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GENERALIZED WRIGHT FUNCTION AND ITS PROPERTIES
USING EXTENDED BETA FUNCTION

NABIULLAH KHAN, TALHA USMAN AND MOHD AMAN

Abstract. In this paper, we introduce a new generalization of the Wright function by us-
ing an extended beta function and study some classical properties of this function. We
establish several formulas involving integral transforms (e.g. Jacobi transform, Gegen-
bauer transform) and the generalized family of Wright function that does not seem to be
reported in the literature even for the basic Wright function. Furthermore, we discuss
other results including the recurrence relation, derivative formula, fractional derivative
formula and also a partly bilateral and partly unilateral generating relation for the gener-
alized Wright function.

1. Introduction and preliminaries

The special functions of mathematical physics are found to be very useful in finding the
solutions of initial and boundary value problems associated with partial differential equa-
tions and fractional differential equations. Special functions have widespread applications in
areas of engineering as well, and often new perspectives in special functions are motivated by
such connections. Several special functions, called now, special functions of fractional calcu-
lus play a very interesting role in the solution of fractional order differential equations such
as Mittag-Leffler function, Wright function, and its auxiliary functions and Fox H- function.
The Wright function was first introduced [21, 22, 23, 24] during the study of the asymptotic
theory of partitions of natural numbers. It plays an important role in the solution of linear
partial differential equations and subsequently, many other applications for instance, in the
Mikusiniski’s operational calculus ([7], see also [8]) and in the theory of Hankel type integral
transforms have been found. Recently, this function has appeared in the area related to the
partial differential equation of fractional order. Considering the boundary value problems for

the fractional diffusion-wave equation, that is, the linear partial integro-differential equation
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obtained from the classical diffusion or wave equation by replacing the first or second-order
time derivatives by a fractional derivative of order @ with 0 < a < 2, it was found the corre-
sponding functions can be represented in terms of the Wright function. In this sequel, we
intend to introduce a new generalization of Wright function by using the known extended
beta function.

Let C,R*, N, and Z, be the sets of complex numbers, positive real numbers, positive

integers, and non-positive integers, respectively, and let IR(J)r :=R* U {0} and Ny := NuU {0}.
We recall the classical Wright function Wy g(2) [8, 14] defined by the series representation

[e ) n 1
Wayﬁ(Z)—nzomm (ﬁeC,(X>—1). (1.1)

The two suplementary functions ([5]; see also [8, 14, 15]) of the above function are given as

B B 00 (_l)nzn
Mo(D=Woar-al=2)= L S oy @<ea<b) (1.2)

00 (_l)n Zn

Fo(2) = W_q0(-2) = n; E——

O<a<l). (1.3)

Recently, forreala and 8, 7,0 € C; a>—-1,6 #0,—1,-2,... with ze Cand |z| < 1 with a = -1,
Moustafa et al. [5] defined the generalization of the Wright function as

T PN~ Z" (V)n
Wap&) = ,,;0 @), Tant )’ (1.4)
where
LM ) =y D +2)- - (r+n—1)
Ty = =Y+ y :

is a pochhammer symbol (see, [18, p.2 and pp.4-6]) and I'() is the gamma function (see, [18,
Section 1.1]). The two auxillary functions (generalized Wright type) for all complex variable

z # 0 and for any order « € (0, 1) were defined as

Y0, _ 1arY0 N S (=Dt Vn
Ma™ (@)= W-g1-0(=2) _,;0 n TU-an+1) @) (1-5)

(e8] n _1 n .n
FP@=w-a=Y ) Gz (1.6)

=10 T(=an) n!

An extension of Euler’s beta function ([2]; see also, [13, p.113(1.2)]) introduced by Chaudhry
et al. is defined as .
Bp(x,) :f (1-0? e T dr (1.7)
0

(min{R(p), R(x),R(y)} > 0),

and B(x, y) (p = 0) is the well-known beta function (see, [18, Section 1.1]).
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Further, a more generalized form of extended beta function [16] is defined as

1
B (x, ) =f0 A-o¥ ' R

c;d;—i] dt (1.8)
1-nt

(min{R(y), R(x)} > 0; p e RyY).

