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ON COMPATIBLE MAPPINGS
SATISFYING AN IMPLICIT RELATION IN COMMON
FIXED POINT CONSIDERATION

SUSHIL SHARMA AND BHAVANA DESHPANDE

Abstract. In this paper, we prove some common fixed point theorems for compatible mappings
satisfying an implicit relation.

1. Introduction

Wang, Li, Gao and Iseki [14] proved some fixed point theorems on expansion mappings
which correspond to some contractive mappings. In a paper Rhoades [9] generalized
the results for pairs of mappings. Some theorems on unique fixed point for expansion
mappings are proved by Popa [6]. Popa [7] further extended results [6], [9] for compatible
mappings.

In 1999, Popa [8] proved some fixed point theorems for compatible mappings satisfying
an implicit relation.

Let S and T be two self mappings of a metric space (X, d). Sessa [10] defines S and
T to be weakly commuting if d(STz, T Sz) < d(Tz, Sxz) for all  in X. Jungck [1] defines
S and T to be compatible if lim,_,o d(STxy,TSz,) = 0 whenever {z,} is a sequence
in X such that lim,,_,o Sz, = lim,_, o, Tz, = x for some z in X. Clearly, commuting
mappings are weakly commuting and weakly commuting mappings are compatible, but
implications are not reversible [11, Ex 1] and [1, Ex 2.2].

Many authors have proved common fixed point theorems for compatible mappings
for this we refer to Jungck [1], [2] and [3], Sessa, Rhoades and Khan [12], Kang, Cho and
Jungck [4], Kang and Ray [5] and Sharma and Patidar [13].

In this paper, we prove common fixed point theorems for compatible mappings in
Banach spaces, satisfying an implicit relation. We improve and generalize the results of
Popa [6], [7] and [8].

Lemma 1.([1]) Let S and T be compatible self mappings on a metric space (X,d). If
S(t) = T(t) for some t € X then ST(t) =TS(t).
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2. Implicit Relations

Let ® be the set of all real continuous functions ¢(t1,t2,...,ts) : RS — R satifying
the following conditions:
¢1 : ¢ is non-increasing in variable tg,
¢2 : there exists h € (0,1) such that for every u,v > 0 with

(¢a) = ¢(u,v,0,u,(1/2)(u+v),0) <0
or
(dp) : p(u,v,u,v,(1/2)(u+v),u+v) <0

we have u < hw.
o3+ d(u,u,0,0,0,u) >0 for all u > 0.

Example 1. ¢(t1, AN ,t6) =t —k max{tg,t3,t4,t5, (1/2)t6}, where k € (0, 1)

¢1: Obviously.

¢2: Let u > 0, ¢(u,v,v,u,(1/2)(u +v),0) = u — kmax{v,v,u, (1/2)(u+v),0} < 0. If
u > v then u < ku < u, a contradiction. Thus v < v and v < kv = hv, where
h=ke(0,1).
Similarly, if u > 0 then ¢(u,v,u, v, (1/2)(u+v),u+v) < 0 imply u < hv. If u =0,
then u < hv.

o3 d(u,u,0,0,0,u) = (1 — k)u > 0, for all u > 0.

Example 2. ¢(t1,ta,...,ts) =t7—a{ti—te((1/2)(t3+ts)—t5)}, where a€(0,1).
¢1: Obviously.
$2: Letu > 0, ¢p(u,v,v,u, (1/2)(u+v),0) = u>—av? < 0, which implies u < a'/?v = hv,
where h = al/? < 1.
Similarly, if u > 0 then ¢(u,v,u, v, (1/2)(u+v),u+v) < 0 imply u < hv. If u =0,
then u < hw.
¢3 1 ¢(u,u,0,0,0,u) = u?(1 —a) > 0, for all u > 0.

