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INEQUALITIES FOR TERMINAL VALUE PROBLEMS
FOR DIFFERENTIAL EQUATIONS

S. B. PACHPATTE AND B. G. PACHPATTE

Abstract. The aim of the present paper is to establish some new integral inequalities which
provide explicit bounds on unknown functions. The inequalities given here can be used as handy

tools in the study of terminal value problems for certain differential equations.

1. Introduction

The classical integral inequalities which give explicit bounds for an unknown func-
tion have played a foundamental role in establishing the foundations of the theory of
differential and integral equations. Integral inequalities of the Gronwall-Bellman type
are frequently used in various contexts. Over the years several such inequalities have
been developed and used considerably to study the various problems in the theory of
differential and integral equations, see [1,2] and the references therein. In the present
paper, we offer some fundamental integral inequalities, which can be used as tools in the
analysis of terminal value problems for certain differental equations.

2. Main Results

In what follows, we donote by R the set of real numbers and R4 = [0, 00). We assume
that all the integrals involved throughout the discussion exist on the respective domains
of their definitions.

An interesting and useful integral inequality is established in the following theorem.

Theorem 1. Let u(t), a(t),b(t) be real-valued nonnegative continuous functions de-
fined for t € Ry and suppose that a(t) is nonincreasing for t € Ry. If

u(t) < alt) +/t°° b(s)u(s)ds, (2.1)

Received October 12, 2000.

2000 Mathematics Subject Classification. Primary 26D10, 26D15.

Key words and phrases. Inequalities, terminal value problems, differential equations, explicit
bounds, Gronwall-Bellman type, two independendent variable generalization, dependency of
solutions.

199



200 S. B. PACHPATTE AND B. G. PACHPATTE

for t € Ry, then
u(t) < a(t) exp (/ b(s)ds> , (2.2)
t
fort e R,.

Proof. First we assume that a(t) > 0 for ¢t € R;. From (2.1) it is easy to observe

that
MO 4 [,
-0 §1+/1t b()a(s)d. (2.3)
Define a function z(t) by the right side of (2.3), then z(c0) =1, % < z(t) and
2'(t) = —b(t)% > —b(t)z(t). (2.4)

The inequality (2.4) implies the estimate
o0
z(t) <exp </ b(s)ds) . (2.5)
¢

t
Using (2.5) in % < z(t), we get the desired inequality in (2.2).
a
If a(t) is nonnegative, we carry out the above procedure with a(t) + € instead of a(t),
where € > 0 is an arbitrary small constant, and subsequently pass to the limit as e — 0
to obtain (2.2).

~—

We next establish the following inequality which can be used in more general situa-
tions.

Theorem 2. Let u(t), a(t), b(t), be as in Theorem 1 and L : R% — R, be a
continuous function which satisfies the condition

0< L(tau) - L(t,’U) < M(t,v)(u - U):

foru>wv >0, where M(t,v) is a real-valued nonnegative continuous function defined for
t, v E R+. If

u(t) < a(t) +/toob(s)u(s)ds+ /too L(s, u(s))ds, (2.6)

for t € Ry, then

ult) < B0 [al) + A exo ([ 2 EGale) EGas )| (2.7
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for t € Ry, where
E(t) =exp </t<>° b(s)ds) , (2.8)
A(t) = /too L(s, E(s)a(s))ds, (2.9)

fort e R,.

Proof. Define a function z(t) by
z(t) = /too L(s,u(s))ds, (2.10)
then (2.6) can be restated as
u(t) < alt) + 2(t) + /too b(s)u(s)ds. (2.11)

Since a(t) 4+ z(t) is nonnegative, continuous and nonincreasing for ¢ € R, by applying
Theorem 1 to (2.11) we have

u(t) < (a(t) + 2(2)E(t). (2.12)
From (2.10) and (2.12) and the hypotheses on L, we observe that
z(t) < /OO[L(S, E(s)a(s) + E(s)z(s)) — L(s, E(s)a(s)) + L(s, E(s)a(s))]ds

< A1) + /too M(s, E(s)a(s)) E(s)z(s)ds. (2.13)

Clearly, A(t) is nonnegative, continuous and nonincreasing for t € R;. Now an applica-
tion of Theorem 1 to (2.13) yields

0 < a@exp ([ M5, B@a(s)ECe)ds). (2.14)

Using (2.14) in (2.12) we get the required inequality in (2.7).

