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Strongly Starlike Functions and Related Classes

Mamoru Nunokawa and Janusz Sokot

Abstract. We consider univalent functions, analytic in the unit disc |z| < 1 in the complex
plane C which map |z| < 1 onto a domain with some nice property. The purpose of this
paper is to find some new conditions for strong starlikeness and some related results.

1 Introduction

Let #H denote the class of analytic functions in the unit disc D = {z : |z| < 1} in the complex
plane C. For a € C and n € N we denote by

Hla,n] ={feH: f(z) =a+anz"+ - ,a, #0}

and
An:{fE’H:f(z):z+an+1z"+1+---},

so A = Aj. Let S be the subclass of A whose members are univalent in ID.

A set E C C is said to be starlike with respect to the point 0 € E if and only if the linear
segment joining the origin to every other point w € F lies entirely in F, while a set F is said to
be convex if and only if it is starlike with respect to each of its points. Let S* denote the class of
all functions f € S such that the set f(D) is starlike with respect 0. A natural extension of the
notion starlike is to be starlike of order cv. The class S, of starlike functions of order & < 1 may

be defined as
zf'(2)
f(z)

The class S, and the class K, of convex functions of order o < 1

Ka::{fEA: %e<1+2;,,;i§)> >oz,zE]D)}
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Z{fEA: Zf/ES;}

introduced Robertson in [14], see also [5]. If & € [0; 1), then a function in either of these sets
is univalent, if @ < 0 it may fail to be univalent. In particular we denote S5 = S*, Ko = K,
the classes of starlike and convex functions, respectively. Furthermore, note that if f € K, then
fe Sg‘(a), see [18], where

1-2a f 1
5(a) = { g for afy, (1.1)
Tlog? for a=3.
Let SS§*(3) denote the class of strongly starlike functions of order 5,0 < 8 < 2,
2f'(2)| _ B }
SS*(B) := e A: |ar <—, z€eDyp, (1.2)

which was introduced in [15] and [1], see also [9]. Furthermore, SK(5) = {f € A: zf € SS*(8)}
denote the class of strongly convex functions of order 3. Analogously to (1.1), in the work [8] it
was proved thatif § € (0,1) and f € SK(a(5)), then f € SS(f3), where

pn(p) sin(r(1 — 5)/2) ) 7

(B) + Bn(B) cos(m(1 — 3)/2) (1.3)

a(B) =+ > tan"! (
T m

and where

m(8) = (1+8)+I2 () = (1 - )=V,

The class G(«,7), 7 > 0,0 < o < 1 of y-strongly starlike functions of order « consists of
functions f € A satisfying

SFENT (L AN e
arg{( f(z)) <1+ f’(z)) } < 5 e D, (1.4)
and such that )
f)f'(2) (1 + 02) ) #0, ze D\ {0}. (1.5)

Note that Lewandowski, S. Miller and Zlotkiewicz 1974 [6] have introduced the class of y-starlike
functions, denoted here by G(1, ), which satisfy (1.5) and such that

{GE) (G frocen o

Lemma 1.1. (Nunokawa [8]) Let ¢(z) be in H[1, m] with ¢(z) # 0. If there exists a point zp,
|z0] < 1, such that |arg {q(2)}| < mv/2 for |z| < |z0| and |arg{q(z0)}| = 7y/2 for some
v € (0,2), then we have

w0d(z0) _ 2ikarg {q(z0)}
q(=0) m
for some k > m(a+a~')/2 > (a + a~')/2, where {q(zo)}l/7 = +ia,and a > 0.

) 1.7)
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It should be remarked that for interesting related results associated with Lemma 2.1, the au-

thors may refer to [7]. In this paper we consider some problems related to Lemma 2.1, which may
be called as Nunokawa’s lemma.

2 Main result

Lemma 2.1. Let 3 bein (0,1). Then we have V3 € (0,1) :

o 1+ 8 (1-8)/2 1+ 8 —(1+8)/2 73
ir(1-g)/2 | ( 2~ L o _ < g
arg{e <1—5> + -5 1,<m 5 (2.1)
Proof. Observe that

(1-8)/2 —(1+8)/2
Ve (0,1): 1< (1:?) +<1J_rg> < 2.

