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MANNHEIM B-CURVE COUPLES IN MINKOWSKI 3-SPACE

KAZIM ILARSLAN, ALI UCUM, EMILIJA NESOVIC AND NIHAL KILIC ASLAN

Abstract. In this paper, we define null Cartan Mannheim and pseudo null Mannheim
curves in Minkowski 3-space according to their Bishop frames. We obtain the necessary
and the sufficient conditions for pseudo null curves to be Mannheim B-curves in terms
of their Bishop curvatures. We prove that there are no null Cartan curves in Minkowski
3-space which are Mannheim B-curves, by considering the cases when their Mannheim
B-mate curves are spacelike, timelike, null Cartan and pseudo null curves. Finally, we
give some examples of pseudo null Mannheim B-curve pairs.

1. Introduction

The Bishop frame or relatively parallel adapted frame {7, N7, N>} of a regular curve in
Euclidean 3-space is introduced by R.L. Bishop in [1]. It contains the tangential vector field
T and two relatively normal vector fields N; and N, whose derivatives N{ and Né with re-
spect to the arc-length parameter s of the curve are collinear with the tangential vector field
T. The Bishop frame is also known as the frame with minimal rotation property, since Nj
and N; make minimal rotations in the planes Nll and N2l respectively. A new version of the
Bishop frame, type-2 Bishop frame in E3, is introduced in [18]. In Minkowski space-time [E‘ll
and Euclidean space E*, the Bishop frame is studied in [6] and [8]. In Minkowski 3-space E3,
the Bishop frame (parallel frame) of the timelike curve and the spacelike curve with non-null
principal normal is obtained in [16]. Recently, the Bishop frames of pseudo null curves and
null Cartan curves in [E? are derived in [11] and the Bishop frame of a null Cartan curve in [E‘ll
is introduced in [12].

It is well known that in the Euclidean space E2, there are many associated curves (Bertrand
mates, Mannheim mates, spherical images, evolutes, the principal-direction curves, etc.) whose
Frenet's frame vectors satisfy some extra conditions. Mannheim curves in E* are defined by

the property that their principal normal lines coincide with the binormal lines of their mate
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curves at the corresponding points [5, 13]. Mannheim curves and their partner curves in 3-
dimensional space forms are studied in [3]. In the Euclidean 4-space and Minkowski space-
time [E‘ll, the notion of Mannheim curves is generalized in [7, 10, 14]. It is proved in [9] that
the only pseudo null Mannheim curves according to Frenet frame in Minkowski 3-space are
the pseudo null circles whose mate curves are pseudo null straight lines. It is also proved in
[9] that there are no null Cartan curves in Minkowski 3-space which are Mannheim curves
according to their Cartan frame.

In this paper, we define null Cartan Mannheim and pseudo null Mannheim curves ac-
cording to their Bishop frames in Minkowski 3-space. We call them null Cartan Mannheim B-
curves and pseudo null Mannheim B-curves. We obtain the necessary and the sufficient con-
ditions for pseudo null curves to be Mannheim B-curves in terms of their Bishop curvatures.
In the related examples, we show that there are infinity many pairs of pseudo null Mannhem
B-curves. We prove that mate curves of pseudo null Mannheim B-curves can not be spacelike,
timelike, or null Cartan curves. We also prove that there are no null Cartan curves which are
Mannheim B-curves, by considering the cases when their mate curves are the spacelike, the
timelike, the null Cartan and the pseudo null curves.

2. Preliminaries

Minkowski space [E? is the real vector space E2 equipped with the standard indefinite flat
metric (-, -) given by
(X,y)==X1y1+ X2 )2+ X3)3,

for any two vectors x = (x1, x2,x3) and y = (y1, y2, ¥3) in [E? . Since (-,-) is an indefinite metric,
an arbitrary vector x € [E? can have one of three causal characters: it can be a spacelike, a
timelike, or a null (lightlike), if (x,x) > 0,{x,x) <0, or (x,x) = 0 and x # 0 respectively. In
particular, the vector x = 0 is said to be spacelike. The norm (length) of vector x € [E? is given
by llxll = vI{x, x)I. If | x|l = 1, the vector x is called a unit. An arbitrary curve a : [ — [E? can be
the spacelike, the timelikeor the null (lightlike), if all of its velocity vectors a’ are the spacelike,
the timelike or the null ([15]).