The inequalities established in the following theorems can be used in certain applica-
tions.

Theorem 3. Let u(t), a(t), b(t) be real-valued nonnegative continuous functions
defined for t € Ry and L, M be as in Theorem 2. If

u(t) < a(t) + b(t) /too L(s,u(s))ds, (2.15)
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fort e Ry, then

u(t) < a(t) + b(t)e(t) exp (/too M(s,a(s))b(s)ds) , (2.16)
fort € Ry, where
e(t) = /t L(s, a(s))ds, (2.17)
forte Ry.

Proof. Define a function z(t) by (2.10). Then from (2.15),
we have
u(t) < a(t) + b(t)z(t). (2.18)

From (2.10), (2.18) and the hypotheses on L, we observe that
z(t) < /tOO[L(s, a(s) + b(s)z(s)) — L(s,a(s)) + L(s,a(s))]ds
<e(t)+ /too M (s,a(s))b(s)z(s)ds, (2.19)

where e(t) is defined by (2.17). Clearly e(t) is real-valued nonnegative, continuous and
nonincreasing in ¢ € Ry. An application of Theorem 1 to (2.19) yields

z(t) < e(t)exp (/too M(s,a(s))b(s)ds) . (2.20)

The desired inequality in (2.16) follows from (2.18) and (2.20).

Theorem 4. Let u(t), a(t), b(t) be as in Theorem 3 and L : R7 — R, be a continuous
function which satisfies the condition

0< L(tau) - L(t,’l)) < M(tav)d)il(u - ’U),

for u > v >0, where M (t,v) is defined as in Theorem 2, ¢ : Ry — Ry be a continuous
and strictly increasing function with ¢(0) =0, ¢~ is the inverse function of ¢ and

¢ (wv) < ¢ (u)p™ " (v),
foru,v e Ry. If
u(t) < alt) +b(t)o </t L(s,u(s))ds) , (2.21)

fort € Ry, then

) < att) + 306 (e ([~ Mes.alo™000as) ), @22)
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fort € Ry, where e(t) is defined by (2.17).

Proof. Define a function z(t) by (2.10), then from (2.21)
we have

u(t) < a(t) + b(t)p(z(t)). (2.23)
From (2.10), (2.23) and the hypotheses on L and ¢, it is easy to observe that

A< [ " [L(s,a(s) + b(8)8(=(5))) — L(s,a(s)) + L(s,a(s)))ds
<et+ | " M(s, ()6 (b(s))blz(s))ds
<)+ [ Ms.a()o (4s)x(0)ds,

where e(t) is defined by (2.17). Now by following the last arguments as in the proof of
Theorem 3, we get the required inequality in (2.22).

3. Two Independent Variable Generalizations

In this section, we establish two independent variable versions of Theorems 1-4, which
can be used as tools in the study of terminal value problems for certain hyperbolic partial
differential equations.

The following result is the two independent variable version of the inequality given
in Theorem 1.

Theorem 5. Let u(z,y), a(z,y). b(z,y) be real-valued nonnegative continuous func-
tions defined for x,y € Ry and suppose that a(x,y) is nonincreasing in x,y € Ry. If

u(z,y) <alz,y) + /:O /yoo b(s, t)u(s,t)dtds, (3.1)
for x,y € Ry, then
u(z,y) < a(z,y)exp (/:O /yoo b(s,t)dtds> , (3.2)

forz,y € Ry.

Proof. First we assume that a(z,y) > 0 for z,y € R;. From (3.1) it is easy to
observe that o o
o) oy [ [t
a(m,y) T y G(S,t)

Define a function z(z,y) by the right side of (3.3). Then z(z, 00) = z(c0,y) =1,

dtds. (3.3)
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~—

u(z,y
a(z,y)

Zg: zl//; < z(z,y) and 2y (7,y) = b(z,y)

< b(z,y)z(w,y).

