TAMKANG JOURNAL OF MATHEMATICS
Volume 33, Number 1, Spring 2002

A RESULT ON INVARIANT APPROXIMATION

ABDUL LATIF AND ARJAMAND BANO

Abstract. In this paper an extension of a theorem of Singh on invariant approximation is given.
An interesting corollary for Opial spaces is also derived.

The study of fixed points for multivalued contraction and nonexpansive maps using
the Hausdorff metric was initiated independently by Markin [5] and Nadler [7]. Later, an
interesting and rich fixed point theory for such maps has been developed. For references
and a survey of the subject see [10].

Application of fixed point theorems to approximation theory are well known. Among
others Brosowski [1], Meinardus [6], and Singh [9] used fixed point theory for single
valued maps to prove some interesting results in approximation theory.

In this paper, applying a classical fixed point result of Nadler for multivalued contrac-
tion maps we prove a result on invariant approximation for multivalued nonexpansive
maps. The result herein extends a well known result of Singh for single valued nonex-
pansive maps. A corollary in the setting of Opial spaces is also obtained.

We recall the following notions and results needed in the sequel.

Let X be a normed linear space and let K be any nonempty subset of X. For § = X
or S = K, we denote by 2%, CB(S) and K(S) the collections of all nonempty, nonempty
closed bounded, nonempty compact subsets of S, respectively. Let H be the Hausdorff
metric on CB(X) induced by the norm of X, i.e.,

H(A, B) = max{sup{D(a,B) : a € A}, sup{D(A,b) : b€ B}},

for all A, B in CB(X); here we write D(z, K) = inf{||z —y|| : y € K}, the distance from
the point € X to the set K € 2¥.

A multivalued map T : K C X — CB(X) is called a contraction iff for a fixed constant
h € (0,1) and for each z,y € K,

H(T'(z),T(y)) < hllz —yl|-
Further, if T satisfies
H(T'(z),T(y)) < |lx —yll,
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then T is said to be nonezrpansive. An element x € K is called a fixed point of a
multivalued map 7 : K C X — 2% iff x € T'(z). We denote by F(T') the set of fixed
points of T'.

A multivalued map T of K C X into 2¥ is said to be demiclosed if for every sequence
{z,} C K and any y, € T(z,), n = 1,2,..., such that z,—z and y, — y, we have
z € K and y € T'(z). Here and throughout the paper — and s denote strong and
weak convergence respectively.

A Banach space X is said to satisfy Opial’s property [8] if for each given sequence
{z,} in X with z,—>z, we have

liminf ||z, — 2|| < liminf ||z, — y||, for ally € X \ {z}.
n—o0 n—o0

A Banach space which satisfies Opial’s property is called an Opial space. It is well
known that all Hilbert spaces and I?(1 < p < o0) are Opial spaces while L? spaces (p # 2)
are not Opial spaces [3,8].

The following useful result, proved originally by LamiDozo [3] (also, see [10], Theorem
1.89), is a special case of Lemma 3.1 in [4].

Lemma 1. Let K be a nonempty weakly compact subset of an Opial space X. Let
T: K — K(K) be a nonexpansive multivalued map. Then I — T is demiclosed on K.
(Where I : K — K is an identity map.)

We also need the following definitions from the approximation theory.

For each z € X and K € 2%, we denoted by P(z) the set {y € K : ||z — y|| =
D(z, K)}, which is usually known as the set of best K-approximants to z. The set Pk (z)
is closed and bounded, and is convex if K is convex. We also recall that K is Chebyshev
if for every € X, there is a unique element v € K such that ||z — u|| = D(z, K).
A subset K is said to be starshaped with respect to a point p € K if, for all z € K,
{tr + (1 —t)p: 0 <t <1} C K. The point p is called a starcenter for K. Clearly, each
convex set is starshaped with repsect to each of its points. It is well known [2] that, in
the strictly convex Banach space, if P (z) is nonempty and starshaped, then it contains
at most one element.

If T is a singlevalued or multivalued map defined on X with T'(K) C K, then K is
called T-invariant subset of X.

In [9], Singh has extended the well known result of Brosowski [1], relaxing the condi-
tion of linearity of the function and the convexity of the set, proved the following:

Theorem 2. Let X be a Banach space and let T : X — X be a single valued
nonezpansive map. Let K be a T-invariant subset of X and let xo € F(T). If Pk (zo) is
nonempty, compact, and starshaped, then Px(xo) N F(T) # 0.

In the following we extend Theorem 2 to multivalued nonexpansive maps.

Theorem 3. Let X be a Banach space, and let T : X — CB(X) be a nonexpansive
map such that T'(xo) = {xo} for some xy € X. Let K be a nonempty T -invariant subset
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of X. Assume that Pk (zq) is nonempty, weakly compact and starshaped. If I — T is
demiclosed on Pk (zo), then Pk (xo) N F(T) # .

Proof. Put M = Pg(x¢) and let w € M. Then u € K and ||zg — u|| = D(zg, K).
Let v € T'(u) C K, then since

|lv = o] < H(T'(u), T (20)) < [[u = zol| = D(xo, K),

we have v € M and thus T'(u) C M. Therefore T carries M into CB(M). Now, let g be
the starcenter of M. Then, for z € M and A(0 < A < 1),

(I-=XNg+Are M.

Take a sequence {\,} of real numbers such that 0 < A\, < 1 and A\, = 1 as n — oo.
Now, for each n define a multivalued map T;, by setting

To(z) = (1 —Xp)g + AT (), for all z € M.
Clearly, each T}, is a map from M into CB(M). Furthermore, for any z, y € M we have
H(T,(2)), Tu(y)) = A\H(T'(2),T(y)) < Anllz —yll,

which proves that each T, is a contraction map. Also, since M is a complete metric
space, therefore it follows from Nadler’s result ([7], Theorem 5), that for each n > 1,
there exists z,, € M such that x,, € T,(x,,). This implies that there is a y,, € T'(x,) such
that

Tn = (1= Xp)g + Anyn-

M being weakly compact, for a convenient subsequence still denoted by {z,}, we have
xnim € M. Now
lzn = yull = (1 = An)llg — ynll-

Put z, =z, —yn € (I = T)zy, then 2z, — 0 as n — co. Since I — T is demiclosed on M,
it follows that 0 € (I — Tz, that is, z € F(T).

By virtue of Lemma 1, we have the following result on invariant approximation for
Opial spaces.

Corollary 4. Let X be an Opial space, and let T : X — K(X) be a nonezpansive
map such that T (xg) = {0} for some xg € X. Let K be a nonempty T -invariant subset
of X. If Px(xo) is nonempty, weakly compact and starshaped, then P (x¢) N F(T) # 0.

Proof. Following the proof of Theorem 3, we observe that T maps M = Pk (zo)
into K(M). Thus by Lemma 1, I — T is demiclosed on M. Now the result follows from
Theorem 3.

Remark 5. (1)The classical result of Hicks and Humphries ([2], Theorem 1) is a
particular case of Corollary 4.
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If X is strictly convex Banach space and Pk (zo) is nonempty and starshaped in

Theorem 3, then we observe that Px(zo) C F(T).
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