Example 3. ¢(t1,...,t6) = t? — c1 max{t3 t3,t3} — c2 max{tsts, (1/2)tsts}, where
c1>0,c22>0,c1 +c2 <1.
¢1: Obviously.
¢a: Letu > 0, ¢(u,v,v,u, (1/2)(u+v),0) = u?—c; max{v?,v? u?}—cy max{v(1/2)(u+
v),0} < 0. If u > v then u?(1 — ¢; — ¢z) < 0, which implies ¢; + ¢ > 1, a
contradiction. Thus u < v and u < (¢1 + ¢2)"/?v = hv, where h = (¢; + ¢2)'/? < 1.
Similarly, if w > 0 then ¢(u,v,u,v,(1/2)(u+v),u +v) <0 imply u < hv. If u =0,
then u < hv.
¢3 : d(u,u,0,0,0,u) =u?(1 —c) >0, for all u > 0.

3. Main Results

Theorem 3.1. Let (X,||-||) be a Banach space and A,B,S,T:X — X be four
mappings satisfying the conditions:
¢ (|42 — Byl|, |Sz = Tyl|, [|S= — Az|, | Ty — By,
(1/2)(|Sz — Az|| +[|Ty — Byl|), |ITy — Az[]) <0 (3.1)
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for all z,y in X, where ¢ € @,
A(X)CcT(X) and B(X) C S(X), (

one of A,B,S,T is continuous, (
{4, S} and {B,T} are compatible pairs. (3.4)

Then A, B,S and T have a unique common fixed point.

Proof. By (3.2), since A(X) C T(X), for an arbitrary point zo € X there exists a
point 1 € X such that Azg = Tx;. Since B(X) C S(X), for this point 1 € X, we
can choose a point x5 € X such that Bz; = Szo and so on. Inductively we can define a
sequence {y,} in X such that

Yon = Txopt1 = Aoy and yopt1 = STopt2 = Brapt1
for every n =0,1,2,....
By (3.1), we have
¢ ([|Az2n — Braptall, [|Sz2n — Txant1ll; [|ST2n — Azan||, [ T22n41 — Brantall,
(1/2)(1S72n — Azan|| + I T72041 — Brantil]), 1T T2n+1 — Az2nl]) <0,

¢ (||A332n - B$2n+1||; ||B$2n71 - Aﬂ?an; ||Bﬂ?2n71 - A$2n||;
|Az2n — Braniill, (1/2)(|Bran—1 — Azapl| + [|Az2n — Bzapia]),0) < 0.
By (¢a), we have
[Azan — Brany1ll < h||Brap—1 — Amayl.
Similarly by (¢s) and ¢1, we have

A2z, — Bxon—1]|| < h||Az2n—2 — Bxan_1]|.

and so
|Az, — Bzan 1]| < h*"||Azg — Bz, || for n =0,1,2,...

By a routine calculation it follows that {y,} is a Cauchy sequence in X and hence
it converges to a point z in X. Consequently, subsequences {Azay,}, {Bxan+1}, {Szan}
and {Tx2p,+1} of {y,} also converges to the point z.

Let us now suppose that .S is continuous, so the sequence {SAx2,} converges to {Sz}.
We have

|ASz2, — Sz|| < ||ASzan — SAx2y,|| + |SAz2n — SZ||.

Since S is continuous and A and S are compatible, letting n tends to infinity, we state
that the sequence {ASz2,} also converges to Sz. Using (3.1), we have

¢ (l1ASz2n — Broniall, [1SSz2n — Tonga ||, |SST2n — ASonl], [ TT2n41 — Bo2n |,
(1/2)([[SSz2n — ASzon|| + [[T22041 — Ban41l]); [TT2n41 — AST20]]) <O0.
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Letting n tends to infinity we have by the continuity of ¢,
¢(lISz — =], 15z = =],0,0,0, ||z — Sz[]) <0,
which is a contradiction to ¢3 if ||z — Sz|| # 0. Thus Sz = z. Further by (3.1), we have

¢ (|Az — Brania ||, |52 = Toanga ||, ISz — Az||, | T 22041 — Brantal],
(1/2)(ISz = Az[| + [ Tw2nt1 — Brapsall), [Twangr — Azl]) < 0.

