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ARGUMENT ESTIMATES OF STRONGLY STARLIKE FUNCTIONS
ASSOCIATED WITH NOOR-INTEGRAL OPERATOR

T. N. SHANMUGAM, S. SIVASUBRAMANIAN AND B. A. FRASIN

Abstract. The purpose of this present paper is to derive some properties of a certain new subclasses of strongly
starlike functions defined by the Noor integral operator. Relevant connections of the results, which are presented in

the paper, with various known results are also considered.

1. Introduction and definitions

Let «f denote the class of normalized functions of the form
o0
f@=z+) apz" (1.1)
n=2

which are analytic in the open unit disk A := {z € C: |z| < 1}. We also denote by .#, the subclass
of &/ consisting of functions which are univalent in A. A function f € «f is said to be strongly
starlike of order y and type (a, f) in A, denoted by &#* («, 8,7), if it satisfies,

- zf'(2) Ta
T <arg{m Y} < 7, (1.2)
(zeA,0<a<1,0<f=<1,0=sy<]).

A function f € </ is said to be strongly convex of order y and type («, ) in A, denoted by
C(a, B,7), if it satisfies,

-8 zf"(2) } T
2 <arg{1+ ) Yo < 5 (1.3)

(zeA,0<a=<1,0<f<1,0=<y<]).

A function f € « is said to be strongly Mocanu convex of order y and type (a, ) in A,
denoted by Q(a, 8,7, 1), if it satisfies,

_T”ﬁ <arg{(1—/l)

zf'(2) [ zf"(z) } TQ
+A|1+ - —_— 1.4
@ |l Y= a9
(zeAO<a<1,0<B<1,0=<sy<1,0sA<1).
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Also, further, we note that

Q(a,,0,0) =% (a,B)

and

Q(a,p,0,1) = C(a, p),
the classes introduced by Takahashi and Nunokawa [6].
Let f € «/. Denote by D% : o/ — «f the operator defined by

D“f(z)z( x f(z), a>-1

1-— Z)a+1
which implies that,

z(z"'f2)"

n!

for n € Ny = {0,1,2,...} and the operator * stands for the Hadamard Product or Convolu-
tion. We note that Dof(z) = f(z) and le(z) = zf'(z). The operator D" f(z) is called the
Ruscheweyh derivative [5] of the n'”* order of f. Recently, Noor [2] and Noor and Noor [3]
introduced and studied an integral operator I, : o — f analogous to D" f as follows. Let
fa(2) = —2—, neNy,andlet f, ! be defined such that

(1—z)"+1 ’

D"f(2)=

(@) % £, (2) = Tzz (1.5)

Then
z -1
m] « (). 1.6)

We note that Iy f = zf" and I f = f. The operator I,, defined by (1.6) is called the Noor integral
operator of nth order of f. For the properties and applications of the Noor integral operator,
see Noor [2] and Noor and Noor [3]. From (1.5) and (1.6), and a well-known identity for D" f,
it follows that

Lif=f (2 * fla) =

Z(Im—lf),:(”+1)Inf_n1n+1f- (1.7)

Using the Noor integral, we introduce and study the properties of some new classes of the
analytic functions:

z(Inf(2)'
My (o, B,7,A) =< fesd : I,f€Qa,B,y,0), ————#y, z€A
Inf(z)
and B
z(I, f(2)
Pn(arﬁr/}/r/l) Z{fE.d'InfEQ(a,ﬁ,/}/,l), 1+% #’Y, ZEA}

Note that M, (a,B,7,0) = S;,(8,y) and P, (a, B,y,A) = Cn(B,7), where the classes S;;(B,Y)
and C,(f,y) were introduced and studeid by Liu [1].

2. Main results
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In order to prove our results, we need the following result of Nunokawa et al. [4].

Lemma 2.1.([4]) Let p(z) be analytic in A with p(0) = 1 and p(z) # 0. If there exists two
points zy, zp € A such that

pr an
—7 =argp(z)) <argp(z) <argp(zp) = 7 (2.1)

for >0, a>0, and for|z| < |z1| = |z2|, then we have

!
aplz) __.atp ©2.2)
p(z1) 2
and .
npl@) _atp 2.3)
p(z2) 2
where .
m= ~lal and a:zitanz a—ﬁ)‘ (2.4)
1+|al 4\a+p
Theorem 2.2.
My (a,B,y,A) € Mpy1(a, B,y,A) foreach neNy.
Proof. Let f € M, (a, 3,7, A). Then we set
z(Ine1 f(2))
—_— =7y +(1- 2). 2.5
U fay T Um1P@ ®9)

where p(z) = 1+ c1z+ c22% +...is analyticin A, p(0) =1, and p(z) # 0 for all z € A. Using (1.7)

and (2.5), we have
Inf(Z)