Therefore, a geometrical observation shows that for all 8 € (0, 1), we have

. _ 1 _1_5 (1_5)/2 1 +B _(1+6)/2
im(1=p)/2 | [ 2 e —
arg {e (1 — ﬁ) + 1-3 1

< arg {emu—m/z _ 1}

o (I1-p)rm
B
< = %
]
Theorem 2.1. Let B bein (0,1), p(z) € H[1, 1], and suppose that
arg { Zg(ij) — p(z)}‘ > Wo;(ﬁ), z €D, (2.2)
then we have
mp3
|arg{p(z)}| < 77 EAS ]D)a (23)
where (1452
ra(B) . 7p 3 1-8
tan 5 _tan7+(1—ﬁ)cos(7rﬂ/2) <1+5> . (2.4)

Proof. If there exists a point zp, 20| < 1, such that |arg{p(z)}| < 7B/2 for |z| < |zo| and
larg {p(20)} | = m3/2 for some 0 < 5 < 1, then by Lemma 1.1 we have

zop'(20) _ 2ikarg{p(z0)}
p(20) @

) (2.5)
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for some
k> (a+at)/2,

where
{P(Zo)}l/ﬁ = *tia (2.6)

and a > 0. Then, for the case p(zg) = a®(cos(m3/2) + isin(m3/2)), we have from (2.5)

zop'(20) in(1-B)/2 a7 L
—1= k— — 1. 2.7

p2(20) € /8 CLB ( )

Note that ) 5
,Bka? Z E(al_ﬂ + a_l_’g).
Let us put
1
gla) = i(alfﬁ +a P, a>o.

Then we have )

g'(a) = S - B)a~? = (1+ B)a=*7P),

and so, g(a) takes its minimum value at

a=+/(1+8)/(1-p) (2.8)
Furthermore, for the function

1_|_ﬂ (1*6)/2 1_|_B *(1+ﬂ)/2
= te)

the H'(3) decreases from 0, when 3 € (0, 1). Therefore, H(f3) is a decreasing function, from 2

to 1:
hm _ 1+/8 (l_ﬂ)/2+ 1+B _(1+5)/2 _ 1
- \1-p 1-3 -

Therefore, from (2.7) and from (2.8), we have

200’ (20) 1 _ in(1-8)/25;, 1
arg{ 220 1} = arg{e ﬂkaﬁ 1

Hw):( L Be(0,1),

(1-p)/2 (482
< arg {eim—ﬂ)/z (G * g) + G fg) ) - 1}
< - ? (2.9)

because of Lemma 2.1. We also have

Zop/(Zo) . . ZOPI(ZO) .
Sy e = e {1
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1
= 3 B ] - 1
(a) (M(ia)ﬁ >
= aPe™? <e”(1_ﬁ)/25kalﬂ - 1> :

Hence we may write

213} -onfn {251 1)

—arg (o)) + arg { 2210 1]

p*(20)
_7B in(1-p)/2 0k _
= + arg {e o7 1

2

78 o 1+ 8 (1-8)/2 1+ 8 —-(1+8)/2
< 2 ir(1-5)/2 e e —
) +arg{e ( 1—6) + 1— 4 1

(1+8)/2
5 (1= . n(1-p)
™ . an-t P (m> ST
2 8 1-8 (1+8)/2 r(1—8)
—1 + m m) COS 3
_ 78 + tan-! Bn(B) sin T1=5)
2 m(B) + Bn(B) cos T2

where

m(g) = L+ B2 n(g) = (1 - g)F- D/,

This contradicts the hypothesis (2.2) and for the case p(z9) = —73/2, applying the same method

as the above and Lemma 2.1, we can have

2op(z0) } T8y Bn(B)sin "D
arg{ () P0)f 2 " n(8) + Bn(B) cos LB

This contradicts the hypothesis (2.2) and therefore, it completes the proof of Theorem 2.1. O

For 8 = 1/2 Theorem 2.1 becomes the following corollary.
Corollary 2.2. Let p(z) be in H[1, 1], and suppose that

. zp'(z) B zZtan‘%l%—W)_E B s
ag{p(z) p( )}'>2 - —2(0.85...)—1.3383...7 eD

then we have

s
arg{p(=)}| <, z€D.

