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INTEGRABILITY OF DISTRIBUTIONS IN CR-LIGHTLIKE
SUBMANIFOLDS

BAYRAM SAHIN AND RIFAT GUNES

Abstract. In this paper, we study CR-lighlike submanifolds of an indefinite Kaehler manifold.
Integrability of distributions on CR-lightlike submanifold investigated. We give some neces-
sary and sufficient conditions on integrability of distibutions on CR-lightlike submanifolds in an

indefinite Kaehler manifolds.

1. Introduction

The study of geometry of CR-submanifolds in a Kaehler manifold was initiated by
Bejancu [1] and has been developed by [5], [6] and others. These submanifolds includes
the other two classes of submanifolds as special cases.

The study of CR-submanifolds that mentioned above has been confined to differen-
tiable manifolds with positive definite metric. In [8], K. L. Duggal initiated the geometry
of CR-submanifolds with a Lorentz metric. The study of CR-submanifolds with a semi-
Riemann metric continued in [9].

The general theory of a lightlike submanifold (or null)have been developed by Ku-
peli [7], Bejancu-Duggal, [10], [4]. In [4], the authors constructed the principal vector
bundles related to a lightlike submanifold in a semi-Riemann manifold and obtained
Gauss-Weingarten formulae as well as other properties of this submanifold.

On the other hand, K. L. Duggal A. Bejancu [12] introduced the notion of a CR-
lightlike submanifolds in an indefinite Kaehler manifold. Moreover, they have investi-
gated integrability of distributions on real lightlike hypersurfaces of an indefinite Kaehler
manifold [11].

The purpose of this paper is to prove and show new results on integrability of distri-
butions on CR-lightlike submanifolds in an indefinite Kaehler manifold.

This paper is organized as follows.

Some preliminary notations and results are given in Section 2. Particular, the basic
definition and theorem for lightlike submanifolds and CR-lightlike submanifolds are given.
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In Section 3, we consider CR-lightlike submannifold of an indefinite Kaehler mani-
fold. Particular, we give some theorems on integrability of distributions on CR-lightlike
submanifolds in an indefinite Kaehler manifolds.

2. Preliminaries

Let (M, g) be a real (m + n)-dimensional semi-Riemann manifold, m,n > 1 and § be
a semi-Riemann metric on M. We denote by ¢ the constant index of § and we suppose
that M is not Riemann manifold.

Let M be a lightlike submanifold of dimension m of M. In this case there exists a
smooth distribution on M, named a radical distribution such that RadT M, = T M, N
TMPL, Vp € M. If the rank of RadT'M is r > 0, M is called an r-lightlike submanifold
of M. Then, there are four cases: i); 0 < r < min{m,n}; ii): 1 < r = n < m iii).
l<r=m<niv). 1 <r=m = n. In the first case the submanifold is called an
r-lightlike submanifold, in the second a coisotropic submanifold, in thethird an isotropic
submanifold and in the fourth a totally lightlike submanifold.

Let M be an r-lightlike submanifold of M. We consider a complementary distribution
S(T'M) of Rad(TM) on TM which is called a screen distribution. Then, we have the
direct orthogonal sum

TM = RadT M 1S(TM) (2.1)

As S(T M) is nondegenerate vector subbundle of TM |y, we put
TM |p= S(TM)LS(TM)* (2.2)

where S(T'M)= is the complementary orthogonal vector subbundle of S(T'M) in TM |-
Moreover S(TM), S(T M)+ are non-degenerate we have the following orthogonal direct
decomposition

S(TM)*t =S(TM*)LS(TM*)* (2.3)
Theorem 2.1.([4]) Let (%,g,S(TM),S(TML)) be an r-lightlike submanifold of a
semi-Riemannian manifold (M,q). Then, there exists a complementary vector bundle

tr(TM) called a lightlike transversal bundle of Rad(TM) in S(TM*)* and basis of
L(Iitr(TM) |u) consist of smooth sections {Ni,...,N.} of S(TM*L)L |y such that

G(Ni, &) = d4j, g(N;, N;) =0, i,j=0,1,...,r
where {&1,...,&} is a basis of [(RadT' M) |u.
We consider the vector bundle
tr(TM) = ltr(TM)LS(TM%). (2.4)

Thus
TM =TM ®tr(TM) = S(TM)J_S(TML)L(Rad(TM) ®ltr(TM) (2.5)
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Now,let V be the Levi-Civita connection on M, we have
VxY =VxY +h(X,Y), VX,YeT(TM)

and
VxV =-AyX +VxV, VX eTI(TM) (2.6)

for any V € ['(tr(T'M)). Using the projectors L : tr(T'M) — ltr(TM), S : tr(TM) —
S(TM%). From [12], we have

VxY = VxY +h(X,Y) + h*(X,Y) (2.7)

and
VxN = —-AnNX + VN + D?

