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POINTWISE APPROXIMATION OF MODIFIED CONJUGATE
FUNCTIONS BY MATRIX OPERATORS OF THEIR FOURIER SERIES
WITH THE USE OF SOME PARAMETERS

BOGDAN SZAL AND WELODZIMIERZ EENSKI

Abstract. We extend and generalize the results of Xh. Z. Krasniqi [Acta Comment. Univ.
Tartu. Math. 17 (2013), 89-101] and the authors [Acta Comment. Univ. Tartu. Math.
13 (2009), 11-24], [Proc. Estonian Acad. Sci. 2018, 67, 1, 50-60] as well as the joint paper
with M. Kubiak [Journal of Inequalities and Applications (2018) 2018:92]. We consider the
modified conjugate function fr for 27/ p—periodic function f . Moreover, the measure of
approximations depends on p - differences of the entries of matrices defined the method

of summability.

1. Introduction

Let L’ (1 < p <o) be the class of all 271/ p—periodic real-valued functions, integrable

2nlp

in the Lebesgue sense with p—th power over Q, = [-7/p, 7w/ p] with the norm

1/p
IFOl, = (f Folk dt) :

Qp

where p € N. Itis clear that L) <L}

o SLhn =L} andfor feL}

2nlp

1f Ol =p " PIfOIy

Taking into account the above relations, we will consider, for f € Lén

Fourier series as such a series of f € L} in the following form:

O(f) + Z (ay(f) cosvx + by (f)sinvx)

Sf(x):=———

with the partial sums Si f and the conjugate one

Sfx):= Y (av(f)sinvx - by (f) cosvx)
v=1
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with the partial sums Sy f. We also know that if f € L; ., then

_ 1 (7 1t .= I
fx) .——;fo wx(t)icotidt—elirghf(x,e)—elirghf,(x,e),

where, for r € N,

1

[r/2]-1 2(m+Lzn —e @2[r/21+ )
b/

T T 1 t
fZ'"T” +f21,,rz],,+€ )wx(t)zcotzdt for an odd r,

~ ~0 e
fr (x,€) := mn
1 [r/2]-1 Z(m:—l)n e . .
B oo U e Yx (t)ECOtEdt for an even r,
and
~ _ 1 (m 1 ;
fre)=fitve):=——[ yy(1);cotodt,
T Je 2 2
with

Ye(O:i=fx+0-fx-1),
exist for almost all x (cf. [7, Th.(3.1)IV]).
Let A:= (ap,i) be an infinite matrix of real numbers such that
o0
anpr=0when k,n=0,1,2,..., lim a,;=0and Z ani=1,
n—oo =0
but A°:= (ay,x);,, where
ani=0when k> n.

We will use the notations
o0 n
Apr = Z |an,k - an,k+r| ) A(;” = Z |an,k_ an,k+r|
k=0 k=0

for r e N and

Tn,Af (%) := Z an,kgkf (x) (n=0,1,2,..)).
k=0

for the A—transformation of Sf.

In this paper, we will study the estimate of

T mal (X)— f+ (x,€)| by the function of modu-

lus of continuity type, i.e. nondecreasing continuous function @ having the following prop-

erties: W (0) =0, W (0, +62) < W (01) +w(62) for any 0 < 61 < d2 < 01 + 62 < 27n. We will also
; ; ; P~ P

consider functions from the following subclass Ly P (@)p of Ly o'

Ly @ ={f €18y, @p(£.6); = 0@ () when e 0,27] and p= 0},

where

wgf(6)p = sup {

e 0<|t1=6

_pt|P
sin== ly- Dl o
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It is easy to see that @y f (+) 0= of() v is the classical modulus of continuity. Moreover, it
n/p nlp
is clear thatfor f=za =0
- e
wﬁf (5)L§n/p - waf (6)L§n/p
and consequently

2n/p @)a < 27t/p (w)ﬁ

The deviation Tn, A fx) —fr (x,€) was estimated with r = 1 in the paper [3] and generalized

in [1] as follows:

Theorem A([1, Theorem 8, p. 95]). If f € Lgn (W)p withl<p<ooand0=<f<1- %, where @

satisfies the conditions

T -y p 1p
{f (M) sinﬁ’”édt} =0y ((n+1)) )

bd w (1)

n+l

with0<y<ﬁ+%and

o p 1/p
0

w (1)

then

~ ~ 4 _ pri+1 ~( T
Tn’Aof(x)—f(x,m)'—Ox((n+1) Anlw(n+1)).