Srivastava et al. [19] presented the following generalized beta function

(1.9)

1
B({vm}meNO)(x,y;p):f Q-0 ' le Vi mengs —
0

L ] d t

1-nt
(min{R(y), R(x)} > 0; peRy),

where, Z ({Vi}men,; 2) is the function, analytic within the disk |z] <R (0 < R < 0o0) and its

Taylor-Maclaurin coefficients be explicitly denoted by the sequence {v ,} nen, -

The classical Jacobi polynomials Pﬁ,a’ﬁ ) (z) (see, e.g., [4, Chapter 10] and [20, Chapter 4])
in terms of hypergeometric function are defined as

a+n -na+p+n+1;1-z
PP (2) = ( ) 2 Fy h — 1. (1.10)
n a+1; 2
where, , F) is the familiar Gauss hypergeometric function.
The Jacobi transform formula for a function f(z) is defined as
1
3P f(2); n] = f 1-2%0+2P PP (2) f2)dz (1.11)
-1
(min{R(@),R(B)} > —1; neNy),
on condition that the integral in (1.11) exists.
Now, on using the definition (1.10), (1.11) can be written as
1 + -n,a+p+n+1,¢
f 1= 1+ 27 PP (az =26 | T B ar | TMETPTILE L (1)
-1 n a+1,{+mn;

(min{R (), R} > 0),

Lately, Srivastava et al. [17] introduced an interesting Jacobi transform formula
! (@p)
J9P (271 n] = f 1-2%0+2P PP ()2 dz
-1

—a+p+l (‘Hn) Bla+1,6+1)
n
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a+l: —na+p+n+1;1-p;
FZ P P2 (1.13)
a+p+2: a+l; ———;

(min{R(a), R(B)} > -1; peC; neNy),
in terms of the Kampé de Fériet function (see, for details, [9, p.27 et. seq.]).

It holds curiosity that the Jacobi polynomials Pila’ﬁ ) (2) as their special case, becomes
other polynomials being the Legendre polynomials P, (z), the Chebyshev polynomials T}, (z)
and U, (z) (first and second kind), the Gegenbauer polynomials C) (z). We have indeed

1 -1
- = 2 -1 1,1
C;(z):(wn 2) ( ven T2V () (1.14)
n n
and
1
Pp(2) = C2(2) = POV (2), (1.15)

respectively. In view of above relationships, the Gegenbauer transform G" [ f(2); n| and the

Legendre transform L [ f(2); n] (see [17]) can be defined as:

-1 2 -1 1.1
Gv[f(z);n]Z(V+Z 2) ( V"'n” )J]v—z.v—z [f(2); n]

1 1
::/ (1-2%)""2CY(2) f(2)dz (?R(v)>—%;n€l\l0 (1.16)
-1
and

. 1
L([f(2); n| =G2 [ f(2); n] =f1 P,(2) f(2)dz (neNy). (1.17)

Definition 1.1. Using the definition in (1.9), we now define a new generalization of the Wright

function as follows:

({Vm}meNO)
({Vm mENO = BP (,)/ +n, A= ,)/) z" (o) n
w , 1.18
B R o niT(an+p) @) —

(a>-1,6#0,-1,-2,...;7,6,A,0,8,ac Cwithze Cand |z| < 1).

We also introduce the two Wright type auxillary functions, respectively as

({Vm}meNO) (Vm}meNo) . _ & (U)n (_1)nzn (')/)n
Moyors GP =Wl arona 50 = L G Faanra ,
and
(Vb meng) ( Vimbmeng) (@) (=1)"2" n
Faysre GP=Wapys0 5P = ZO o W Team (1.20)
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In the subsequent sections, we study certain properties and formulas involving the new
generalized Wright function. We derive certain results involving Jacobi, Gegenbauer, Legen-
dre and Mellin transform. Also, using an extended Riemann-Liouville fractional derivative, we
present a fractional derivative formula (3.13) for the generalized Wright function. Many au-
thors have also built up integrals and other formulas including a variety of special functions
(see, for more work, [1, 10, 12, 13]). Many interesting properties in terms of derivative and
integral formulas concerning Wright function have been established. Recently, a noticeable
effort of Shahid and Salem [5] can be seen in presenting the new extension of Wright function.

