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Pointwise (H, ®) Strong Approximation by Fourier Series of

LY Integrable Functions

Wlodzimierz t.enski

Abstract. We essentially extend and improve the classical result of G. H. Hardy and J. E.
Littlewood on strong summability of Fourier series. We will present an estimation of the
generalized strong mean (H, @) as an approximation version of the Totik type generaliza-
tion of the result of G. H. Hardy, J. E. Littlewood, in case of integrable functions from LY. As
a measure of such approximation we will use the function constructed by function ¥ com-
plementary to ® on the base of definition of the LY points. Some corollary and remarks will
also be given.

1 Introduction

Let LP (1 < p < o0) be the class of all 2r—periodic real-valued functions integrable in the

Lebesgue sense with p-th power over Q) = [—, 7).

A mapping ® : R — R* is termed an N — function if (i) ® is even and convex, (i7)
@ (u) = 0iffu =0, (i17) 11}210 % =0, uILrEO % = 00. The left derivative p(t) = ®’(t) exists
and is left continuous, nondecreasing on (0, 00), satisfies 0 < p(t) < cofor0 < t < 0o, p(0) =0
and lim;_, o p(t) = oc. The left inverse ¢ of p is, by definition, ¢(s) = inf{t > 0 : p(t) > s} =
p~!(s)fors > 0. Then ® and ¥ given by ®(u) = 0‘“' p(t)dtand ¥(v) = 0'”' q (s) ds are called
a pair of complementary N — functions which satisfy the Young inequality: |uv| < ®(u)+¥(v).
The N — function ¥ complementary to ® can equally be defined by: ¥ (v) = sup{u|v| — ®(u) :
u > 0}, v € R. An example of complementary pair of N — functions is following one: ®(u) =
el — |u| — 1, ¥(v) = (14 |v])log(1 + |v]) — |v| . Using function ¥ we can define the Orlicz

space LY = {f : fQ U (|f(z)])dx < oo} (see [7]).

Consider the trigonometric Fourier series

Sf(x) = aoéf) + Z(ak(f) cos kx + by (f) sinkx) = ch(f) exp ikx

k=1 k=0
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and denote by S, f the partial sums of S f. Then,
o) 1 <
Hg’f(x) =0 {MZ®<‘SVf (z) — f(l“)|)}
v=0

(H2f = H}f when ® (u) = uf).

As a measure of the above deviation we will use the pointwise characteristic (G, w — points)

1/p

[7/9] 1 ko
Gof (8),g =014 ¥ (,ﬂ;/ | ()] dt) , p>1,
pt (k—1)8

where ¢, (t) := f(z+1t)+ f(x —t) — 2f (z), constructed by function ¥ complementary to
® on the base of the following definition of the Gabisonia points (G s — points) [1]

T
li T =Y,
n1—>n<§oG f<n+1),p75 0

where
[x /3] 15 s/p) /¢
Gaf 0= 43 (35 [ lea P at CsspL
’ = \ k0 J-1)s

and the characteristic (LY — points)

W, f (8)y i= U {}5 / "u(les <t>|>dt}

constructed on the base of definition of the Lebesgue points (L” — points) defined as usually by

the formula

where

It is well-known that H! f (x) — means tend to 0 (as n — oo) at the LP — points z of f
€ LP (1 < p < 00) and at the G 5 — points z of f € L' (s > 1) . These facts were proved as a
generalization of the Fejér classical result on the convergence of the (C, 1) -means of Fourier series
by G. H. Hardy and J. E. Littlewood in [4, 5] and by O. D. Gabisoniya in [1], respectively. In case
L' and convergence almost everywhere the first results on this area were due to J. Marcinkiewicz
[11] and A. Zygmund [16, 17]. It is also clear, as it shown L. Gogoladze [3] and W. A. Rodin [13],
that H? f (x) —means, with ® (u) = expu — 1 also tend to 0 almost everywhere (as n — o).
The estimates of H? f (z) —means, for f € L? (1 < p < 0o) was obtained in [9] but in the case
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f € L' the estimates of H? f (x) — means with ® (u) = u? was obtained in [8, 12]. Finally, the
estimation of the H® f (x) — mean for f € L' by G, f (

the Totik type (see [14, 15]) generalization of the mentioned results of J. Marcinkiewicz and A.