Forp(z) = zf'(2)/ f(2), f(2) € A, Theorem 2.1 becomes the following corollary.
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Corollary 2.3. Let 8 bein (0,1). Assume that f(z) € Aand zf'(2)/f(2) € H in D, and that

fi F- Y=

arg{zﬁz)}’ < %, zeD,

where (3) is defined in (2.4). This means that f(z) € SS*(B) or f(2) is a strongly starlike function
of order 3, see (1.2).

z €D,

then we have

Corollary 2.2 and 2.3 give together the following result.

Corollary 2.4. Assume that f(z) € Aand zf'(z)/f(z) € H in D, and that

zf"(z)  22f'(2) z2tan_1(1 + V108) z B
o) 16 H > — T(0.85...) =1.3383...,

2 T 2
z € D, then we have

arg{l +

n{{f5)] <5 e

or f(z) is a strongly starlike function of order 1/2, see (1.2).

Corollary 2.5. Assume that f(z) € Aand zf'(z)/f(z) € H in D, and that

e {z(2f”(2)+zf”’(2)) 2f'(z) _ \/sz(z) <1+zf’/(2)>}‘>m(ﬁ)

2(f'(z) + 2f"(2))  2f(2) f(z) f(2) 2

G (N8
arg{\/ﬂz) (” f’(2)>}‘< p 2ED

where o(3) is defined in (2.4), or f(z) is a 1/2-strongly starlike functions of order 3, see (1.6).

zeD,

then we have

Theorem 2.6. [12] If f(z) is analytic, h(z) is convex univalent in D, and that

arg{iizi}’ < %, zeD (2.10)
forsome o, 0 < o < 1, then
f(z2) — f(=1) am
e he )| <5 @1y

forall z1 € D, and z € D.
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Notice that (2.10) implies that f(z) satisfies Ozaki’s univalence condition [11], or that f(z)
strongly close-to-convex of order o with respect to g. Recall [13], that f(z) € A is said to be in
the class C(«) of strongly close-to-convex functions of order «, 0 < a < 1, if and only if there
exist g € K, ¢ € R, such that

£ \|_ ma
: — . 2.12
'arg{ewg,(z) < 5 zeU ( )
If « = 1, then C(«) becomes the well known class of close-to-convex functions, Kaplan [3].

Functions defined by (2.12) with ¢ = 0, @ = 1 where considered earlier by Ozaki [11], see also
Umezawa [16, 17]. Moreover, Lewandowski [4, 5] defined the class of functions f € A for which
the complement of f(U) with respect to the complex plane is a linearly accessible domain in the
large sense. The Lewandowski’s class is identical with the Kaplan’s class C(1). It is worthy to note
that f € A satisfies the condition (2.11) with some convex univalent g and o = 1 if and only if f
is close-to-convex function, see [2, p. 31].

Theorem 2.6 was improved to the following.

Theorem 2.7. [10] If f(2) is analytic, g(2) is convex univalent in |z| < 1, f'(0) = ¢'(0) and

arg{gll((g}‘ < %, in |z| <1, (2.13)
for some o, 0 < o < 1, then
ar {WH <a<g—log2>, lz1] < 1, |z2] <1, (2.14)

forall z; € D, and z9 € D, where w/2 — log2 = 0.877649147 . . ..

In this paper, we will improve Theorem 2.6 by adding some conditions.

Theorem 2.8. Let f(z) = z+ > o7 5 anz" be analyticinD, g(z) = z+ >0, by 2™ be analytic
in D, and suppose that

g(z)  1+6z
) “T1=es *€D (2.15)
for some 9,0 < § < 1, and
POV 7 [, 2 o=
‘arg{g,(z) <2 a—i—ﬂtan Tr2a0 — 2 [ zeD, (2.16)
and ( 6)2
T 1—
) 2.17)

for some o, 0 < a < 1. Then we have

arg { 1) H < an z € D. (2.18)
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Proof. Let us put

p(z) = ;8 p(0)=1, zeD. (2.19)
Then it follows that
f(2) =p(2)g9(2), f'(2) =4 (2)p(z) + g(2)p'(2),
and 7'2) () () ()
z) g(z) , . g(z) zp'(z
P =0+ 5 = pto) (14 Z2TE)), (220
From the hypothesis, we have
m<me{zggﬂfi)}<1f§, 2eD (2.21)
and
1—_222 < Jm { ;;E'(Zi)} < 137552 2 eD. (2.22)