Letting n tends to infinity we have by the continuity of ¢,
o(lAz — 2|, 0, []z = Az|, 0, (1/2)||z — Az]], ||z — Az[]) <0,

which implies by (¢), that Az = z. This means that z is in the range of A and since
A(X) C T(X), there exists a point u in X such that Tu = z.
Using (3.1), we have

¢ ([[Az — Bul|,[|Sz — Tul], | Sz — Az], [|[Tu — Bul|,
(1/2)([ISz = Az[| + [|[Tu — Bul|), [|[Tu — Az[]) < 0
= ¢(||Z - BUH,0,0, ||Z - BU’”: (1/2)||Z - BUH,O) S 07
which implies by (¢,), that z = Bu.
Since Tu = Bu = z, by Lemma 1, it follows that BTuw = T Bu and so Bz = BTu =

TBu=T-x.
Thus from (3.1), we have

¢ ([[Az = Bz||, ||Sz — T'z]], | Sz — Az||, [|Tz — Bz||,
(1/2)([ISz = Az|| + [Tz — Bz|]), [Tz — Az||) <0
=¢(llz =Tz, |z — T[], 0,0,0,||Tz - z[]) < 0,
which is contradiction to ¢ if ||Tz — z|]| # 0. Thus Tz = z = Bz.
We have therefore, proved that z is a common fixed point of A, B, S and T'. The same

result holds if T" is continuous instead of S. Now suppose that A is continuous. Then
the sequence {ASw,,} converges to Az we have

[|SAxa, — Az|| < ||SAxen — ASToy|| + ||ASTay — Az||.

Since A is continuous and A and S are compatible, letting n tends to infinity we
obtain that {SAzs,} converges to Az. Using (3.1), we have

¢ (|AAz2, — Brapirl, [[SAT2n — Txansa ||, [|SAT2, — AAzon||, [| T 72041 — Bronial|s
(1/2)([|SAz2p, — AAz2, || + [[T22041 — Br2n11l]), [T 72041 — AATs,) < 0.

Letting n tends to infinity, we have by continuity of ¢

o(lAz — 2|, [|[Az = 21, 0,0,0, ||z — Az[]) <0,
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a contradiction to ¢3 if z # Az. Thus z = Az.
This means that z is in the range of A and since A(X) C T'(X), there exists a point
v in X such that Tv = z. Thus by (3.1), we have

¢ (|AAz2n — Bo|, [|SAzyp — Tol|, [[SAz2n — AAzsy |, [ Tv — Bull,
(1/2)(|SAzey, — AAzoy,|| + ||Tv — Bu||), ||Tv — AAzs,]|) <O0.

Letting n tends to infinity we get
¢(llz = Bul|,0,0,[[z = Bull, (1/2)]|z = Bu[|,0) < 0

and by (¢,) it follows that z = Bv. Since Twv = Bv = z, by Lemma 1, it follows that
Bz = BTv=TBv =Tz. Thus from (3.1) we have

¢ (|Az2n — Bz, [|Swan — Tz, [|Swan — Awanl|, [|Tz — Bzl
(1/2)(Szan — Azay|| + | Tz — Bz||), [|Tz — Az2,) < 0.

Letting n tends to infinity, we obtain
o(llz = Bz||, ||z = Bz]],0,0,0, || Bz — 2||) <0,

which is contradiction to ¢3, it follows that z = Bz = T'z. This means that z is in the
range of B and since B(X) C S(X) there exists w € X such that Sw = z. Thus from
(3.1) we have

(1/2)(ISw — Awl[| + [Tz — Bz|]), [|Tz — Aw||) < 0.
¢ ([[Aw — 2[,0, [|z — Awl], 0, (1/2)||z — Aw]], ||z — Aw]]) <0,

and by (¢s), we have z = Aw = Sw. Since Aw = Sw = z, by Lemma 1, it follows that
SAw = ASw and so Sz = SAw = ASw = Az = z. We have therefore proved that z is a
common fixed point of A, B, S and T'.

The same result holds, if we assume that B is continuous instead of A. By (3.1) and
¢s3 it follows that z is unique.