A spacelike curve a : [ — [E? is called a pseudo null curve, if its principal normal vector
field N and binormal vector filed B are null vector fields satisfying the condition (N, B) = 1.
The Frenet formulae of a non-geodesic pseudo null curve a have the form ([17])

T 0 x 0 T
Nl =101 0 N |, 2.1)
B’ -x 0 -7 |B

where the curvature « (s) = 1 and the torsion 7(s) is an arbitrary function in arc-length param-
eter s of a.
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Acurve f: 1 — [E“;‘ is called a null curve, if its tangent vector ' = T is a null vector. A

null curve g is called a null Cartan curve, if it is parameterized by the pseudo-arc function s

defined by ([2])
t
1) = " du. 2.2
s(1) fo\/llﬁ (wlldu (2.2)

There exists a unique Cartan frame {7, N, B} along a non-geodesic null Cartan curve § satisfy-

ing the Cartan equations ([4])

T 0 x 0 T
Nil=|-1t 0 « N |, (2.3)
B’ 0 -10 B

where the curvature x(s) = 1 and the torsion 7(s) is an arbitrary function in pseudo-arc pa-
rameter s.

The Frenet equations of a timelike curve, or a spacelike curve with non-null principal
normal in [E? according to Bishop frame (parallel transport frame) {7}, N1, N>} have the form
({161

TI, 0 —e; k1 —€2k2 T1
N{ = €0k1 0 0 N1 y (2.4)
Né €0k2 0 0 Nz

where T7, N1, N, are mutually orthogonal vectors satisfying the conditions (T4, T1) = €y,
(N1, N1) = €1, (N2, N2) = €2 and €g,€1,€2 € {—1,1}. In particular, it holds epe;e2 = —1. The
functions k;(s) and k(s) are called the first and the second Bishop curvature of the curve,

respectively.

The Bishop frames of pseudo null and null Cartan curves are obtained in [11]. If {T}, Ny,

N>} is the Bishop frame of a pseudo null curve, then it satisfies the conditions

(T, Th)y =1, (N1, N1) = (N2, N2) =0,

(2.5)
(T1,N1) =(T1,N2) =0, (N1, No) =1.

Analogously, if {T7, N1, N»} is the Bishop frame of null Cartan curve, then it satisfies the

conditions ([11])
(Ty, T1) = (N2, No) =0, (N1,Ny) =1,

(2.6)
(T, N2) = -1, (Th, N1) = (N1, N2) = 0.

Also, the next two theorems are proved in [11].

Theorem 1. Let a be a pseudo null curve in [E? parameterized by arc-length parameter s with
the curvature x (s) = 1 and the torsion 1(s). Then the Bishop frame {T1, N1, N>} and the Frenet
frame{T, N, B} of a are related by:
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®

T 1 00 T
N |=]0 kiz 0 N 2.7
N> 0 0 k ||B

and the Frenet equations of « according to the Bishop frame read

0 ky ki Ty
==k 0 O N (2.8)

~k, 0 0 ||V

22 S

where ki(s) =0 and k»(s) = ¢ el T®)ds Co € [R?a' are the first and the second Bishop curvature;

T -1 0 0 T
Nf=]l0 0 -kg||N (2.9)
N> —kil 0 B

and the Frenet equations of a according to the Bishop frame read

/

T, 0 ek || Th
N|=|-kool||m (2.10)
N, k0o o||N

where k1 (s) = coef Tds o€ R, and kz(s) = 0 are the first and the second Bishop curvature.

