TAMKANG JOURNAL OF MATHEMATICS
Volume 52, Number 2, 267-280, June 2021
DOI:10.5556/j.tkjm.52.2021.3298

Fixed Point of Contractive Mappings of Integral Type over an
S75- Metric Space

Kushal Roy, Mantu Saha and Ismat Beg

Abstract. We obtain sufficient conditions for existence of fixed points of integral type con-
tractive mappings on S7°- metric spaces. We also study common fixed point and couple
fixed point of integral type mappings and construct examples to support our results.

1 Introduction

Nowadays fixed point theory is one of the most important and recent trends of research area in
mathematics for its numerous applications. Fixed point theory has various applications in differ-
ent branches of mathematics viz. boundary value problems, nonlinear differential and integral
equations, nonlinear matrix equations, homotopy theory etc. The main purpose of fixed point
theory is to deal with several mappings either of contractive type or expansive type in nature over

various generalized spaces and to investigate the existence of their fixed points therein.

In 2002, Branciari [2] introduced integral type contractive mappings and proved some fixed
point theorems. Following this, researchers have considered various types of contractive map-
pings of integral type in several topological spaces and proved fixed point theorems therein [13].
In addition to fixed point, researchers are also interested in investigating the existence of common
fixed points of two or more mappings, coincidence points of mappings and coupled fixed points
of mappings etc. (See [4], [5], [6], [7], [10] and [17]) to make further enrichment of the area of
fixed point theory.

Sedghi et al. [14] introduced the concept of S-metric space by modifying D-metric and
G-metric spaces. Following this article Souayan and Mlaiki [16] introduced the concept of Sj-
metric space as a generalization of S-metric space and established some fixed point theorems on
it. Rohen et al. [12] have given the definition of Sp-metric space in a more generalized way and

they renamed the usual Sp-metric space as symmetric .S,-metric space.
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Jleli and Samet [9] introduced a generalized metric space commonly known as .J.S-metric
space, which is one of the interesting generalizations of usual metric spaces. They showed that
any standard metric space, b-metric space [3], dislocated metric space [8] and Modular metric
space with the Fatou property [11] are J.S-metric space also. Moreover they have considered
some generalized contractive type mappings in this newly introduced space and proved some
fixed point theorems on it. Following this literature Senapati and Dey [15] proved some coupled
fixed point theorems in the setting of partially ordered .J.S-metric spaces. Recently Beg et al. [1]

SJS

introduced the notion of S”~ - metric space and proved several interesting classical results in these

SJS

spaces. They also gave examples to that S- metric spaces and S,- metric spaces are - metric

spaces.

The aim of this paper is to prove some fixed point theorems together with common fixed
point and coupled fixed point theorems for a class of integral type contractive mappings in the
setting of S75- metric space. Section 2 deals with S”°- metric space. In Section 3, we prove
existence of fixed points and common fixed points of contractive mappings of integral type on
an S79- metric space. Necessary conditions for existence of coupled fixed points are obtain in

Section 4. Section 5, is conclusion and plan for future work.

2 S79 metric spaces

In this section we briefly recall some basic definition about S - metric space from Beg et al. [1]
for subsequent use. Let X be a nonempty set and J : X — [0, 00| be a function. Let us define
the set

S(J,X,z) ={{zp} C X : lim J(z,z,2,) =0}
n—oo
forallz € X.

Definition 1. [1] Let X be anonemptysetand .J : X3 — [0, oc] satisfies the following conditions:
(J1) J(x,y,z) = 0impliesz = y = z forany z,y, z € X;
(.J2) there exists some b > 0 such that for any (x, %, 2z) € X3 and {z,} € S(J, X, 2),

we have

J(,y,2) <b limsup(J (z, 2, 20) + J (Y, Y, 2n))-

n—oo
Then the pair (X, J) is called an S”*- metric space. Additionally if .J also satisfies
(J3) J(z,z,y) = J(y,y,x) forall z,y € X,

then we call it a symmetric S7°-metric space.
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Example 1. Let X = RU {—o00,00} and J : X? — [0, 0] be defined by J(x,y,2) = |z| +
ly| + |z] forall z, y, 2 € X, then clearly (J;) is satisfied. Forany z # 0, S(J, X,2) = 0. Ifz =0
then for {z,} € S(J, X,0), we have

1
J(z,y,0) < 5 lim sup(J(z,z, 2n) + J (Y, Y, 2n))

n—oo

forall z,y € X. Then (Jo) is also satisfied. So (X, .J) is an S7° —metric space. Clearly it is not
symmetric.