The next essential generalizations and improvements in [4, Theorem 1] were given. In these
results fr (x,€) and A, with r € N instead of fl (x,€6) = f (x,€) and An 1» respectively, were

taken. We can formulate them as follows:

Theorem B. [4, Theorem 1] If f € LG'

continuity type o satisfy the conditions:

/
e [ ¢y (0] [sin ”|ﬁ lp 4
fo 50 dt =0x((n+17"), 3)

. . 1/p
{ g 1 (M) dt} =0, (1) (4)

l<p<oo0sf<l- % and a function of modulus of

for reN,

v \Tal-2m)

r

for a natural r = 3, where m € {1,... 5|} whenr is an odd or m € {1,...[5] -1} when r is an
even natural number, and

2mn  x | (t)| |sm rr|ﬁ Up
f L wx—y dty =0 ((n+1)"), 5)
2mm (U(t)( 2m7[)

r r(n+l] r
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for r e N with 0<y<,B+— where m € {0,...[5]} whenr isan odd or me{0,...[ ]| — 1} when
r is an even natural number. Moreover, let @ satisfy, for a natural r = 2, the conditions:

1/p
2 in A lsin 2t 1A P
f M dt =0,(1), (6)
Z(mr+l]7r_ r(nn+1) &,) (2(}’”:1)7[ _ t)
2m+l)m _ _ w rt ﬁ " P
Y T |1//x (t)| |Sln | dt —0 ((I’l N 1)7) @)
2mir_x @) (Z(m:l)n _ t)y * ’

with0<y<pf+ %, where m € {0,...[5] —1}. Ifa matrix A is such that

n r+l-1 -1
[Z Z ank| =0, ®)
=0 k=I
forreNand
Y (k+1)?anr=0((n+1)? ©))

k=0

are true, then

)| =0u(m vt a0 2)

~ b/
Tn,Af(x) fr(x’ ( +1)

Theorem C. [4, Theorem 2] Let f € L 2n,
continuity type o satisfy, for r e N, the conditions:

l<p<oo,0=sf<l-= and a function of modulus of

1/p

2m7r+ | rt ﬁ
r r(n+l] wX (t)| |Sln |
‘[2# (W dt =0, (1), (10)
and (5) with 0 <y <,B+ +, wherem € {0,. [ |} whenr is an odd or m € {0, .. [%] —1} whenr
is an even natural number Moreover, let @ satisfy, for natural r = 2, the conditions: (6) and (7)
with 0<y <+ = 5 wherem€4{0,...[3] = 1}. Ifa matrix A is such that (8) for r €N and
o0
Y (k+Dae=0n+1), (11)
k=0

are true, then

)’ =04+ 4,8 (=), (12)

- ~ n
Lnal (0= fr (x, r(n+1)

The another generalization in [2, Theorem 1] was given. In this paper the same estimate

asin (12) but with f € L2 Iy and with simpler assumptions on a function @ was obtained.
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Now, we will generalize the above results using different parameters on the left and right
hand sides of the estimation (12). Namely, we will estimate the deviations
T mal (X)— fr (x, ﬁ” but as a measure of such approximation will be use the quantity
Ap,p, where p is not necessary equal s or r.

In the paper Zzza =0when a>b.

2. Statement of the results

At the beginning we will present the estimate of the quantity |T mal ()= fr ( s(n Y )'
Finally, we will formulate some remarks and corollaries.

Theorem 1. Letp,r,seN,s=p=r andr|p . Supposethat f € L} 1<p<oo,05,6<1—%

2n/p’
and a function of the modulus of continuity type @ satisfies the conditions:

p 1/p
T |Wx(l‘)|'sm—
f BETO R B e (13)
0 (1)
and
p 1/p
: wa(t)”sm_ Y
— ~ N dt :O +1 , 14
Eray » (1) 1Y «((n+1)7) (14)
with 0<y<p+ %- Ifa matrix A is such that (11) and
n p+l-1 -1
Z Z an,k =0(), (15)
=0 k=1

for p e N are true, then

P97 ] o

Theorem 2. Letp,r,seN,s=p=r andr|p . Supposethat f € L}

B+i+1 ~ U
l(m+1D)" P An,pw (—s(n+ 1))).