The rest of the proof can be completed by following the proof of Theorem 4.2.1 give in [2,
p. 324] with suitable changes and closely looking at the proof of Theorem 1 given above.

We next establish the two independent variable versions of the Theorems 2-4, whose
proofs follows by colosely looking at the proofs of Theorems 2-4, and making use of
Theorem 5.

Theorem 6. Let u(z,y), a(z,y), b(z,y) be as in Theorem 5 and L : R} — R, be a
continuous function which satisfies the condition

0 < L(m,y,u) - L(il?,y,’l)) < M(m,y,v)(u - ’U),

foru >wv >0, where M (x,y,v) is a real-valued nonnegative continuous function defined
forz,y,ve Ry. If

u(z,y) <alz,y) + /:O /yoo b(s, t)u(s,t)dtds +/

T

/ L(s, t,u(s, t))dtds,  (3.4)
Yy
for z,y € R4, then

e,9) < Flaw) faton) + Blee ([ / T Mt F(s,)a(s,0) ) Fls,t)deds).

(3.5)
for x,y € Ry, where

Fla,y) = exp ( / ” /y ” b(s,t)dtds) , (3.6)

Bz, y) = /OO /OO L(s, t, F (s, t)a(s, £))dids, (3.7)

forz,y € Ry

Theorem 7. Let u(z,y), a(z,y), b(x,y) be real-valued, nonnegative and continuous
functions defined for z,y € Ry and L, M be as in Theorem 6. If

u(,y) < alz,y) + bz, y) / / L(s,t, us, £))dtds, (3.8)
z Jy
for x,y € Ry, then

u(z,y) <alz,y) +blx,y)f(x,y) exp </°° /00 M(s,t,a(s,t))b(s,t)dtds> , (3.9)
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for x,y € Ry, where
faw = [ [ Listats s, (3.10)
¢ Jy
forz,y € Ry.

Theorem 8. Let u(z,y), a(z,y), b(z,y) be as in Theorem 7 and L : RY — R, be a
continuous function wich satisfies the condition

0 < L(m,y,u) - L(.r,y,v) < M(x7y7v)¢_1(u - U):

foru>v >0, where M (z,y,v) is as defined in Theorem 6, ¢ : R;. — Ry is a continuous
and strictly increasing function with (0) = 0, ="' is the inverse function of ¢ and

P~ ww) <Y Hu)p~ (v), for u,v € Ry, If
u(z,y) < alz,y) + b(x,y)y (/OO /OO L(s,t,u(m,y))dtds) , (3.11)

for z,y € R4, then

ery) < ale) + 6 (Fepen ([ / " Moty )07 (0(s,0)) s

(3.12)
for z,y € Ry, where f(x,y) is defined by (3.10).

4. Applications to Terminal Value Problems

In this section, we present some immediate applications of Theorem 1 to study certain
properties of solutions of the following terminal value problem for differential equation

u'(t) = f(t,u(t) + p(b), (P)

u(00) = Uoo, (Pos)
where f: R, Xx R —» R, p: Ry — R are continuous functions and u., € R.
The following theorem deals with the estimate on the solution of problem (P)-(Px,).

Theorem 9. Suppose that

| (&, w)] < b(t)|ul, (4.1)
|uoo - Q(t)| S a(t)a (42)

where a(t),b(t) are as defined in Theorem 1 and Q(t) = [ p(s)ds.
If u(t) is a solution of (P)-(Px), then

ol <atess ([ vsyas). (43)
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forte R,.

Proof. If u(t) is a solution of (P)-(Px ), then it can be written as (see [1, p. 80])

u(t) = oo — / (s u(s) + p(s)]ds, (4.4)

for t € Ry. From (4.4), (4.1), (4.2), we observe that

()] < a(t) + / " b(s)lus)lds. (4.5)

Now an application of Theorem 1 to (4.5) yields the required estimate in (4.3).
Next we shall prove the uniqueness of the solutions of problem (P)-(Px).