et v as approximation version of
Zygmund was obtained in [10] as follows:

Theorem Let ®, ¥ € F are complementary pair of N — functions, such that VU(x)/x be

non-decreasing and ¥ (z) /x? non-increasing, and let p be convex, its left inverse q be non-negative,

continuous, and strictly increasing such that @ is non-increasing. If f € L%, then

H G.f | —— >
forn=0,1,2,., where

F ={®:®is N — function with convex or concave left derivative p} .

In this paper we will consider the function f € LY and the quantity H? f (), but as a
measure of approximation of this quantity we will use the function constructed by function ¥
complementary to ® on the base of definition of the LY points. We note that O. D. Gabisoniya in
[2] shows that for f € L? (1 < p < 00) the relation

Gaf (5)1,;) = Oz (1)

holds at every LP — points x of f. Here we will show that for f € LY the relation

™
Gal <”+ 1)17\1/ == (1)

and thus the relation
Hg)f (1‘) = Oy (1)

hold at every LY — points x of f. More precisely, we will prove the estimate of the quantity
H?2 f () by the characteristic constructed with LY pointwise modulus of continuity. Such esti-
mate is a significant improvement and extension of the results of G. H. Hardy and J. E. Littlewood
from [4, 5]. Considered here function ® can be an exponential function but the space LY can be
in between L! and LP with p > 1. We also give some corollary with some example of such func-
tions ¢ and W. This a very sharpened form of the conjecture of G. H. Hardy and J. E. Littlewood
from [6] was proved by Wang, Fu Traing in [18]. Additionally, a remark on the mentioned results
of G. H. Hardy and J. E. Littlewood from [4, 5] will be formulated. Finally, we formulate a remark

on the conjugate Fourier series.

We shall write I; < I if there exists a positive constant K, sometimes depended on some

parameters, such that [; < K.
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2 Statement of the results

Our main theorem has the following form:

Theorem 2.1. Let ®, ¥ € [ are complementary pair of N — functions, such that ¥ (u) and u?

are equivalent for small u > 0, U(x)/x be non-decreasing and V(z)/x? non-increasing, and let

p be convex, its left inverse q be continuous, and strictly increasing such that a) g non-increasing

S
and series Y~ Wq (er1> is convergent. If f € LY, then

1

nire < oo [0y (o (26e0)

prt (k+1)1/2 n+1

+(n+1)v <n—11—1> U (we f (W)\p)] ,

forn=0,1,2,...
From this result we can derive the following corollary.
Corollary 2.2. Let ®(t) = el — |t| — 1and U(t) = (1 + |t|)log(1 + |t|) — |t|. If f € LY, then
1

f: Mq; <wxf <W> W) +(n+1)T <1> U (we f (m)y)

Pt (k+1)1/2 n+1 n+1

= 0y(1) ae (at LY — points x)

and thus also
Hff (x) = 0, (1) ace. (at LY — points x).

Finally we have also two remarks.

Remark 1. Let ®(t) = t* and ¥(t) = t*/(®=1 (q > 2) . For such functions the assumptions of
Theorem 2.1 are fulfilled. If f € LY, then relations of the before corollary hold evidently. Thus
we have the mentioned results of G. H. Hardy and J. E. Littlewood.

Remark 2. We can observe that in the light of the O. D. Gabisoniya [2] and I. Ya. Novikov, W. A.

Rodin [12] results our pointwise results remain true for the conjugate Fourier series too.

3 Auxiliary result

Here we present the following lemma:
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Lemma 3.1. If a function U satisfies the conditions U (u) >> u? for smallu > 0 and ¥ (u) < u?

forallw > 0, then
U 1
v <n+1> <¥ <n+1> v (u)

forsmallu > 0andn =0,1,2, ...