2. Integral formulas involving generalized Wright function

Theorem 2.1. Leta>-1,c,A,B,7,6,0 € C withR(5) > R(y) >0. Then

(Wadmeng) L
Wa,ﬁ,y,&/l,a(z’p)—B(%A_Y) O(l ) Y%

. p g,0
{(Vind mengs —(l—t)t] Wa’ﬁ(tZ)dt. 2.1)
Proof. Using (1.9) in (1.18), we have

W({Vm}meNo)( p) = oXo: 1(1 _ t))L—y—l rn-lg
a,B,y,6,1,0 % p _n:O 0

n

.. p

% (U)n z
) By,A—y)T(an+p) n!’

On interchanging the order of integration and summation in the equation above, which

is proven under the given conditions here, we get

(v} meny)

1
Wa,ﬁ,7,5,/1,0(Z; P) :‘/(; ty_l(l - t)/l—)/—lg {Vm}mel\lo;

-p i (t2)" (0)n
A-0t] = nT(@n+p) 6),B,A—y)

Using (1.4) in the precedent equation, we get the desired result, and in view of (1.19) and

(1.20), one can consequently get

M({Vm}meNO)

L T e
1
xf Q-1 plg {vm}meNO;—L]Mgﬁ(—tz)dt 2.2)
0 -0t
and
(Vimbmeng) , .
Faysrs BP 5o 77y
1
xf A=Y F ) meng; — P F90(~tz)dt. (2.3)
0 1-0t

Now, letting ¢ = ﬁ and = sin?6 in (2.1), we come up with two interesting integral formulas

for the extended Wright function in (1.18), which are given in the respective Corollaries.
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Corollary 2.2. Letc,y,B,a,0,1,0 € C with R(6) >R(y) > 0 and R(a) > 0. Also let p € C and
deC\Z;. Then

[eS) uY—l

W({Vm}meNO)

p(1+u)?
;p) = F T u
wproae @ P = Eoa T | Ar u

wos (—)du. 2.4)

{Vm}meNo; -

Corollary 2.3. Lety,a,f,0,1,0,€ C withR(5) > R(y) >0 and R(a) > 0.
Also, let p e R} . Then

({Vm}meN()) . -
Webys00 &P = B(y,A-y)

p

VidmeNngy ———————
" sin%0cos26

T
2 _ Y
x/ sin?? 19 cos®r 2" lgz
0

0,0 s 2
Wa'ﬁ (zsin“0)dO. (2.5)
Theorem 2.4. The Mellin transform of the generalized Wright function is given by

({VM}MEN ) . . _ > -1 ({Vm}meN ) .
im{ W, py.6.00 % p),S} = fo P W s s i (@ P) dp

FSVM}MENO)(S)T(A+s—y)r((S)r(ﬂ) (0-»1)» (')/+S»1);
= 2Ys z|. (2.6)

T(y)[(@)[(A-7Y)
6,1, Ba), A+2s1);

Proof. Appplying (2.1) to (2.6), we have

({Vm}meNo) ;
W{Wa,ﬁ,yma(z’p)’ } B(y,A-7)
oo ) . A 1 P 06
s— - e ) |
XL p XL tY (l—t) Y F {Vm}m(-ZNo’ (1 t)t a,ﬁ (tZ)dtdp (27)

On interchanging the order of integration in (2.7), guarenteed under the conditions here,
we get

W{W({V'"}'"ENO) (z;p); s} =

a,B,y,0,A,0 B(Y,A _Y)
1
xf e e VAT f P LT | W mergi — L]dpdt. 2.8)
0 1-0t
Substituting u = z(1 7 in the inner integral in (2.8), we get
® 51 < 51 P
f p* 9[{Vm}meNo;—u]dp=f wW 1= F [ Vit meng — du (2.9)
0 0 -0t

=1’(1- t)sfo W F [V meng; —u] du

=65 (1= g Tme) g, (2.10)
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where ngm}meNO) (s) is the extended gamma function [17] defined as

oo
e = [ [ menyi—t- 2 at.