Theorem 2. Let « be a null Cartan curvein [E? parametrized by pseudo-arc s with the curvature
k(s) = 1 and the torsion t(s). Then the Bishop frame {11, Ny, N»} and the Cartan frame {T, N, B}
of a are related by:

T 1 0 ol[r

Nl=|-k 1 0||N (2.11)
2

N, 8 ko ||B

and the Cartan equations of a according to the Bishop frame read

T, ke ki 0 ][ m
N |{=]|0 0 k ||M (2.12)
N, 0 0 —kz||No

where the first Bishop curvature k, (s) = 1 and and the second Bishop curvature satisfies Riccati
differential equation k,(s) = 3 k2(s) = 7(s).
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3. Null Cartan and pseudo null Mannheim B-curves

In this section we define null Cartan Mannheim and pseudo null Mannheim curves ac-
cording to their Bishop frames in Minkowski 3-space and call them Mannheim B-curves. We
obtain the necessary and sufficient conditions for pseudo null curves to be Mannheim B-
curves and provide the related examples. We prove that mate curves of pseudo null Mannheim
B-curves can not be spacelike, timelike or null Cartan curves. We also prove that there are
no null Cartan curves which are Mannheim B-curves, by considering the cases when their

Mannheim B-mate curves are the spacelike, timelike, null Cartan and pseudo null curves.

Definition 1. Let § be a pseudo null curve or a null Cartan curve in [E? with the Bishop frame
{T1, N1, No} and B* an arbitrary curve with the Bishop frame {Tl* , N, N }. If the Bishop vec-
tor N, is collinear with the Bishop vector N at the corresponding points of the curves  and
pB*, then B is called the Mannheim B-curve, §* is called Mannheim B-mate curve of  and

(B, B*) curve couple is called Mannheim B-pair.

In the first theorem, we give the necessary and the sufficient conditions for pseudo null
curve couple (B, *) to be Mannheim B-pair of curves with non-zero Bishop curvatures x»

and «7.

Theorem 3. Let § and * be two pseudo null curves in [E? parameterized by arc-length param-
eters s and s* respectively with the Bishop curvatures k, = k3 =0, k and xy. Then (8, f*)
curve couple is a Mannheim B-pair if and only if

Ko+ A" =cxy,
where A # 0 is an arbitrary differentiable function and c € Ry.
Proof. Assume that (8, $*) is Mannheim B-pair of curves. Then we can write the curve * as
B*(s*) = B*(f($)) = B(s) + ASIN1(9), 3.1
where A(s) # 0 is some differentiable function. Differentiating (3.1) with respect to s, we find
T*f'=T+A'Ny + AN;.
By using (2.7), (2.8) and (2.9), the previous relation becomes
T} f =T+ A'Ny. 3.2)
By taking the scalar product of (3.2) with —T}* " and using (2.5), we obtain

(TF T fy=f*=1. (3.3)
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Let us take f' = 1. Then we have
T} =-T1 - A'Ny. 3.4

Differentiating (3.4) with respect to s and using (2.8) and (2.10), we get

KNy == (k2 +A") Ny (3.5)
which implies
Ko+ A
Ny =——2"2Ny.

1
Differentiating the last equation with respect to s and using (2.8) and (2.10), we find

K2+ A" =cxy,

where c € Ry.

Conversely, assume that x, + A" = cxf, where A # 0 is an arbitrary differentiable function

and c € Ry. Define the curve * by
B (s) = B(s) + A(s) N1 (s). (3.6)
Differentiating (3.6) with respect to s and using (2.7) and (2.8), we find

*
ap T T+ ANy, (3.7

which together with relation (2.5) leads to

dp* dp*

<ds'ds

y=1.