I f (2)
Differentiating both sides of (2.5), it follows that

(n+1) =n+y)+1A-7)p2). (2.6)

z(If (=) _ z2(In1f(2)) N 1-yzp'(2)
(Inf(2) (In+1f(2) (n+y)+1-y)p(2)

(1-y)zp'(2)
=y+(1- +
L £ e B e ot
or
z(Inf (=) (1-y)zp'(2)
Sy =(- +
fn VTP G re
Suppose that there exist two points, z1, z» € A such that,
-np o
—— =argp(z)) <argp(z) <argp(z) = — for |z|<|z1| =]zl

2 2
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Then from the proof of the Nunokawa lemma [4]

le’(zl)z—ia+'6.1+t%m and zzp’(ZZ):,a+ﬁ.1+t22 2.7
p(z1) 4 I p(z2) 4 17
where
i(3)(55) yz 2/ (@+B) — _j4
e p(z1) i, 2.8)

i

[SIE]

&) pap?/ @) < iy

e
and t;, >0and m > 11:|‘Z\|, a> 0. Put z = z. Using (2.7) and (2.8), we have
2o(Inf(22)) (1-7)zp'(2z2)

Ty = (1-y)p(z) +
nfy = PR e pp

zp'(22)/ p(22)

=1-7plz) |1+
nipiz (n+y)p(z) +(1—-7)
(a+p) 'ﬂ ﬁ
=1-p15, 2 7 1+ (a‘iﬁ) =

i

(1—)/)1‘279’ 2 +(n+vy)
This implies that

ar {Zz(lnf(zz))' 3 }
81 Unf (220
jatB 15
4 " b
@
(1—)/)1‘22 e’z +(n+y)

m

Ta+ 1+
—a +ar
D) g

(@+p)
maT”j(tglwz) (n+y)+1-7t, > cos(%Y)
= —a+tan”!
Tl(a)ﬁ) tZ)
Ta
2 R
2
where
2 (@+h) na
na,p,t)=m+y)" +2(n+y)A-yt, * 003(7)
+ (a+p)
AP e m P, sin (=)
4 2
and m > ;:Z} , which contradicts the hypothesis that f € M, («, 5,7, 1).

Similarly, if arg p(z1) = _T”ﬁ, then we obtain that

. { 2Unf () }
(Unf ()

IA

np
>
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This completes the proof of the Theorem 2.2.

Theorem 2.3.
Py(a,B,7,A) € Ppii(a,B,y,A) forall neN,.

Proof.

fePya, By, V) <= I,f(2) €Q(a,B,y,1)
— z(I,f(2) € Qa, B,7,0)
= Iy(zf'(2)) € Q(a, B,7,0)
> zf'(z) € My(a,B,7, 1)
= zf'(z) € Mpi1(a, B,7, )
= In1(z2f'(2) € Qa, B,7,0)
= z2(y+1f(2) € Q(a, B,7,0)
— In+1(f(2) € Qa, B,7,1)
— fePul(a, By M.

Itis an easy observation that Alexander’s type relationship holds between the classes P, (¢, 8,7, 1)
and M, (a, B,7,A) which we state formally as

Theorem 2.4.
fE Pn(a)ﬁ)Y)A) — Zf, € Mn(a)ﬁ)Y)A)-

3. Integral operators

Theorem3.1. Letv > -y and0<y <1.If f € My(a, B,y,A) with

z(IUpf(2))
LUy f(2)

then J, f € M, (a, B,v, 1), where ], f (z) is given by

£y, forall zeA,

Juf(2) = U:vlf "V (ndt, (> -1;fesd). 3.1)
0
Proof. Let Y
z(In]y f(2))
Sinlv) 2 i (1- . 3.2
UnJof(2) (=7)p@ 5.2

where p(z) is analytic in A, p(0) =1, and p(z) #0(z € A). Using (3.1), we have

2UnJu ) = W+ DIy f = vInyf. (3.3)
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By (3.2) and (3.3), we get

ILifz) 1 ~
NRCRETS [+ +A-p)pa)]. (3.4)

Differentiating (3.4) logarithmically, it follows that

z(In f(2)) 1-7)zp'(2)
2y R = (1-
Guf@y P e @

The remaining part of the proof is similar to that of Theorem 2.2 and so is omitted.

(3.5

Theorem3.2. Letv > -y and0<y<1.If f € Py(a, B,y,A) with

) z(I Uy f2))"

(nUofiay) 1 Jorall zeAJuf €Put@ iy, )
nUv V4

Proof.

fePya,B,y, L) < zf'(z) € My(a, B,7,1)
= Ju(zf'(2)) € My(a, B,7, 1)
= zJ,(f'(2)) € My(a, 8,7, 1)
— Ju(f(2) € Pyla, B,y, A).
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