Using (2.10) and (2.8), we find
({Vm}meNO)

Vms mel r (S) ! - —y—
m{WISﬁvY}:(s,A’\‘?(z(Z; p);S} - g(’}/,/l—)’) 0 tY+n+s 1(1_t)A+s ! IW(Z
{Vin}me

_F;V i) o ©)n
By,A=y) ;=0 )n
(tvmdmeno) () oo ©)n z" TA+s—r+n+s)

r
. Z
"~ B(y,A-7y) = (©®)n n'T(an+p) TA+n+2s)

5
ﬁ(tz)dt

ty+n+s—l(1 _ t)/1+s—y—1dt

Zn fl
n''(an+B) Jo

({Vm}meNO)(s)r(/’t) 0 r(0+n)r(’y+n+s)r(6) Zn

T(A+s-1)T)
B FA-pNTy = TA+n+29)T(an+ PTG +n)I'(o) n!

_F(A+s—y)rgv'"}’”€'“°)(s) T'(6)T(A) i I'(o+n) T(y+n+s) 2"
- T(A-7) T(NT(0) =T an+ PTG +n) T(A+n+2s) n!’

which in terms of Fox-Wright function , v, yields

., r({vm}meNO)(S)FMH_Y)F((S)FW (o,1), (y+s,1);
m{w({ m}meNo)(Z.p).s}: 14 23 zl .
apy.dA0 2 P L()T ()T (A-y)
6,1, Ba), (A+2s,1);

(2.11)

Corollary 2.5. Taking s =1 in Theorem 2.4 and usingT'‘©? (1) = ?E?))rr((;:ﬂ’ we get

(o,1), (y+1,1);

Fro)r) I'(ec-nNi@rr+1-y)
= 2Y3 z|.

({Vm}meNO) L.
R VCT )'1}_F(Y)F(a) T(OT(d-1DIA—7y)
6,1, B, A+2,1);
2.12)

Corollary 2.6. By the Mellin inversion formula, we have the following complex integral repre-

. ({Vm}meNo) . .
sentation for Wa,ﬁ'y@&a(z, p):

{Vm}mENo) (s) 1"(1 +s5— Y)F(&)F(A)

ol
({Vm}mENo) . _L\/‘loo Fp
w (er)_zn.i —ico F(y)F((I)F(/l—Y)
(2.13)

(o,1), (y+s,1);

X 23
0,1, Ba), (A+2s1);

z|p~ids.
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We present a recurrence relation for (1.18) given by the undermentioned corollary:

Corollary 2.7. Lety,0,A,0,a, B € C withR(9) > R(y) >0 andR(a) > 0.
Also, let p e R]. Then

({Vm}meN ) . _ ({Vm}meN ) . aoyz ({Vm}meN ) )
Wa,ﬁ,yﬁﬂ?g(z, P)= ’Bwavﬁﬂy%gv/lﬂ(z’ 2 6 Wa,a+ﬁ+1?}'+1,6+1,/1+1,0+1(Z’ p)- (2.14)

Proof. By using (3.12), it is easy to obtain the desired result. The detailed proof is omitted.
Theorem 2.8. With the conditions already mentioned for (1.18), the following Jacobi transform
is true:

a,p | p-1 ({Vm}me!\l) L. _oa+f+1 a+n 2.
N Wa,ﬁ,y,g,;fg(xz,P),n]—Z . B(a+1,,6+1)k§OUk

a+l: —na+pf+n+1L;1-p—k; x*
1,2| — (2.15)
a+p+2: a+l; ——-—; k!

1:2;1
T 1:1:0

(Ix] <1; n€Np; min{R(a),R(B)} > -1; p€C),
where, the coefficients Uy are given by
o f B}gvm}mem)(ﬁ k,A=7) A
AT BA-p T@k+p Ok

and we assume that the Jacobi transform in (2.15) exists.