1
2nlp’ 1<p<oo,0$,6<1—;
and a function of the modulus of continuity type & satisfies the conditions:

1/p

5 t|lyx (1) |sinp7t'ﬁ
f dty =0y((n+1D71) (16)
0

(1)

when p =1 or (13) when p =2 and (14) with 0<y <+ %. If a matrix A is such that (9) and
(15) for p € N are true, then

(n+ 1)/5*%“An,pa)(

~ ~ T /2
T 0= o | -0 o))
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Remark 1. We note that our extra conditions (15), (9) and (11) for a lower triangular infinite
matrix A° always hold. Additionally, we can observe that the Holder inequality gives

o o / / 17271 1/2
Y k+Dage =) (k+Da)ia)i< Z(k+1) an i Y ank
k=0 k=0 k=0
o 1/2
= [Z (k+1)%an
k=0

and thus the condition (9) implies (11) but the condition (13) implies (16). Therefore Theo-
rems 1 and 2 are not comparable.

Corollary 1. Takingr = s = p =1 the conditions (16) and (14) in Theorem 2 reduce to (2) and
(1), respectively. Thus we obtain the results from [3] and Theorem A [1, Theorem 8, p. 95], but
in case [4] we reduce the assumptions. Taking only r = s = p we obtain the results from [2].

Next, using more natural conditions we can formulate without proof the following theo-

rem.

Theorem 3. Let f € LG 107
1- 5' Suppose that a function of the modulus of continuity type & satisfies the conditions:

where p,1r,s€N, s=p=r1 suchthatr|p,1<p<ocoand0<f<

p 1/p
z t‘Y|wx(t)||Sin%t'ﬁ 1
_ dt =Ox((n+1)y7), a7
5 w (1)
forye (l 1, ,B) (instead of (14)), and
B\P tp
ECay |1//x(t)|'smp7t| 1
fo —— | ar =0, ((n+1)77), (18)

(instead of (13)). If a matrix A is such that (11) and (15) for p € N are true, then

B+1 ~ 7
(n+1) An'pw(s(n+1)))' (19)

Moreover, if a function of the modulus of continuity type @ and a matrix A satisfy the following
conditions: (17) withy € (— S +ﬁ)

Tnal = f’(x’ (n +1))’:O"

1/p

dty =0, ((n+1)‘1‘%)

B\P
o [ thwe o] [sin |
fo o (1)

when p =1 or (18) when p = 2, (8) with p € N and (9), then the estimate (19) is also true.
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From Theorem 3 we can obtain the following norm estimate:

Theorem 4. Let f € L2 /p(w)ﬁ, where p,r,s€N, s=p =71 suchthatr|p, 1< p < oo and
0<B<1- 5. If a matrix A is such that (15) for p e N and (11) are true, then

Remark 2. We can observe that the order of the norm approximation in Theorem 4 is essen-

=0,

Taf () - fr(

(n+ 1)ﬁ+1An,p5)(L)).

s(n+1)) s(n+1)

/p

tially better than the order of the norm approximation obtained by all earlier results.

Remark 3. Itis clear that for p,r €N, where p=randr | p,

Anp=Ean,. (20)
Namely, let m e Nand p = mr. Then
[ oo [m—1
An,p = Z |an,k - an,k+p| = Z Z (an,k+lr - an,k+(l+1)r)
k=0 k=0| 1=0
m—-1 oo o
Z Z |ank ank+r|<mZ|ank ank+r|—_An,r~
=0 k=lIr r

Under the above Remarks and the above inequality our results also improve and generalize
the mentioned result of Xh. Z. Krasniqi [1].

Remark 4. We note that instead of L2 /o () g one can consider an another subclasses of L2 alp

generated by any function of modulus continuity type e. g. @, such that

@x(f,6) =sup |y, ()] <@y (6)

|t|<6
and

1 )
a»x(f,m:gfo |y (0] dt <, 6).

3. Auxiliary results

We begin this section by some notations from [6] and [7, Section 5 of Chapter II]. Let for
r=1,2,...

D° (1) sin@ 5 ) cosw
D=——7T"7" kr(l)=—F——"—"7—
k. Zsm%t "’ ZSln%t
and
_ COS%—CO @ cos rzt
Dy,r (1) = = - — D%, ().