Proof. Our inequality follows at once from the following inequalities

2 2
v )<« (2 < . U (u), foru < 1.
n+1 n+1 n+1

4  Proofs of the results

4.1 Proof of Theorem 2.1

In view of Theorem we have to prove that

n—1
G, ) ! qj(
I <”+ 1 1,\1/] < kzo (k+1)*

—i—(n—l—l)\I/(

v

g

3

~
7N

Let A = (nﬂ’l, ﬂg’:ll)) forv =0,1,2,...,nand

m(k+1)

Gai mpamtmdti:M<x><oo<atﬂ’—p0mm)-
0

Sup w(k+1)

n.k
0<k<n

Then, for any € > 0 there exists a natural number n. = n, (z) such that M (z) < €,/n., whence

by the assumptions on ¥ and ¥’, convexity of U and the Abel transformation

o () e (22 o)

< 2o () (7

k=0

U (lpe (1)) dt)

n
k
k

- ”‘7:17222[\1/(]611)—@(@)}Z/n‘ﬂ(lw(ﬂ)dt

=0 v




W. Lenski

+n—|—1\1;(nil>é/ﬁql(|%(f)\)dt

™

w(k+1)

n—1 2
n+1 1 1 ntl
U —— —_— g t)]) dt
- <k+1> <k+1> /0 (= (D)

r+ 0w (o)1 e e o

B n—1 1 - 1 m(k+1)
4~ k+1 \k+1

IN

U (lpe (1)) dt]

n+1 e
Sy
s ()1 e e wha

and by the consideration similar to that of O. D. Gabisoniya in [2, p. 925]

1 +1 Tt
n n

v / U (|x ()]) dt

kzz()(k+1)1/2 <k+1> wh+1)°2 Jo (lpz (D)) ]

w(et)

w(:++11>3/2 - ‘”l%(t)\)dt]

° 1

< max
0<k<n

7 (k+1)

w(::ll)w /0 T e () dt]

< ( max -+ max )
ne<k<n

0<k<n.
m(ne+1)

n+1 1 M (x)

LG t)|)dt —

< | (s (O ] + 2

= 0, (1) +e(at LY — points ).

V) _ 0, we have

Since lim (2]
0¥ () 2 [T les @ ar=o. ),

u—0
gq’(kil)‘l’ (nzl/AZ !(Px(t)\dt) =0, (1).

This relation with the evident estimate

éw(&) > (1) >0

and therefore
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yields
1
o / oo ()] dt | = 0n (1), fork =1,2,3,....n
T AZ
and
1
p(E / oo ()] dt | < 1, fork =1,2,3,...n
s AZ
as well

n—+1
T

/ |z (t)|dt < 1, fork=1,2,3,...,n
Z

Contrary, if we assume

1
w<”+ / ]gox(t)|dt>>>1,forl<::1,2,3,...,n
’I’CL

™

kﬁ:“’(&)‘l’(n:l/mlw(t)!da >>kzn:0\11<k}rl> >0

but it is impossible, whence the conjecture 1 | Ap lpz (t)|dt < 1is true.

then

Hence, by the assumption, Lemma 3.1 gives

v (% I <t>rdt> <v()v (”jl [ e <t>dt>

and consequently

s - n+1
v fo< ) = v / g (t)] dt
n+1 17‘1/] — (ﬂ(k—i—l) AZ| ®)
. 1 n+1
< \I/(k+1>\11< - /An\gox(tﬂdt).
=0 k
Applying the above calculation we obtain
Gf( o
_ m(k+1)
Z ( 1 > n+1 /n+1
P 1<:+11/2 k+1) |m(k+1) Jo

0w () 2 (e a

n+1

U (| (1)) dt]

Finally, by the definition of the w, f (), the desired at the begin estimate follows. (]
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4.2 Proof of Corollary 2.2

At the begin, we note that if ®(¢) = el’l —|t| — 1, U(¢) = (1+|t|) log(1+|t|) — |¢| , then y and
q (t) = W'(t) = log(1+|t|) increase, series y - mq (ﬁ) is convergence, % and @

decrease and W (t) < t2 for all t > 0 as well ¥ (¢) >> 2 for small ¢ > 0. Therefore, by Theorem
2.1 and its proof, the results follow immediately. [
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