Example 2. Let X = RU{—o00,00}and J : X3 — [0, 0o] be defined by J (=, 5, 2) = |z|+|y| +
2|z| for all z,y,z € X. Clearly the conditions (.J1) and (.J3) are satisfied. Also one can check
that forany z,y, 2z € X
J(2,y,2) < limsup(J (2,2, zn) + J (Y, Y, 2n))
n—oo
for any sequence {z,} € S(J, X, z). Therefore (.J3) is also satisfied and hence X is a symmetric

S7S _metric space.

Remark 1. (1) Let (X, .S) be an S-metric space (See [14] ). Clearly S- satisfies condition (.J;).
Now let (z,y,2) € X2 and {z,} converges to z in (X, S), then S(z, z, 2,) — 0asn — oo and
from the condition (i7) we have

n—oo
Therefore S satisfies (.J5) also. Hence X is an S7*-metric space. It is also symmetric.

(2) Let (X, S) be an Sp-metric space with coefficient s > 1 (See [12]). Then clearly S satisfies
(J1) and it also satisfies (.J2) for b = s. So an Sj-metric space is an S -metric space.

Definition 2. [1] Let (X, J) be an S/%-metric space, then a sequence {x,,} C X is said to be
convergent to an element z € X if {z,,} € S(J, X, z).

Definition 3. [1] Let (X, J) be an S/%-metric space. A sequence {z,,} C X is said to be Cauchy

if limy, 1100 J(Tn, Ty ) = 0.

Definition 4. [1] An S7°-metric space is said to be complete if every Cauchy sequence in X is

convergent.

Definition 5. [1] Let (X, J) be an S7-metric space and T': X — X be a self mapping. Then
T is called continuous at @ € X if for any e > 0 there exists > 0 such that for any z € X,
J(Ta,Ta,Tz) < e whenever J(a,a,z) < 0.

Theorem 2.1. [1] In an S7°-metric space (X, J) : (i) A convergent sequence {x,,} has unique limit
point x and J(x,x,x) = 0.(ii) If a Cauchy sequence {x,,} has a convergent subsequence then {x,, }
is also convergent in X .(iii) If T is continuous at a € X then for any sequence {x,} € S(J, X, a),
{Tz,} € S(J,X,Ta).
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3 Common fixed point

Let us consider the following set:

® = {p:]0,00) = [0,00) : ¢ is bounded, Lebesgue-integrable, summable and

for each € > O,/ p(t)dt > 0}.
0

In an S7-metric space (X, .J), ds : X2 — [0, o] stands for the function defined as d s (x, y) =
J(z,z,y) forany z,y € X.

Lemma 3.1. Let ¢ € ® and {a) : A\ € A} C R* be a nonempty set. If for some M > 0,
Jo? e(t)dt < M forall X € A then [ p(t)dt < M, where a = sup{ay : A € A} < co.

Proof. For any n € N there exists & € A such that aq + 1 > a. Therefore

a aa'i'l
/ p(t)dt < / o(t)dt
0 0
[e7e% aa+%
_ / @@ﬁ+/ o(t)dt
0 Aoy

aoz"l‘l
< M+/ o(t)dt (3.1)

Since  is bounded, there exists L > 0 such that p(t) < L forallt € [0, co). Therefore from (3.1)
for any n € N we have [J' ¢(t)dt < M + L. Hence ;' ¢(t)dt < M. O

Theorem 3.1. Let (X, .J) be a complete S”°-metric space and T : X — X be a self mapping. Also

let T satisfies
dJ(Tvay) dJ(xvy)
/ wmﬁgk/) (1)t (3.2)
0 0

for some p € ®, k € [0,1) and for all x,y € X. If there exists xo € X such that 6(J,T,xzg) =
sup{dj(T?xo, T x¢) : i,5 > 1} < oo then T has at least one fixed point in X.