(2.16)

Proof. Applying the defintion (1.11) in concurrence with (1.18), we have

1
st pin = [ 270 2P0 o B @, s p

1 00 k
:f P 0+2PA- 2P P | Y 0, Y dz, 217)
-1 k=0 k!
where Uy are given by (2.16). Now, by changing the summation and integration order, and
applying the Jacobi transform formula (1.13) with p replaced by p + k, we get the required

statement (2.15) under the hypotheses of Theorem 2.8. a

Theorem 2.9. With the conditions mentioned in (1.18), the following Gegenbauer transform
holds:

o0
v, p-1 (tVintmeng ) C ). ]: 2v 2v+n-1 1 1
G' |z Wa'ﬁ,%éﬂ'g(xz,p),n 2 . Bv+2,v+2 kX::on
1. . . k
o1 |V+s: —n2v+nml-p-—k; X
FEL YT RS W) R T
- 2v+1: vtss —— k!

1
(IxI < 1; n € Np; R(v) > 3P e0),

provided that the Gegenbauer transform in (2.18) exists.
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Remark 2.10. Note that the above transform is precisely the particular case of Theorem 2.8
fora=p=v—3

For a = =0 in Theorem 2.8, we get the Legendre transform as a particular case of The-
orem 2.8 given under:

Theorem 2.11. With the conditions mentioned with (1.18), the following Legendre transform
formula holds true:

1: —n,n+L;1-p—k; x¥
1,2| — (2.19)

o0
L|zP~ 1W(Vm}MNO)(xz; yn|=2Y UpF2!
P ] ;CZ:O “ 2: L —== k!

a,pB,y,0,A,0 1:1:0

(x| <1; neNp;peC),

provided that the Legendre transform in (2.19) exists and the coefficients G are given by (2.16).

3. Derivative Formulas involving generalized Wright function

We recall the Riemann-Liouville fractional derivative of order (e C; R(u) =0) defined by

”Dﬁé{f(x)}— f f) (x—07 " lag (3.1)

[(r—p dx’
(reN;r=1<RWw <r;x>0).

In particular,

K = 1 ifx -k
@x{f(x)}_r(l_m ax Jo f@) (x-0n""rdt (3.2)

O<RW) <1, x>0.

A more generalized form of (3.1) introduced by Agarwal et al. [3] is defined as

Dea D) = o o Rt o) c,d;% dr (3.3)
(reN;r>R(W>r-1;xeR; peRy; ceC; deC\ZY).
In particular,
ngd{f(x)}_ f (x-0"" f(6)1F1 |c sz]dt (3.4)
l“(1 W dx tx—1)

(PERS;0<R(W) <1, xeRT;ceC,deC\Zy).

The special case of (3.1) when and p = 0 becomes the classical Reimann-Liouville fractional
derivative.
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The generalization of the extended Reimann-Liouville fractional derivative of a function

f(x) of order u [19] is defined by

@ECL’",,'"EN" {fx)) = = )f FO x=0"* F | Vi meng

r
R(p) >0; R(u) <0; x e RF).

When R(u) = 0, let r € N be the smallest integer greater than R(u) and so r—1 < R(u) < r.

Then the generalized Riemann-Liouville fractional derivative of f(x) of order y is defined by

o Vmhmeno) ._ d’

Wimbme
Xpp —EQEJ rpNO {f ()}

dr X _ _ —px2
— _ p+r—1 .
— {m_mfo f( (x—1 F {Vm}meNo»t(x_t)]dt} (3.6)

R >0; xeR"; peRY).
We first apply this fractional derivative on a function z* under the following Lemma:

Lemma3.1. Letr—1<R(u) <r forsomer e N andR(u) <R(r). Then we have

re+ DB @41, —

zZ'H (3.7
IF'c—p+1)BE+1,r—pw

(Vb meng) B
Dy {ZT} =
Proof. Applying (3.6) to the function z7, we have

(tVinbmeng) f 7\ _ ar 1 “ T, o —ptr—1
Dzimp {Z }_dzr Tr—m Jo t(z—1) F

Setting t = zu above, we get

2
._—P2
{Vm}WlENor t(Z— t) ] dt}

(tVmbmeng) (4" e 1 “ -1 —p+r—1 . TP
QZ?MP 0 {ZT}— ﬁzr TTH Xr(r_u) A uT (1—U) pEr F {Vm}mgNo,m du.
Now, since
d_r r+_[_'u:r(1+1'—/l+r) ‘[_H
dz" F(1+7—p ’
therefore, in view of (1.9), we get the desired result. O

Lemma 3.2. The following easily derivable formulas for the usual beta function B(x,y) and

