t) cossec 2dt by (4.1)
— o(1) + o(1) — — /ﬂ h(t) dt o 1 [ hyeosec La (6.3)
=0 o 47]' o COSeC 47]' cosec 2 .

Therefore, from (6.1), (6.2) and (6.3), we get
1 (7 ,t
Sp(z) — (— E/ h(t)cosec §dt)

1 [Hn 1 (™ cos(r+ 1)t
1 - hd - . @ 27
=o(l)+ 47r/ h(t)cosec? 2dt+ 5 /1/n Snij2 dh(t)

Now

Zann k[ n—k( / h(t)cosec® dt)}

1 i 1 (™ cos(n—Fk+ 1)t
Z (IR [ 4ﬂ_ / h(t)cosec? —dt + o n Wdh(t)]

Neuxt, tn(:z:)—H(x)
1/n n
:o(1)+%/0 h(t)cosec? —d—l—/ [%_Zann kCOS Smtk}; 3t ]dh(t)

Since the conjugate series of the derived Fourier series is summable to H(z), therefore

1 [ t
“1 ), h(t)cosec2§dt = o(1), as n — 0o.

Thus

tn(z) — H(z) = o(1) + o(1) + 1: My (8)dh(t)

+ [/jn +/;]Mn(t)dh(t)

where § is a fixed positive number such that for ¢ < §, condition (4.1) holds.

=o(1) + Is + 14, say. (6.4)
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Firstly let us consider Is. Using lemma (5.2), we have

)
L < / M@l

° A
=0l —=|dh(t)]]
1/n
_ iAns (tE(1/1) O An. (tE(1)1)
=0l t O(IOgl/t)]i/n+O[/1/n t2 0(10g1/t)dt]
° 1 rtE(1/t)
+O[/1/n ZO( log1/t )d(An’T)]
(Integrating by parts and using condition (4.1))
§(1/1)

£n) /5 Ans g 1 o S@) /‘5 d(An,r)

_ 5
=l "Tlog1 t]l/” O[nlogn 2 +O[nlo n t ]
/n g /n
(by hypothesis of the theorem)

_ £(n) £n) [ §(n) [
=o(l) + O[An’nlogn] + O[nlogn s Ay ydu] + O[nlogn /1/6 ud(Ap )]

(take% = u)
= o(1) + o0 £ 4 o, )t

Oy Oy .
d An w n,u
+O[n10gn s ud(An,u)] + O[nlogn s ud(An )] (Integrating by parts)

£(n) Em) [
logn] + O[nlognnAn’n] +o(1) + o] / ud(An,u)]

logn logn nlogn

—o(t) + ol 4 o[ S Y 0]
k=0

1+ O[E)(;;A

=o(1) +o(1) + 0[%0(1)]

=0(1) + o(1) + o(1), as n — 0o.

=o(1), as n — 00. (6.5)

= o(1) +f

= o(1) +f

=o(1) + o]

logn el

Lastly, by the Riemann-Lebesgue theorem and the regularity condition of matrix
summability, we obtain

I, < /; | M, (¢)]|dh(t)| = o(1), as n — 0o. (6.6)
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Thus from (6.4), (6.5) and (6.6), we get

17 Lt
ty — (— E/o h(t)cosec §dt) =o(1l), as n — oo.

This completes the proof of the theorem.

Particular Cases.

(1)

(2)

1
log(n — k+1)
a particular case of our theorem.
A result of Tripathi and Prasad [6] becomes a particular case of our theorem if

If we take a, 1 = and £(t) =1 then a result of Tripathi [5] become

Py Al .
an = ]”Dak and £(t) = 25281 o > —1. Where {p2} be a real non-negative
t
n
non-increasing sequence such that P — oo, as n — oo.

e log tA(t . .
Dok and i) = OgT(), then a result of Tripathi and Prasad [7]
b
becomes a pa?ticular case of main theorem.

G
Pn—k

If Qn,k =

If ap i = and £(t) = logt, where {p,} is a sequence with py > 0 and p,, > 0

for n > 0. Fgr e > —1, we define P; = pj + p{ + -+ + p5,, then the main theorem
reduces to Tripathi & Singh [8] theorem.
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