Proof. Now since T satisfies (3.2), for any n € N we have

p(t)dt < k

d (T e, T )
/ (1)t (33)

dJ(Tn71+ix07Tn71+ij)
0 /
for all i, > 1. Let us take §(J, TP+ zg) = sup{d;(TP*xg, TP xg) : i,j € N} for any
non-negative integer p and for any o € X. Then foralli,j > 1

/dJ (T iz, T xp)

8(J,T™,x0)
o(t)dt < k / o(t)dt. (3.4)
0 0
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Since §(J, TP, z0) < §(J, T, z¢) < oo for any p > 1, from Lemma 3.1 it implies that

S(J, T z0) 3(J,T",x0)
/ o<t [ o(t)dt (35)
0 0
for any n € N. It further implies
S(J, T+ ) 8(J,T,x0)
/ p(t)dt < k" / o(t)dt (3.6)
0 0
for all n > 1. Taking » — oo we have foé(J’TnH’mO) o(t)dt — 0. Since ¢ € P, we get

limy, o0 0(J, T 1 29) = 0. Now for any 1 < n < m it follows that dj(T"zg, T™z¢) <
d(J,T™, o) which tends to 0 as n tends to co. Thus {7z} is a Cauchy sequence in X. By the
completeness of X there exists some z € X such that {T"zo} € S(J, X, z). Now foranyn € N

we have
dj(Tz,T7 1 xg) dj(z,T"z0)
/ o(t)dt < k / o(t)dt (37)
0 0
. dj(Tz,T"xg) . n+1 _
Taking n — oo we get [ ©(t)dt — 0 and therefore lim,, oo dj(Tz, T zg) = 0.
From Theorem 2.1 it follows that 7'z = 2. Hence 7" has a fixed point in X. O

Theorem 3.2. If z and 2’ are two fixed points of T in Theorem 3.1 such that dj(z,z") < oo then

z=12z.

Proof. Since z and 2’ are fixed points of T" satisfying condition (3.2) then we obtain

dj(z,2") dj(TzTz2") dj(z,2")
/ o()dt = / o)t < k / o(t)dt.
0 0 0

It implies that fod"(z’zl) o(t)dt = 0as0 < k < 1. Since p € ® we get ds(z,z’) = 0. Hence

z=2. O
Corollary 3.3. Let (X, S) be a complete S-metric space and T : X — X satisfies

STz, Tx,Ty) < LS(z,z,y)
forallxz,y € X, where0 < L < 1. Then T has a unique fixed point in X.

Proof. Ifwesetds(x,y) = S(Tx, Tz, Ty)forallz,y € X thenforanyzp € X andforl <i <
j we have

ds(T'wo, T'xo) = S(T'wo, T'wo, T o)
st(Ti:L‘O, TH—IJJ(]) + S(TH—I:L‘(), TH—IZL‘(), TjZL‘())

IN
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< 2 [ds(Til‘o, TH_II()) + ds(Ti+1:E0,Ti+2$0)] +
S(Ti+2$0,Ti+2$0,Tj$0)
< 2[dg(T'zo, T xg) + ds(T" g, T 220) + ... +
ds(Tj_Z.%'o, Tj_l:(}o)] + S(Tj_l:(}o, Tj_l.iL'o7 le'o)
< 2[dg(T'wo, T o) + dg(Tag, T2 ag) + ... +
ds(T7 " o, TV o))
< 2L 4+ L . 4 LY dg (2. Txo)
11— L)
S 2Llﬁds($0T.'E(])
7
< 21 _Lds($g.T$0).

For any¢,j > 1 we can arrange them as 1 < ¢ < j and so

i

sup{ds(T zo, T x¢) : 4,7 > 1} < sup{2 ds(zo.Txo) 14> 1}

1-L
_ 2Lds($0, Txo)
I T

Now if we take ¢(¢) = 1 for all t > 0 then we get

dS(Trva) dS(x’y)
/ p(t)dt < L/ p(t)dt
0 0

for all 2,y € X. Also from Remark 1 it follows that any S-metric space is a symmetric S7°-
metric space. So all the conditions of Theorem 3.1 and Theorem 3.2 are satisfied and hence 7" has

a unique fixed point in X. O

Remark 2. Above Corollary 3.3 is a theorem proved in Sedghi et al. [14].