—~~

X, N) (2.8)
VxW = -AwX + VW + D!

for any X,Y € I'(TM), N € T'(ltr(TM)) and W € T
Lh(X,Y), h*(X,Y) = Sh(X,Y), V&N, D{(X,W) € T
[(S(TM*')) and VY, AnX, Aw X € T(TM).

Denote by P the projection morphism of T'M to the screen distribution, we consider
the decomposition

—~

X, W) (2.9)

S(TM%)). Where h/(X,Y) =
ltr(TM)), VW, D*(X,N) €

—~

VxPY = Vi PY + h*(X, PY) (2.10)
AxE=—ALX + Vi€ (2.11)

for any X,Y € (T M), £ € T(Rad(T'M)). Then we have the following equations
g(h'(X,PY),¢) = g(A¢ X, PY), g(h*"(X,PY),N) =g(AnX,PY) (2.12)
g(APX,PY) = g(PX,A;PY),  A=0 (2.13)

Let (M, J,g) be a real 2m-dimensional indefinite almost Hermitian manifold and M be
a real n-dimensional submanifold of M.

Definition 2.1.([12]) A submanifold M of an indefinite almost Hermitian manifold M
is said to be a CR-lightlike submanifold if the following two conditions are fullfilled:

i) J(Rad(TM)) is a distribution on M such that
Rad(TM)N JRad(TM) = {0}
ii) There exist vector bundles S(TM), S(TM>),ltr(T M), Dy and D' over M such that
S(TM) - {7(RadTM) S5 D’}J_Do, 7D0 - Do, jD, - LlJ_L2

where Dy is a nondegenarete distribution on M and L, Lo are vector bundles of
ltr(TM) and S(T M), respectively.
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From by the definition of CR-lightlike submanifold, we have

TM =D& D'
where
D = RadT M L JRadT M LD

We denote by S ve @ the projections on D and D', respectively. Then we have
JX = fX +wX (2.14)
for any X,Y € I'(TM). Where fX = JSX and wX = JQX. On the other hand, we set
JV =BV +CV (2.15)

for any V € T'(¢tr(TM)). Where BV € T(TM) and CV € I'(tr(TM)).
Unless otherwise stated, M; and M, are supposed to as JL; and J L, respectively.

3. Integrability of Distributions

Definition 3.1. Let M be an indefinite Kaehler manifold and M be CR-lightlike
submanifold of M. If h(X,Y)=0VX,Y € I'(D) then M is called D-geodesic CR-lightlike
submanifold.

Theorem 3.1. Let M be an indefinite Kaehler manifold and M be CR-lightlike
submanifold of M. If M is D-geodesic then each leaf of holomorphic distribution is total
geodesic.

Proof. For XY € I'(D) we have

h(X,Y)=VxY - VxY
= UxTY - VyY
= —(V;J)?Y —JVxJY —VxY.

Since M is a Kaehler, we get
h(X,Y)=—-JVxJY —VxY.
From (2.7) and (2.14), we derive

h(X,Y)=—JVxJY —Jh(X,JY) - VxY
= —fVxJY —wVxJY — Bh(X,JY) — Ch(X,JY) — VxY.

Thus we get

WX,Y) = —wVxJY — Ch(X,TY). (3.1)
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Hence we obtain
vajy =0.

Thus the proof is complete.
From (3.1) we have the following corollary

Corollary 3.2. Let M be an indefinite Kaehler manifold and M be CR-lightlike
submanifold of M. Then holomorphic distribution is parallel if and only if h(X,Y) has
no component in JD' for any X,Y € T'(D).