Therefore, the curve * is parameterized by arc-length parameter s. Then from (2.9) and (3.7)
we have
T*=-T=T1+A'N,. (3.8)

Differentiating (3.8) with respect to s and using (2.8) and (2.10), we obtain

dTy
—d—l = —KTN; = (Kz + /l,l) N]. (3~9)
s
By using the assumption, we get
Ko + A
NZ* = K* = —CN1

Hence (8, 8*) is Mannheim B-pair of curves. O
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Example 1. Let us consider a pseudo null curve § in [E? with parameter equation

83 2 3 2

o)==+ 2 5
\3 2’3 2’
and the Frenet frame

T(s) = (s*+5,5°+5,1),
N(s)=2s+1)(1,1,0),
(2+52+1 1-(s2+5)°  sP+s

B(s) = ( ) ) .
22s+1) 22s+1) 2s+1

_2
2s+1°

According to statement (i) of Theorem 1, the Bishop curvatures of § are given by «; (s) = 0 and

A straightforward calculation shows that Frenet curvatures of 8 read x(s) = 1, 7(s) =

K2 (8) =cop(2s+1),co € [R?g . In particular, the Bishop frame of 8 has the form
Ti(s) = (s2+s,s2+s,1),
1
N] (S) = — (1) 1»0) )
Co

(2+5)°+1 1-(s2+s)° )

Ny (s) = co|— 2 , ,—S§°—5§

2

Let us take A(s) = —C"Tﬁ. Define the curve * by

N s2 s
B” (s) = B(s) + A(s) N1 (s) = (? ?’S)'
Therefore, $* is pseudo null circle with Frenet curvatures x*(s) = 1, 7*(s) = 0. By using state-
ment (ii) of Theorem 1, the Bishop curvatures of §* are given by

Kf (s) =cy, K; (s)=0,
and the Bishop frame of f* reads
TI*(S) == (sr S, ]-) »
~1-s% 1-¢?

N} (9)=—-¢ > 5 S

« 1
N2 (S):——(L ]-70)!
a1

where ¢ € Ry. Since Ny and N are collinear, (8, #*) is Mannheim B-pair of curves (Figure 1).

It can be easily verified that the equation x, + A" = i—‘fkf holds.
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Figure 1: Mannheim B-pair of curves (§, *).

In the next theorem, we give the necessary and the sufficient conditions for pseudo null
curve couple (8, 5*) to be Mannheim B-pair of curves with non-zero Bishop curvatures x

*
and x;.

Theorem 4. Let § and * be two pseudo null curves in [E‘?f parameterized by arc-length param-
eters s and s* respectively with the Bishop curvatures k1, x} and x, =k} = 0. Then (8, *)

curve couple is a Mannheim B-pair if and only if

K1 (/1/)2

_— Nl
c(1+Axp)3 (3.10)

*—_
Ky, =

where c is a non-zero real number and A(s) is differentiable function satisfying differential
equation
A’(s)fkl(s)ds+2(1 + A(s)k1(s)) = 0. 3.11)

Proof. Assume that (8, $*) is Mannheim B-pair of curves. Then we can write the curve f* as
B*(s*) = B*(f($) = B(s) + ANy (s), (3.12)

where A(s) is some differentiable function. Differentiating (3.12) with respect to s and using
(2.7), (2.8) and (2.9), we get
TV f'=(-1-2Ax1) Ty + A'Ny. (3.13)

By taking the scalar product of (3.13) with T}* f’ and using (2.5), we obtain

f2=a+x) (3.14)
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Let us take f' =1+ Axy. Then 1+ Ax; #0. Putting a= A/ f’ in (3.13), we find
T} =-Ty+aNj. (3.15)
Differentiating (3.15) with respect to s and using (2.8) and (2.10), we obtain
K5 f'Ny = —ax Ty + @' Ny —x1 Na. (3.16)
Since N} is a null vector, relations (2.5) and (3.16) imply
—2a'x) + a*x% =0.