2sin 2t 2 231n >
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It is clear by [7] that

4

~ 1 ~
Sef)=-—| fG+0Dgimdt

and

_ 1" 00 _

T, f)=—=| f(x+0) anDi1()dr.
J-n k=0

Now, we present very useful property of the modulus of continuity.

Lemma 1 ([7]). A function & of modulus of continuity type on the interval [0,27] satisfies the

following condition
551 @ (82) <267 '@ (81) fordz =561 >0.

Next, we give some the known estimates:

Lemma2 ([7]). If 0<|t| <7 then

~ T
< <s—
|D°k1 (0] < 2|| , | Diy (0)] ¥

and, for any real t, we have
. 1 - 1 _
DAYGIE k+ 5, |Dia (0] = Sk G+ D1tl, [Diy (0] = k+1.

Lemma 3 ([5], [6]). LetreN,leZ and(a,) cC.Ift# @ and m,ne€N, then for everym=n

m m _ m+r _ n+r—1 _
Y agsinkt=-Y (ak—ag+r) Dok O+ Y. arD°k_, ()= > axD°k—, (1),
k=n k=n k=m+1 k=n

m m m+r n+r—1

Y arcoskt= ) (axr—ars ) Dy, (0~ ) aDy_.(+ ) aDy_.(1).

=n k=n k=m+1 k=n

We additionally prove the following estimate as a consequence of Lemma 3.

Lemmad4. Letr €N, € Z and (ay) CIR(J)“forn,kE No. Ift # @ andlgim anr=0forallneN,
—00

then
1 (2k+1)t< 1 A +ri1 _ 1 A
a,, r COS < a <—
I T = e T
Proof. By Lemma 3,
1 2k+1Dt 1 t t
—Z ;__ Zankcosktcos——Zanksmktsm—
22 2 2\&, 2 & 2
CcOS % o0 r—1
-5 Z(ank ank+r)Dkr(t)+Zanka (1)
k=0 =0
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sing [ & . =1 .
- Y (ank— anisr) Dk ()= Y Ap D%~ (1)
k=0 k=0
and our inequalities follow. O

We also prove some special inequalities which follow from the conditions mentioned
early.

Lemma5. Letp,r,s€EN,s=p=r=2andr|p. Supposethat f € L , wherel < p <oo. If the

2nlr’
condition (13) holds with any continuous and positive function ®, and 3 = 0, then

2(m+D)n p »
= t t|PP
s 70 'sinp— drh =o0,),
mr ”_s(njil) (;) (2(1’}’1:—1)7‘[ - t)
wherem € {0,...[5] - 1}.
Proof. By substitution ¢ = 2(m+l)m 1, we obtain
2(m+1)m p 1/]7
S Ve (D) . pt|PP
j;(mﬂ)n n ~ 2|(m:c—1)7r| ’Sln % di
D) w(f—t)
|,w m+1)7r u)' ) ) p p 1/p
s+ X +
e sl
0 o (u) 2 r
_ 1/p
s(n+ u ﬁ P
= f( 1)(|w~x( )||sinﬂ’ ) du .
0 w (1) 2
Hence, by (13) our estimate follows. Oa

Lemma 6. Letp,r,seN,s=p=r andr | p. Suppose that f € L2n/r’ wherel < p < oco. If the
condition (13) holds with any continuous and positive function @, and 3 = 0, then

fz'"T”Wn [y (1)
=l

P

tﬁp %
sin—| dty =0,(1),

r

wherem €{0,...[5]}.

2m7r

Proof. By substitution ¢ = + u, analogously to the above proof, we obtain

er;erS(nH) |1//x (t)| ﬁpdt 1/p
2 @(t—@)

t
np_
2
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- 2mn B\P 17p
= {fm (—|Wx +u)| smﬁ(zmn +u)‘ ) du}
0 o (u) 2\ r

_n_ P P
_ {f (M'smﬂ'ﬁ) dt} = 0, (1)
0 o (u) 2

and we have the desired estimate. O

Lemma 7. Supposethat f € L} ,  wherel < p <oo,p,seNands= p =2. Ifthe condition (14)

27/ p
holds with any continuous, positive and nondecreasing function ®, andy, 3 = 0, then