Lemma 3.3. Let M be an indefinite Kaehler manifold and M be CR-lightlike sub-
manifold of M. Then we have

fIX,Y]=VyJX —VxJY
for any X,Y € I'(D).
Proof. For any X,Y € I'(D) we have
h(X,JY)=VxJY - VxJY (3.2)
and
h(JX,Y)=VyJX — VyJX. (3.3)
From (3.2) and (3.3) we derive

h(X,JY)=h(JX,Y)=JVxY —JVyX —VxJY + VyJX
=J[X,Y]-VxJY + VyJX
= fIX,Y] 4+ w[X,Y] - VxJY + VyJX

Taking tangential parts of this equation, we have the proof of lemma.

Theorem 3.4. Let M be a CR-lightlike submanifold of an indefinite Kaehler mani-
fold. Then D' is integrable if and only if

ApwZ — Az W € T(D')
for any Z,W € T'(D").
Proof. Since M is an indefinite Kaehler manifold, we have
VzIW = JV ;W
for any Z,W € I'(D'). Thus from (2.7), (2.10) and (2.14) we get

VzfW +wW = JVzW + Jh(Z,W)
~AowZ + VoW = fNzW +wV W + BWZ,W) + Ch(Z,W).
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In similarly we get
— Az W + VipwZ = fVwZ +wVwZ + Bh(Z,W) + Ch(Z, W)
Thus we have
—Aow Z 4+ AygW + VW — Vi wZ = f[Z,W] +w[Z, W],
which is proves theorem.

Theorem 3.5. Let M be a CR-lightlike submanifold of an indefinite Kaehler mani-
fold. Then Dy is integrable if and only if

1 h*(Z():Z(’)):N):y(h*(Z(G:ZO):N)

(
(h*(Zo, 1 Z3), N) = §(h*(Zy, T Zo), N)
(

) g
i) 3
i) he(Zo, JZL) = h* (T Zo, Z})
) 9(Vy, 2y, JE) = g(V}(,)Zo,jf). for any Zo, Z € I'(Dy), N € T'(ltr(TM)) and & €
r

(Rad(TM)).

1v

Proof. We note that to show Dy is integrable it is sufficies to show that [Zy, Zj] €
['(Dy) for any Zy, Zj € I'(Dy). By the definition CR-lightlike submanifold Dy is inte-
grable if and only if

9([20, Zo), N) = 9([Z0, Zg), IN) = ([ 20, Zo], TW) = §([Zo, Zg), T€) = 0

for any Zy, Z) € T(Dy), N € T(ltr(TM)) and £ € T'(Rad(TM)). First, From (2.7) and
(2.10) we have

9([20, Z), N) = 9(h* (Zo, Zy), N) — g(h*(Zy, Zo), N). (3.4)
On the other hand we get
9([Z0, Zo), IN) = 9(V 2,24, IN) = §(V 2, Z0, IN).
Using the indefinite Kaehler character of M, we obtain
9([Z0, Zp), IN) = =9(V 2,J Zyy, N) + G(V ;T Zo, N)
From (2.10) we have
9([20, Zo), IN) = =g(h*(Zo, T Zy), N) + g(h*(Zg, T Zo), N). (3.5)
From (2.7) and using the indefinite Kaehler character of M, we derive

3((Z0, 200, TW) = (¥ 2,2, TW) — 5(V 2,70, TW)
= _g(vzojz(l)a W) + g(vZ(ng()a W)
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and again (2.7) we get
9([20, Zo), TW) = =g(h*(Zo, T Z4), W) + G(h* (T Zo, Zg), W ). (3.6)
Finally From equation of (2.10) we obatin
(%0, 23], T) = 9(Vy, 25, 1€) = G(Vy, Zo, TE). (3.7)
Thus (3.4),(3.5),(3.6) and (3.7) proof is complete.