Integrating the previous equation, we obtain

2

als) = _fkl(s)ds'

Substituting @ = A’/ f' in the last equation, it follows that A satisfies differential equation
(3.11).
By taking the scalar product of (3.16) with N7 = uN.J, where u(s) # 0 is some differentiable
function and using (2.5), we find
iy 1 =—x;. (3.17)

Substituting (3.17) in (3.16), we get

/

* _ pa
N =auT) - K—N1 + UN,. (3.18)
1

Differentiating (3.18) with respect to s and using (2.8) and (2.10), we find

!

!
(ap'+2pa’) Th - (%) Ny + (1 + apxy) N2 =0,

which implies that

li /I _ :ual _ ! _
ap +2pa =0, —— =constant, pu +aux; =0. (3.19)
K1

From the first equation of (3.19) we find
c
“ = _2y (3.20)
a
where ¢ € R\{0}. The other two equations of (3.19) hold automatically. Substituting relations
f'=1+Ax; and (3.20) in (3.17), we get that Bishop curvature x satisfies (3.10).

Conversely, assume relation (3.10) holds and that A satisfies differential equation (3.11). De-
fine a curve * by

BX(s*) = BF(f(s) = B(s) + ANy (5). 3.21)
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Differentiating (3.21) with respect to s and using (2.7), (2.8) and (2.9), we obtain
TV f = (-1-2Ax1) Ty + A'Ny. (3.22)

By taking the scalar product of (3.22) with T}* " and using (2.5), we find f? = (1+ Ax1)?. Thus
we may take f' =1+ Ax;. Then from (3.22) we have

Ty =Ty +aNy, (3.23)

where a= A/ f'. Differentiating (3.23) with respect to s and using (2.8) and (2.10), we find

K,y /Ny = —ax1 Ty + a' Ny — k1 No. (3.24)
Therefore,
., ca c
Nf=-—T1+——Ni+—N. (3.25)
a asKq a

By using the conditions (N, N;) = (N, T) = 0, (N}, N;) = 1 and relations (3.23) and (3.25),

we find
2

< a 1
NZ = —N1 = —Nl.
¢ M
Hence (8, f*) is Mannheim B-pair of curves. a

Example 2. Consider a unit speed pseudo null curve in [E? with parameter equation
B(s) = (33,33,s).
The Frenet frame of § reads

T(s) = (35%35%,1),

N(s) = 6s(1,1,0),
9s*+1 1-9s*
B)=(-——F7—,——,—=
12s 2

,—

12s

’

and the Frenet curvatures of f are given by x(s) = 1, 7(s) = % According to statement (ii) of

Theorem 1, the Bishop curvatures of  read
K1(8)=c¢pS, k2(8)=0, co€eR,.
Hence the Bishop frame of § has the form

Ty(s) = —(3s%,3s%,1),

N () 1+9s? 9st—1 2
)=c|—— ———, —
! N"12 12 2

) ’
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6

Na(s) = -—(1,1,0).
Co

Substituting k1 (s) = ¢cps in (3.11), we get

A
(s)= 3603
Let us define pseudo null curve * by

B* (5) = B(s) + A(s) N1 (5).

Then * has parameter equation

1 s
=(—,—, o).
B*(s)=( 95’ 9s 3)
In particular, the arc-length parameter of * is given by s* = 3. Therefore, the Frenet frame of
B* reads
1 1
* (o) =
T7°(8) = (= 57 e*2’ 7 ex2’ D),
. 2 2
N™(s) = (-

2753 7753
B (gt L 2as L s*

T08s*’ 4° o8 2
and Frenet curvatures of f* have the form x*(s) = 1, 7*(s)

Theorem 1 implies that the Bishop curvatures of f* read

3

. Hence statement (i) of

C1
* * +
k1 (8)=0, x, (s):?, c1ERy.

Also, according to statement (i) of Theorem 1, the Bishop frame of §* reads
Tl* (&)=
Nrw= 2 2 g
L7, 275%37275%37 77
o 27 ., 127
Ny(s) = —=(—s™+
2(8)= *3( 1085%" 4 °

C108s* 2

It can be easily verified that

9cps*4
Nl =

Nj.
C1 2
Consequently, (8, 8*) is Mannheim B-pair of curves (Figure 2)

Moreover, it can be easily checked that the equation (3.10) is satisfied
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Figure 2: Mannheim B-pair of curves (8, *).