20m+ 1 . pt tp
I e R R}
T e (1) (T - t)
wherem e {0,1,...[5] - 1}.
20m+1)n

Proof. By substitution ¢ = — u, we obtain

I Vp
woets_a (e ()] [sin | N
2(m;1)n_% (T)(t) (z(m;Dn _ t)Y
2 Lp
x |wx(2(m+1)ﬂ u)' p (2(m+1)n )”ﬁ
= sin|=(———-u du
s(njz-l) w (W — u) uY 2 p
n 14 1/p
= fp |1//x(u)| |sinﬂ|ﬁ du .
- Q(M%_u) ur 2
Since W -—u=zu
1 p 1/p .
o lwx ()] ‘ , pu|ﬁ 5 (v )] p
f sin — du < f y‘ | .
T G)(@—u)zﬂ 2 @) u
Hence, by (14) our estimate follows. a

Lemma 8. Suppose that f € L wherel < p < oo, p,s €N and s = p. If the condition (14)

2nlp’
holds with any continuous, positive and nondecreasing function ®, andy, f = 0, then

1/p

B\P
[# [0 [sin
2mn

Y
p”+s(n”+1) (U(t)( %)

whereme {0,1,...[5]}.
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Proof. By substitution ¢ = 2’;”’ + u, analogously to the above proof, we obtain
] B\ P Lp
[# [y o [sin |
st | @ (o- 22r)”
1/p
’ |Wx Zﬂ"‘u ‘ p g
= ( +u)‘ du
s ol
: e () 5\ "
= ! _ Wl |sinﬂ' dt
F)) w(z’g”+u) uy
z 1/p
o (lve@|| . puip)’ ~ .
S{ . m‘sm7| ) dt —Ox((n+1) )

s(n+1)

and we have the desired estimate.

4. Proofs of Theorems
4.1. Proof of Theorem 1

It is clear that for an odd r

~ ~ T
Tl G 1 (’“(—H))

——f Wy (1) Z an Dy (1) dt

. 2mD) @lr/21+1)
1 (ri2l-1 mr ”_s(n]il) - G . 1 t
+— X |, o Yy (1) = cot—dt
T T
n m=0 %‘F s(njil) r x(nﬂ+l] 2 2

2mmn PR 2(m+1D)7m

1 [ rsoey /2l p2e 2y (r/2]-1 p2mn
= —— + Z + Z
T \Jo m=1 ZmT” yo Jambm

r s(n+1)

1 [lr/2) p2mr [r/2]-1 p2ln_ X ) ~
+— E f + E f Y () E an kD1 (nHdt
T — 2m7r+ n — @m+)n —
m= r s(n+1) m=0 T k=0

=Ip(x)+ 11 (x) + I (x) + I3 (x) + I3 (x)

and for an even r

~ ~ VA
T, f )~ Tr (x, T 1))

[r/2]-1 p2mtbr__x
-

1 T s(n+1)
:——f wx(t)Zankal(t)dt+— > 1//x(t) cot dt
7 Jo m=0 JEE+ G

)wx(t) Y aniDi (D dt
k=0

155
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2m7r+ bug

1 o [r/21-1 s (r/2)-1 2wl - )
= _; L + Z ﬁm” + ZO ﬁ(m+1)n x w_x (t) Z an,ka,l(t)dt
o m= ="

m=1 s+ k=0

Z s(n+1)

Z (2m+1)n )wx (t) Z anykﬁ-ak,l (t) at
k=0

= Io (%) + I} (X) + I (x) + I3 (x) + 14 (x),

2mnu
r 5(n+1)

1([T/2] 1 (2m+1)n [I‘/Z] 1 2(m+l]n .1

whence

VERAE

T ! !
s(n+1))’ < o O+ (01 +| I} () |+ I ()| +1 I3 (x) | +] I3 ()| +1 I (x)].

Next, using Lemma 2, (15), the Holder inequality with p > 1 and g = 1 and (16),

IIo(x)I—O(n+1)f |1//x(t)|dt

G v (e (e | )T
<Om+1) f( )(M) sinf? PL gy f( : Lt)t dr
0 w(1) 2 0 sinﬁ%

_ p+ip~[_ T
Ox(D)(n+1) a)(s(n+1)),

for0spg<1- %. Further, we note that applying condition (15) we have

n
[(n+1)Anp ZAn,p |ank ank+p|
=0 1=0k=
-1
n | oo n p+l-1
. [Z L (ank—anksp)l| = |2 X ank| =0,
[=0|k=1 —

whence

|Io(x)|=ox((n+1)“ﬁ+nAns( z ))
s(n+1)