Theorem 3.1 and Examples 1 to 3 imply the following:

Corollary 3.2. Let (X, ||-||) be a Banach space and A,B,S and T : X — X be four
mappings satisfying the conditions (3.2) to (3.4) and the following :

14z — By|| < kmax{||Sz — Ty, |Sa — Az|, [Ty — Byll,
(1/2)(1ISz — Ae|| + [Ty — Byl), (1/2)ITy - Aall}  (3.5)

for all x,y in X, where k € (0,1),
or
|Az — Byl” < al|Sz — Ty||* (3.6)
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for all x,y in X, where a € (0,1),
or

|4z — By|l” < e max{||Se — Ty|]%, ||Sz — Ac|[%, | Ty — By|I*}
+ep max]|Sz — Aal|(1/2)(|Sz — Aal + Ty — Byl),
(1/2)||Ty — Byl |ITy — Aa|} (3.7)

for all z,y in X, where c; >0, c2 >0, ¢1 +c2 < 1.
Then A, B,S and T have a unique common fixed point.

We now give an example to illustrate the above results:

Example 4. Consider X = [1,15] with the usual norm.
Define A, B, S and T by

Az =1if z € [1,15]

B — 1 ifz=1 >3
Y712 ifl<z<3

[a—y

ife=1, >3, z#12
Sr=<2 ifx=12
15 ifl<z<3

To — 1 ifz=1 >3
715 ifl<az<3

Then A, B, S and T satisfy condition (3.2) of Theorem 3.1. In this example only mapping
A is continuous and so condition (3.3) is satisfied.

Let us consider a decreasing sequence {zy} such that lim, o, 2, = 3. Then lim,_,
Az = limy o0 Sty = 1 and limy, o0 ||AST, — SAz,|| = 0. Thus the pair {A,S} is
compatible. Similarly the pair {B,T'} is also compatible.

We see that condition (3.1) is satisfied if ¢ is similar to that of Example 1 or Example
2 or Example 3. Here we take k € [0.5,1) in Example 1, a € [0.3,1) in Example 2 and
c1 = 0.8, c; = 0.1 in Example 3.

Thus A, B, S and T satisfy all the conditions of Theorem 3.1 and Corollary 3.2 and
have a unique common fixed point x = 1.

For a function f: (X, | -|]) = (X,]| - ||) we denote Fy ={z € X : 2 = f(x)}.

Theorem 3.3. Let A, B,S and T be mappings from a normed linear space (X, || -||)
into itself. If the inequality (3.1) holds for z,y in X then (EsNFp)NFy = (FsNFr)NFg.

Proof. Let x € (Fs N Fr) N F4. Then by (3.1), we have

¢ (|[Az — Bz||, ||Sz — Tz||, ||Sz — Az||, | Tz — Bz|,
(1/2)(|[Sz — Az|| + || Tz — Bzl]), [Tz — Az[]) < 0.
= d)(”aj - BZEH,0,0, ||:Ij - B:L’”, (1/2)||£L’ - B:L’”,O) < 07
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which implies, by (¢,) that = Bz. Thus
(FsNFr)NF4 C(FsNFr)NFp.
Similarly, we have by (¢), that
(Fs N Fr)N Fp C (Fs N Fr) N Fy.
Remark. Theorem 3.3 is true if we replace the condition (3.1) by (3.5) or (3.6) or
(3.7).
Theorem 3.1 implies following one.

Theorem 3.4. Let S,T and {A;}ien be mappings from a Banach space (X,|| - ||)
into itself such that

one of S, T, A1 and Az is continuous, (3.9)
the pairs (A1,S) and (A2, T) are compatible, (3.10)

the inequality

¢ (1Aiz — Aipayll, ISz = Tyll, [|Sz — Aizl], (1Ty — Aisayll,
(1/2)((I1Sz — Asz[| + [|Ty — Aipayl)), | Ay — Asz|l) <0 (3.11)

holds for each z,y € X, for alli € N and ¢ € ®. Then S,T and {A;}ien have a unique
common fized point.
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