Corollary 3.6. Let M be a CR-lightlike submanifold of an indefinite Kaehler mani-
fold. Then Dy is integrable if and only if

1) 9(Zy, AnZo) = 9(Zo, An Zp)

g(JZ(’),leZg) = gLJZO;ANZ(’))

h’s(ZO: Jg(,)) = hS(JZ07Z6) _

y(hl(Z(), JZ(I))7 f) = y(hl(zoa ']Z(I))7 f)

for any Zo, Z € I'(Dy), N € T'(ltr(T'M)) and & € T'(Rad(TM))

Theorem 3.7. Let M be an indefinite Kaehler manifold and M be a CR-lightlike
submanifold of M. Then RadTM is integrable if and only if

i) ﬁ(h’(i JE"), &) =g(h'(¢, Jé”) £)
i) g(h'(€, Zo), € ) g(h' (€', 20), )
iii) h°(§',JE) =h°(J¢§)

iv) g( (h* (&', JE), N).

£,
h*(€,JE'),N) =7
for any Zy € T'(Dy)¢, &', ¢" € T'(Rad(TM)) and N € T'(itr(T M)).

Proof. By the definition CR-lightlike submanifold, RadT M is integrable if and only

if
9((¢,€1,7¢") = 9([&, €], Zo) = 9([&,€'], TW) = g([¢, €1, IN) = 0.
Thus
g([f; 5,]775”) = y(vﬁé-’; 76”) - g(vﬁ’é-; 76”)
= —g(¢',VeJE") +7(, Ve JE")
= —g(h' (&, T€"), &) +a(h' (¢, TE"), €)
and

y([é: 5,]7 ZO) = y(vﬁéla ZO) - y(vgréa ZO)
= _y(Ag’é-: ZO) + y(AEé-’: ZO)
= _g(h‘l (67 Z0)7 fl) + g(hl (617 Z0)7 f)



216 BAYRAM SAHIN AND RIFAT GUNES

On the other hand we get
g((&, €1, TW) =g(Veg', TW) = g(Ve §TW)
= —g(W,VeJ¢') +g(W, Ver, J§)
= —g(h*(&, JE), W) +g(h* (£, JE), W)
and
9([&, €1, IN") = 5(Ver&, IN) = g(Ver€), (JN)
= _y(Na vﬁjfl) + g(Wa vﬁ’jf)
= —g(h"(&§,J€'), N) +g(h*(¢', J¢), N).

Thus the proof is complete

Corollary 3.8. Let M be an indefinite Kaehler manifold and M be a CR-lightlike
submanifold of M. Then RadTM is integrable if and only if
Agl ¢ T(My) o
9(Vid 2o, J§) = (Vi Zo, JE')
9(Aw¢', JE) = g(Aw¢, JE)
for any Zy € T'(Dy) &, &', ¢" € T(Rad(TM)) and N € T'(ltr(TM)).

Theorem 3.9. Let M be an indefinite Kaehler manifold and M be a CR-lightlike
submanifold of M. Then each leaf of Radical distribution is totally geodesic in M if and

only if

i) Az ¢ D(M, LDy)
il) F(h*(¢',T€),N) =0
iii) g(h*(¢,J¢), W) =0
where My = JL;.

Proof. By the definition CR-lightlike submanifold, each leaf of Radical distribution
is totally geodesic in M if and only if

G(VxY,T6) = G(VxY, IN) = §(VxY, TW) = 5(VxY, Zo) = 0

X,Y € I(Rad(TM)). Thus, from (2.7) and (2.11) we have
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and from (2.7) and (2.10) we get

In similarly we derive

G(VxY, JW) =G(VxV, JW) = g(h(X,Y), JW)
=-g(VxJY,W)—g(h ( Y), JW)
=g(JY,VxW) — g(h(X,Y), TW)
= —g(h*(X,TY),W)

and
g(vXY7 ZU) = _g(A;Xa ZU)

from these equations, we have assertion of theorem.

Theorem 3.10. Let M be an inndefinite Kaehler manifold and M be a CR-lightlike
submanifold of M. Then JRadT M is integrable if and only if

Je, ANJ5> =y
(TE.€) = (Je6)
W(JTE, &), €") = g(h! (&, TE"),€")
Zo, ALTE') = g(Zo, ALTE).