Remark 1. Note that to any pseudo null curve in [E? with Bishop curvatures k; # 0 and k, =
0, we may assign function A as the solution of differential equation (3.11). The function A
determines Mannheim mate B-curve * = f+ AN; of B. This means that there are infinity

many pseudo null Mannheim B-curve couples.

The next theorem can be proved analogously, so we omit its proof.

Theorem 5. There are no Mannheim B-pair of curves (8, B*) inE3, where f and B* are pseudo
null curves with Bishop curvaturesk; = Kf andxy = K;.

Theorem 6. There are no Mannheim B-pair of curves (8, %) in E3, where B is a pseudo null
curve and * is a null Cartan curve.

Proof. Let § be a pseudo null Mannheim B-curve parametrized by arc-length s with the
Bishop curvatures x; and x» and Bishop frame {77, N1, N»}. Assume that there exists Mannheim
B-pair of curves (B, *), where p* is a null Cartan curve with Bishop frame {77, N, N}.
Then we can write the curve * as

B*(s™) = B*(f(5) = B(s) + A)N1(9), (3.26)

where A(s) is some differentiable function. Now we may distinguish two possibilities: (i) x =
0,x2 #Z0and (ii) x; #0, k2 =0.

(i) If k1 = 0 and x> # 0, differentiating (3.26) with respect to s and using (2.7), (2.8) and (2.11),
we get
TV f'=Ti+ A Ny. (3.27)

By taking the scalar product of (3.27) with Tl* f" and using (2.5) and (2.6), we obtain a contra-
diction.
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(ii) If x; # 0 and x, = 0, differentiating (3.26) with respect to s and using (2.9), (2.10) and
(2.11), we obtain
Y f'=(-1-Ax)) Ty + A'Ny. (3.28)

By taking the scalar product of (3.28) with N; = ,uNz* where p(s) # 0 is some differentiable

function and using (2.5) and (2.6), we get f’u =0 which is a contradiction again. Oa

The proof of the following theorem follows from the fact that a null Bishop vector N; of 8

can be collinear with non-null Bishop vector N of *.

Theorem 7. There are no Mannheim B-pair of curves (B, ) in [E?, where B is a pseudo null
curve and B* is a timelike or spacelike curve with non-null Bishop vector N .

Theorem 8. There are no Mannheim B-pair of curves (8, B*) in E3, where B is a null Cartan
curve and B* is a timelike curve, or a spacelike curve with a non-null Bishop vector N .

Proof. Assume that there exists Mannheim B-pair of curves (8, 5*). Denote by s and s*
pseudo-arc and arc-length of f and * respectively and by {T1, N1, No} and {T}*, N}, N} their
Bishop frames. It is sufficient to assume that N is a spacelike vector. Otherwise, we easily get
a contradiction. We can write the curve £ as

B(s) = B(f(s™) = B*(s™) + As*ING (s¥), (3.29)

where A(s*) is some differentiable function. Differentiating the relation (3.29) with respect to
s* and using relations (2.4) and (2.11), we obtain

T f =T} + MV Ny +eodx) T

By taking the scalar product of the previous equation with N; = uN;* where p # 0 is some
differentiable function and using (2.6) and the conditions (T}*, NJ) = 0, (N, N;°) = 1, we get
A" =0. Hence

Tif' = A+eodx)) Ty

This means that a null vector T is collinear with a non-null vector T;*, which is a contradic-
tion. O

The proof of the last theorem follows from the fact that a spacelike Bishop vector N, of

can not be collinear with a null Bishop vector N, of g*.

Theorem 9. There are no Mannheim B-pair of curves (B, B*) inES, where B is null Cartan curve

and * is Cartan null or pseudo null curve.
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