B,C;d(x, y) in (1.8) are mentioned in the lemma below:

Bu,v+1)=—— B(u,v), 3.8)
u+
Blu+1,0)=—— B(u,) 3.9)
( m}meNO)

Bl ) = ¥ '"}’“NO)(u+ 1,v)+ B, (u,v+1). (3.10)
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Now, we present a derivative formula for the generalized Wright function (1.18), asserted
by the following theorem:
Theorem 3.3. LetR(a) >0,p e RS, R(6) >R(y) >0 andd e C\ Z,. Then
(Y)n (U)n ({Vm}mENO) (Z; p).

a,na+p,y+nd+nd+no+n

dr ) 3.11)
dzn " aprsie SP = 5, '

Proof. From (1.18), we have

Vit me
da wVmhmera) )_i B,E, N°)(Y+ n,A-=7v) (2)"! @)n
Az wprore P T L B, A—7) n—D!T@n+p) O
{ m}me
_ io: (0)n+1 Bl(ﬂv NO)(Y+n+L/1_Y) (2)"
=G B(y,A-7) n'T(an+a+f)
o0& D, By ens1,1-y) 2
6 B+, B(y,A-7) n'Tan+a+p)’
Now, using (3.9), we get
A (W) (@ p) = Z(a+1)n By m}meNO)(Y+n+1,A—y) z"
dz  wprére “P 06+ 1), Bly+1,A-7) nTan+a+p)

In terms of (1.18), we obtain

d ( Vit men ) Y ({Vm}mEN ) .
E Wa,ﬁ,y,()‘,)t,oa( ’p) Wa,a+ﬁ,y-f1,6+1,)t+l,a+1(Z’ P)- 3.12)
Similarly, continuing the process (n — 1) times, yields the desired result (3.11)
dn ({Vm}meNo) . _ (Y)n (U)n ({Vm}meNO) .
dzn a,ﬁ,y,ﬁ,l,a( p)= ), V), a,na+,6,y+n,6+n,/l+n,a+n(Z’ P)~
Theorem 3.4. Letpe R}, xeR"*. Also, letr —2 <R(p—06) <r—1 form €N. Then
_ 4 ro+r-1 T+
@P*’l -6(_p 1W6+r 1
xed ( @p ) ; TO+I-)T@E+r+1-1)
S+1-2y5p+L,0+1+r-15¢c,d , .
X X alatf (x;p), (reN). (3.13)
Proof. Let Q denote the left hand side of (3.13). Employing (3.6), we have
1 ar rx —px?
— tp—l —t 6+r—p-2 W6+r—1 NG :
Q Tr+6—p-1) X dx’ f (x—1) ap (1) {Vmtmen, -1

Taking t = ux, we obtain

1
Q_F(r+6—p—1)
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_—P
u(l—u)

dar 1
x ﬁ {x6+r—2j(; up—l(l _ u)6+r—p—2W‘f"ET—l(ux)g {,Vm}mENO;

du}. (3.14)

Applying (2.1) in (3.14), we obtain

I'(p) ar S+r=21,70,0+r=1;¢,d
= w T ; .
Q= rrro-n " av {x ap i)}

By using the Leibniz’s generalized rule for differentiation of product of two functions, we have

I'(p) " d(r_l) S+r—2 dl 0,6+r-1;c,d
= —— _W ’ H y . '1
Q Tr+6-1) ;)(l){dx(r—l)x dx! @B (x; p) (3.15)

Since we have

a , Tla+1)
—_—Xx =
dx! a-1+1
then, using (3.11) and in view of (3.16), we get the desired result (3.13).

1 (leNy) (3.16)

By letting r = 1, we get a particular case of Theorem 3.4 asserted by the following corollary:

Corollary 3.5. Let p e R}, x e R", R(p—8) > —1 and 0 < R(p) < R(5). Then, the undermen-

tioned formula holds:

v o _ F _ mJSmel Vimimel
:D({ mim No) (xp ]W‘f’ﬁ(x))_ﬂxé‘ 2{(5_1)W{V } No(x;p)_i_%w{ } No (x;p)}.