If there exists a point zg with |z9] < 1, such that |arg{p(2)}| < ma/2 for |z| < |zo| and
larg {p(20)} | = ma/2 for some 0 < a < 1, then by Lemma 2.1 we have

z2o0p'(20) _ 2ikarg{p(0)}

e - , (2.23)

for some
k> (a+a)/2,

where
{p(20)}"/* = +ia

and a > 0. Then, for the case p(z9) = a“(cos(ma/2) + isin(wa/2)), we have from (2.21)

arg { g:gzi } = arg {p(ZO) <1 + zfg(’z(oz)o) Z(;p(/z(j)o)> }

Notice that if we assume arg{w} € [0, 7], then under the hypothesis of Theorem 2.8, we may

apply the formula

arg {ptea) (1+ 0L BN g (o)) 1 arg {14 200) SEC

z0g'(20) p(20) z09'(20) p(z0)

It is because of that

arg {p(ZO)} S [07 71—]7

9(2‘0) Zop'(zo)
arg{”mg%m) p(z0) } € 0l
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9(20) Zop’(zo)}
ar z0)} +argql+ € (0,7, (2.24)
o} +ag {14 Ll 2L ¢ g g
where (2.24) holds because of (2.17), namely
9(20) Zop'(ZO)}
ar zo)} +arg< 1+ e 0,
g oo} +arg {14+ 2L A ¢ gy
an ) o158
& 7+7r—tan 55~ € [0, 7]
Xi§?
o 1-6
& 5 tr- tan ! 1;56 € [0,m)
1-62
am =0
& 0L T—i-ﬂ—tan*l 1;:;6 <
1-452
B ar
-1 1t
< 0 <tan %5~ 9 S ™
1-462
o 1-6
-1 It
& > < tan 2
1-462
am 4, (1-10)?
<
= 5 = tan 25
& tan 20 < (1—9)°
2 20
Therefore, we have
f’(zo)} { 9(20) Zop'(zo)}
ar = ar 20)} +arg< 1+
e BlPC} T8 1+ S gte) p(e0)
am . 9(20) }
= — +arg<1l+iak . (2.25)
2 8 { 209 (20)
We know that
9(20)
209’ (20)
lies in a rectangle described by (2.21), (2.22) in the right half-plane. Therefore,
{ia 9(z0) }
209’ (20)
lies in a rectangle in the upper half-plane and
. g(2) —24
—a— <R —-a—= D 2.26
a1_52< e{ng’(z)}< a1_52, z € (2.26)

and

ozl;(S < Jm {ia 9(2) } < aﬂ z € D. (2.27)
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This gives
- g(2) 26
1—a1762 <i¥ie{1+zazgl(2)} < 1+a1752, zeD
and -5 (2) 145
- ~ . gz +
—<J 1 < eD
a1+5 m{ +ng’(z)} al—é’ z ,
and so s
a;
tan_l% §arg{1—|—iak g(/zo) } (2.28)
1+ a5 209'(20)

Inequality (2.28) together with (2.25) contradicts condition (2.16). For the case arg{p(z9)} =

—ma /2, applying the same method as above we can get

arg{f(zo)} < ﬂ{a+2tan_1a(1_5)2}.

9(z0) iy 1+ 2ad — §2

This is also contradicts hypothesis and therefore it completes the proof of Theorem 2.8. O
Observe that condition (2.15) satisfies the function

9(z) = m

so Theorem 2.8 becomes the following corollary.

Corollary 2.9. Let f(z) = z+ > -2, an2" be analyticinD, g(z) = z+ > .- 5 bp2" be analytic
in D, and suppose that

arg{(l—éz)fl(z)}'<W{a+itan_1a(1_6)2}, z €D, (2.29)

(1+62)3 2 1+ 2ad — 62
and )
tan% L ;55) (2.30)
for some o, 0 < o < 1. Then we have
arg{(l%—dz)ﬂciz)}‘ < %, z €D. (2.31)

For a = 1/2and § = 2 — /3 Theorem 2.8 becomes the following corollary.

Corollary 2.10. Let f(z) = z+ Y -2 5 an2z™ be analyticin D, g(z) = z+ Y 2, by 2" be analytic
in D, and suppose that
o) 1+@-VE):

) " 1-@—vas P
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and

' 1 2 2v3—1
arg{f/(Z)}’<7T 7+ftan_1\/77 :E064, ZGID),
9'(2) 2

then we have

arg{f(z)}' < E, zeD
g(z 4
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