Theorem 10. Suppose that the function f in (P) satisfies the condition

[f(t,u) = f(t,0)] < b(t)|u—v], (4.6)

where b(t) is defined as in Theorem 1. Then the problem (P)-(P) has at most one
solution on R..

Proof. The problem (P)-(Px) is equivalent to the integral equation (4.4). Let u(t)
and v(t) be two solutions of (P)-(Ps) on Ry. From (4.4) and (4.6) we have

Ju(t) — v(t)] < / " bs)lu(s) — v(s)lds. (4.7)

Now an application of Theorem 1 to (4.7) yields u(t) = v(t) i.e. there is at most one
solution of the problem (P)-(P,).

Our next result shows the dependency of solutions of (P)-(Ps) on terminal values.

Theorem 11. Let ui(t) and ux(t) be the solutions of (P) with the given terminal
conditions

Ul(oo) = Ulco, (PlOO)

and

u2(00) = Ugoo, (Proo)

respectively, where U1, Uzoo € R. Suppose that the function f in (P) satisfies the
condition (4.6) in Theorem 10. Then

() = wa(0)] < s = vl ([ b(5)s) (48)

forte R,.
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Proof. By using the facts that u;(¢) and us(t) are the solutions of (P)-(Pi1~) and
(P)-(Py00) respectively, we have

uy (8) — uz(t) = Uioo — U200 — /too[f(s,ul(S)) — f(s,ua(s))]ds. (4.9)
From (4.9), (4.6), we have
|ur(t) — ua(t)| < |10 — U20o| + /too b(s)|ui(s) — ua(s)|ds. (4.10)

Now an application of Theorem 1 to (4.10) yields the required estimate in (4.8).

We next consider the following differential equations
(t) = f(t,u(t), p), (4.11)
(t) = f(t, u(t), po), (4.12)

with the given terminal value condition (P,), where f : R, x R?> — R is a continuous
function and p, po are real parameters.

'U/I
'U/I

The following theorem shows the dependency of soutions of (4.11)-(Py,) and (4.12)-
(Px) on pure paremters.

Theorem 12. Suppose that the function f satisfies the conditions

|f(t7uuu’) - f(t,’U,,Uz)
|f(t7u7:u) - f(t,’U/,,Uz())

b(t)|u — v, (4.13)
c(t)|u — pol, (4.14)

where b(t), ¢(t) : R+ — Ry are continuous functions. If ui(t) and ux(t) are the solutions
of (4.11)-(P) and (4.12)-(Pw) for t € Ry respectively, then

| <
| <

) = wa(o)] < B0 exo ([ b ) (4.15)

fort € Ry, where
BO) ==l [ lo)ds, (4.16)
t
forte Ry

Proof. Let z(t) = uy(t) — u2(t), t € Ry. As in the proof of Theorem 11, from the
hypotheses, we observe that

2() = / sy (), 1) — F(syun(s), 1) + £, uas), 1) — £ un(s), 10)]ds

< B(t) + /too b(s)|z(s)|ds, (4.17)
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where B(t) is defined by (4.16). Clearly B(¢) is nonnegative, continuous and nonincreas-
ing for t € R4+. Now an application of Theorem 1 to (4.17) yields the required estimate
in (4.15).

In concluding, we note that the inequality given in Theorem 5 can be used to study
the similar properties as in Theorems 9-12 for the terminal value problem for hyperbolic
partial differential equation of the form

Uy (z,y) = f(2,y,u(z,y)) + p(2,9), (H)

u(,00) = oo (2), u(00,y) = Too(y), u(o0,0) =k, (Hoo)

where f : RS X R = R, 0, Too : Ry — R are continuous functions and k is a real
constant, under some suitable conditions on the functions involved in (H)-(Hs,) and the
constank k. Since the details of these results are very close to those given above, we omit
it here. Various applications of the other inequalities will be reported elsewhere.
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