(J€', ANTE)

—~ m/\

Proof. JRadT M is integrable if and only if
g([J¢', J€], N) = g([T€'T€l, TW) = 9([T¢', T€, JE") = g([T€', JE], Zo) = O

for any ¢,¢' € T'(RadTM), N € T(ltrTM), W € T(S(TM)*)) and Zy € T['(Dy). Thus
from (2.8) we have

g([jflajf]:N) ( Jngf N) ( jgjf’;N)

(J€, AnTE") = g(JE', AN TE)

I
Q|

and
y(ngrfa W) - y(ngfla W)
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or from (2.7) we get

y([jéla 75]7 jW) = y(hs (jéla 5)7 W) - y(hs (757 5,)7 W)
In similarly we get

y([j€’77£]77£”) = ﬁ(ngrjf, jé-”) - 5(67575’775”)
g(ngffa 6”) - g(ngfla 5”)
g(h'(J€',€),€") —g(h' (JE, &), €")

and
g([J¢', JE), Zo) = 5(775,75, Zy) — ?(ngjf'; Zy)
= ~9(V3:.& T 20) + 9(V5.E', T Zo)
=9(J 2o, AL JE") — g(J Zo, Ag JE).
from these equations, proof is complete.

Lemma 3.11. Let M be an indefinite Kaehler manifold and M be a CR-lightlike
submanifold of M. If f is parallel then

Bh(X,Y)=0
for any Y € T'(D).
Proof. For any X,Y € I'(T M), form (2.7) and (2.6) we obtain
(Vxf)Y = A,y X + Bh(X,Y). (3.8)
From hypothesis of lemma proof is complete.

Theorem 3.12. Let M be an indefinite Kaehler manifold and M be a CR-lightlike
submanifold of M. If f is parallel then each leaf of holomorphic distribution is totally
geodesic in M.

Proof. Since f is parallel, from lemma we have Bh(X,Y) = 0 for any X,Y € I'(D).
Thus we derive

Jh(X,Y) = Ch(X,Y)=0
JVxY —JVxY — Ch(X,Y) =0.

Since M is an indefinite Kaehler manifold we get

VxJY —JVxY —Ch(X,Y) =0
VxJY +h(X,JY) - fVxY —wVxY — Ch(X,Y) =0,

Hence we obtain VxJY = fVxY, which is proves our assertion.
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From theorem we have the following corollary.

Corollary 3.13. Let M be an indefinite Kaehler manifold and M be a CR-lightlike
submanifold of M. Then holomorphic distribution is parallel if and only if Bh(X,Y) =0
X,Y eT(D).

Theorem 3.14. Let M be a CR-lightlike submanifold of an indefinite Kaehler mani-
fold. Then anti-invariant distribution is parallel if and only if A5, X has no components
in holomorphic distribution for any X,Y € T'(D’).

Proof. From (3.8) we have
—fVxY =A,vX + Bh(X,Y)
for any X,Y € T'(D'). Hence proof is complete.

Example 3.1. We consider a submanifold M codimension two in IRS given by the
equations

T7 = T1 COSQ — X Sin — T5Tg tan o

Tg = T1sina + x3 cosa + T5xg,

where o € IR — {§ + km,k € Z}. Then T'M is spanned by

U =(1,0,0,0,0,0, cosa, sin )
U> =(0,1,0,0,0,0, — sina, cos «)
Us = (0,0,1,0,0,0,0,0)

Uy = (0,0,0,1,0,0,0,0)

Us =(0,0,0,0,1,0, —zg tan a, x)
Us =(0,0,0,0,0,1, —z5tan a, x5).

This example has been given in [12] for IRS. Then its easy check that submanifold
1-lightlike submanifold of IR§ such that Rad(T'M) = Sp{U;}. Moreover, using the
canonical complex structure of IRS, we see that Uy = JU;. Thus JRad(TM) is a
distribution on M. Hence M is a CR-lightlike submanifold. Then we have vector field
of S(TM+) as follows

W = (sina,cosa, 0,0, —xg, —x5,0,1).
Now we take a vector field of S(T'M*)* as follows

TeSin o + x5 cosa T Sina — Xg COS
2. 2 P 2
Ty + Ty x: + X;
(1+¢t)cosa —wvsina, (1 +t)sina + v cosa),

V = (t7v707 07

’ ?
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where t,v are constants. Then it is easily check that g(V,U;) = 1. Thus, by the using

1 gV, v
N=— {V—f’( )Ul}
g(VaUl) g(VaUl)
we have
1 1 TgSina + T cosa x5 Sina — xg COS
Vo (- b +1) o T s ansing —socona,