X;0+1-6;p - r'(6) a,B;0,6 a,a+p;0+1,6+1
(3.17)
Theorem 3.6. Let ,y,0,0 € C; a > -1, R(6) >R(p) >0, R(p) >0. Then
A1 g1 o (Wandme PR (V%
(%) [zﬁ IWCE’ﬁy%&ANiB(/JZ“; p)] = 2P lwiﬁ_w”“g’)lya(pz“; p) (3.18)

R(B-x) >0,k eN).
Proof. Using (1.18), and employing term-wise differentiation m times, we get

d K
( ) Zﬁ—lw({V’”}mENO)(’ule;p)

E a,B,v,0,A,0
{ m}mE
_ i B,(gv NO)(y+ n,A-7y) w" 0)n (i)’(zmﬁﬁ_l
=0 B(y,A—7y) n!'T'(an+p) 0), \dz
B OZO" BSVM}MENO)(Y+ nA—7y) (O')nﬂn Zan—x+p-1
= B(y,A-7) 6), T(an—x+P) n!
{Vml}mel
_p1-x f By e (@),

o I'an+p—-x) n!B(y,A=7y) (6)n

({Vm}meNo)

=Pt Wz p), (3.19)



GENERALIZED WRIGHT FUNCTION AND ITS PROPERTIES 361

which is the required result (3.18).

4. Generating relation for the generalized Wright function

In this section, we derive a generating relation involving the product of three generalized
Wright functions. We recall the modified form of Exton’s reult [6] given by

exp(s+t——) Z Z s“t’ #(2),
U=—00 V=U*
where,

H)(2) = 1F1(—v;u+1;2)ulv! = £ (2) (u+v)),

and £%(z) denotes the Laguerre polynomials (see [10],[11],[20]) and u* = max(0,—u), (u =
0,1,2,...).

Theorem 4.1. We derive the following partly bilateral and partly unilateral generating relation
for the generalized Wright function

Vimy SmyeN my S moeN| VimgSmgeN r
({ 1}10) (,)W({ZZO) (,)W({SSO) (Z)

ai,B1,Y1,01,A1,01 a2,02,Y2,02,12,02 as,f3,Y3,03,A3,03 _?;P
o0 oo « ﬁ
= 3, 2 sUEMIA (@) (i=1,2,3), 4.1)

U=—00 V=U*
where

00 o) s ({Vm' P mgen ) k
GPrat @@= Y Y stk Y L Ty +k, As —y3) (=2) " (03)
0,40 U=—00 U=Ux* k=0 B(YSr Az — 73) k! (IBS)agk (53)k

Bl(g{vml}mleNo)(Yl +u+k, A —y1)(O1) u+k

X
B(y1, A1 =71 (W + ) B ay (urk)O01) sk

B’(j{sz}mgsNo)(Yz +Uv— k, 12 —Yz) (0'2)(v_k)

g B(y2,A2=y2) (v = k) (B2) s (v—k) (62) (v—ie)

Proof. Using the series expansions of (1.18), we write

M(z,s, 1) = i BSWMSENO)(}’S +k,A3—73) (—2)*(03)k
T _k:() B(ys,Az—73) k'T'(ask + 3)(63)

B({le}mmﬁ’\‘o)(yl +iM=y1) R (o),

b B(y1,A1—-71) i'T(ayi+P1)61);

o B’(j{vmz}mZENo) ,)/ +],12—Y2) t(]+k)(a-2)]
x)

izo  Blra,A2—vy2) jiT(azj +B2)(62);




362

NABIULLAH KHAN, TALHA USMAN AND MOHD AMAN

Replacing i — k and j + k by u and v respectively, and rearranging the series that is justified by

the absolute convergence, yields

M(z,s,0)= ). )

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

v = R T Do K T
uFoo v5ix TBOT(BIT(B3) =y B(rs, As—v3) Kl (B3)ayk + (83)k '

BSVMI}MIENO)(YI +Uu+ k,Al _,)/1)(0_1)”+k Bgvmz}MZENO)(YZ +y— k, 12 _YZ)(UZ)(U—k)

X X .
By, M =y1) W+ B ey O sk B2, A2 =7v2) (0 =K)! (B2)a, -k (02) -k
O
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