Analogously, by Lemma 2

Z + ZO j;(m+l]7r b1

m= r R nlr

[I‘/Z] 2m7t+-(7t+1) [I‘/Z]—l 2(m+D)n |w (t)|
/ < r " r X
LG+ |1 )] + 1B ()] < — (Z oy [T
- r s(n+1)
(r/2] p2mry I [r/2]-1 p2mtbn ¢
1 ( ) )|Wx( )|d

and using the Holder inequality with p >1 and g = Ll

1 1
I 2mn bs ~

P (@ (- 22\ ]
—pr at
2mn Slnﬁ7

r

[r/2]

] ()| sinf 2L\P
<0, Y fzm e % dt
m=1 [J=* o (1— =)

r

1

1
51 _ q 7
[r/2]-1 2(m+1)7r (t) Slnﬁ pt 14 Z(mrl)n @ t_2(m+1)n
+0, (1) Z [/ (M dt / (- 2] 4l

2m+Dn _ (t— 2(mr+1)n) 2m+r _ _x sin® %t

N n+1] r s(n+1)
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Hence, by Lemmas 5 and 6 with (13) and (15),

1
q

x q
, _ - T s(n+1) ].
|L (01 + |1 (0] + 12 (0] = Ox(l)w(s(n+1)) UO (—Sinﬁ%t) dt

_ -~ ) N
_Ox((n+1) q)w(s(nﬂ))_ox (n+1) An'pw(s(nﬂ))),

for0<sf<1- %.
In case of the last integrals, applying Lemmas 2 and 4 we obtain for s=p=>r

|13 ()] + | I5 (xX)| + |14 ()]

[r/2] (2m+1)7t [I’/Z] 1 2(m+1)7‘r 7 0
x(n+1) —_~
= ( Z 2m7r Z (2m+1)n ) |1//x (t)| Z an:kDokvl (t) dt
s(n+1) k=0
p(m+1)
—— =1 2(u+Dn 7
1 T [ " I ) |1//x (t)|
= Z o o 1o pr] et
o oy JAT, _n Lgin PL
= N:[T] P s(n+1) Sin 2 Sin D)
[p(m+n T [M -2 2(utDn |U/ (t)|
I3 s(n+1) 4 X
| ¥ > et
o 2un T 2t a4 t
[ ]+19 % “:[T] I BGES))
Cp+)m

. . pt pt 2pum g
Using the estimate ‘sm > | >—-2uforte [ TS p

. pt 0 Cu+)m (2y+1)7r om p(m+1)
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r o S |'(,Vx (t)|
+Anp D
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1
2ut)r o & (t) (2(/J+1)7'[ _ t)y q q
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Further, by Lemmas 5 and 6 with (13) and Lemmas 7 and 8 with (14), we get

I3 ()| + | I3 ()| + | 14

plm+1) q
[r/2] [—r -1 x ol =Z—1¢r
0, Y {a,, ¥ 2Z|[" __lifiﬂl___ dr
m=0 —[M] 1Y ﬁ ot B
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[r/2) [ ; ]1 = &
ro,my 4y o8| [TT 2T g
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1
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:Ox(l)a)( T ) (n+1)1+7’Anp ! (t?’—l—ﬁ)th n
s(n+1) ’ S
=Ox(1)(7)( (n+1)){(n+1)1+yAnrp(”+1)_Y+ﬁ+%+(n+1)ﬁ_5},
s(n

(x)]

/1B
p‘ J

< =

= =

EC N VAR K
j(;(l)(tﬁ)dt

for0sp<1- %. Finally, by (15)

1+p+1

yn+1) P Anp

, 3 _ T
|[3(x)|+|13(x)|+|I4(x)|—0x(1)w(s(n+1)

and thus our statement follows.
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4.2. Proof of Theorem 2

The proof is the same as above, but for the estimate of |y (x)| when p = 1 we use the
inequality | Dy, ()| < 3k (k+1) |7 from Lemma 2, and the conditions (9) and (16) instead of
(11) and (13). O

4.3. Proof of Theorem 4

We can note that for the estimate of “ T oal () — fr ( we need the conditions

. bid
? s(n+1) L;’ .
nlp

on @ from the assumptions of Theorem 3. These conditions always hold with [l (1)
2/ p

instead of |y (#)| and thus, the desired result follows. O
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