2\wg + 25 x5 + xg x5 + xg
1 CcoS (¢ . 1 . sin n )
—cosq — —5——— —vsina, —sina — ————- +vcosa).
2 22 + 23) 2 22 + 23)

Hence the distribution D’ is spanned by JN and JW. On the other hand we
describe that JUs = Us. Hence Dy is spanned by {Us,Us}. Thus we have D =
Sp{Ui, JU1,Us,Us}. Now, we can investigate integrability of distributions on M. Firstly,
its easily obtained that Do and D are integrable. The bracket of JN and JW is obtained

N _ (zg—ax3) 0 | 4daixgcosa+ 2airssina —2xisina 0
[JN, W] = 5357 — 2 232 D=
(22 + 23)? Oz (w2 4 §) xs
—4zirs cosa + 2xixgsina — 2zl sina O
(2% +a?)? Oxg
(v —23)sina & (23 —aF)cosa I
(22 + 22)?  Oxr (22 + 22)> Ouws

On the other hand, by the definition of C'R-lightlike submanifold, D' is integrable if
and only if

y([JNa JW]aN) :g([JNa JW]:‘]N) :g([']Na JW]7U4) :y([JNa JW]7U3) =0.

It is easily obtained that g([JN, JW],Us) = g([JN,JW],Us) = 0. On the other hand
we have
22516 COS 200 + 22516 + (22 — 2) sin 2a

g([JN, JW],N) = Ey

(3.9)

and
—2x516 sin 2a + (22 — x2) cos 2w

(#F + 23)?
Thus, from (3.9) and (3.10) we see that D’ isn’t integrable. Otherwise x5 = 0 and
x¢ = 0. This is impossible.

G([JN, JW], JN) = (3.10)

Remark 3.1. In the case of the real hypersurfaces of an indefinite Kaehler manifold,
integrability of the distributions Rad(T M), J(Rad(TM)) and D' are trivial. Because,
the dimensions of them are one. However, these distributions may not be integrable in
any C R-lightlike submanifold. Indeed, we see that the distribution D’ is not integrable
in the Example 3.1. Therefore our results about the integrability of distributions in C'R-
lightlike submanifold more general then the results about the integrability of distributions
in real lightlike hypersurfaces of an indefinite Kaehler manifold.



[1]
2]
[3]

DISTRIBUTIONS IN CR-LIGHTLIKE SUBMANIFOLDS 221

References

A. Bejancu, CR-submanifolds of a Kaehler manifold I, Proc. Amer. Math. Soc. 69 (1978),
135-142.

A. Bejancu, C'R-submanifolds of a Kaehler manifold II, Trans. Amer. Math. Soc. 250
(1979), 333-345.

A. Bejancu, M. Kon and K. Yano, CR-submanifolds of complex space form, J. D. G. 16
(1981), 137-145.

A. Bejancu and K. L. Duggal, Lightlike submanifolds of semi-riemannian manifolds, Acta
Appl. Math. 38 (1995), 197-215.

B. Y. Chen, CR-submanifolds of a Kaehler manifold I, J. D. G 16 (1981), 305-323.

B. Y. Chen, CR-submanifolds of a Kaehler manifold II, J. D. G 16 (1981), 493-509.

D. N. Kupeli, Singular semi-riemannian geometry, Kluwer Dortrecht, (1996).

K. L. Duggal, CR-structures and Lorentzian geometry, Acta. Appl. Math. 7 (1986),
211-223.

K. L. Duggal, Lorentzian geometry of CR-submanifolds, Acta. Appl. Math. 17 (1989),
171-193.

K. L. Duggal A. Bejancu, Lightlike submanifolds of codimension two, Math. J. Toyama
Univ. (1992), 59-82.

K. L. Duggal and A. Bejancu, Lightlike C R-hypersurfaces of indefinite Kaehler manifolds,
Acta. Appl. Math. 31 (1993), 171-190.

K. L. Duggal and A. Bejancu, Lightlike submanifolds of semi-riemannian manifolds and its
applicatoins, Kluwer, Dortrecht, (1996).

Inonu University, Faculty of Sciences and Arts, Department of Mathematics, 4100 Malatya/
Turkey.