Proposition 3.1. In an S”°-metric space (X, J) if two mappings T, S : X — X satisfy T(X) C
S(X) then for any xo € X there exists a sequence {yy }, where yp, = T(zy,) = S(zp+1) for all

non-negative integers n.

Proof. Let xg € X. Then Tzg € T(X) C S(X) and therefore there exists z; € X such that
Txg = Sx1. Next Txy; € T(X) C S(X), so there exists some x5 € X such that Tx; = Sxo.
Proceeding similarly we can construct a sequence {y, } in such a way that y,, = Tz, = Sx,41
for any n > 0. ]
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Theorem 3.4. Let (X, .J) be a complete S”5-metric space and T, S : X — X be two commutative
mappings such that S is continuous and T'(X) C S(X). Also let T and S satisfy the following

condition:
dJ(T.’L',Ty) dJ(Sr,Sy)
/‘ @@ﬁgk/‘ o(t)dt (3.8)
0 0

forallz,y € X, where0 < k < 1and p € ®. If there exists xog € X such that
8(J,T,S,x0) = sup{d(yi,y;) : i,j € {0} UN} < 00
then T' and S have at least one common fixed point in X.

Proof. Letusdenote §(J, T, S,p+1,z0) = sup{dj(Yp+i,Yp+;) : 1,J € {0} UN} foranyp > 0.
Since T satisfies the condition (3.8) we obtain for any n € N

dJ(yn+i,yn+j) dJ(Tzn_;,_i,Tzn_;,_]-)
/ p(t)dt :(/ o(t)dt
0 0

dJ(SIn+Z‘,S£En+j)
< @/ o(t)dt
0

dy(Yn—1+iYn—1+;)
_ 5/ o(t)dt (3.9)
0

forall 4, j > 0, which in turn implies that deJ(y”“’y"”) p(t)dt < k foé(J’T’S’n’xo) o(t)dt for all
i,j > 0. Since 6(J,T,S,n + 1,20) < §(J,T,S,z9) < oo then by Lemma 3.1 it follows that
fo(s(J’T’S’nH’xO) p(t)dt < kfod(J’T’S’n’IO) o(t)dt for any n > 1. Therefore for any n € N we

obtain
6(J,T,Sn+1,z0) 6(J,T,S,x0)
/' @@ﬁ§W/ o(b)dt. (3.10)
0 0

Which implies that lim,, foé(J’T’S’nH’xO) @(t)dt = 0. Since ¢ € P it follows that

lim 6(J,T,5,n+1,29) = 0.

n—oo

Now for any 1 < n < m we have dj(yn, ym) < 0(J,T,5,n,xo) which tends to 0 as n — oo.
So {yn} is a Cauchy sequence in X. Since X is complete there exists z € X such that {y,} €
S(J,X,z). S0 Tx,, = Szpy1 — zasn — oo. Since S is continuous, { Sy, } converges to Sz.
Now for anyn € N Sy,, = S(Tx,) = T(Sx,) = Ty,—1 and from (3.8) it follows that

dj(Tz,Tyn) dj(Sz,Syn)
/ @@ﬁgk/ o(t)dt. (3.11)
0 0

Therefore lim,, o dj (T2, Tyy,) = 0 since ¢ € ® and we get Tz = Sz. Also using (3.8) we get

dy(Tz,T?z) dj(Sz,5(T%))
/) o(t)dt gk/‘ o(t)dt
0 0
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dj(Sz,T(Sz))
= k‘/ o(t)dt
0
dj(Tz,T?z)
S / o(t)dt. (3.12)
0
Since k € [0, 1) we obtain deJ(TZ’T2Z) ©(t)dt = 0, which implies 7%z = Tz. Now, S(Tz) =
T(Sz) =T(Tz) = T=z. Hence Tz is a common fixed point of 7" and S. O

Theorem 3.5. If u and u’ are two common fixed points of T and S in Theorem 3.4 such that

dj(u,u) < oo thenu = u'.

Proof. Given that u and ' are two common fixed points of 7" and .S, so from (3.8) we obtain

dj(u,u’) dj(Tu,Tu")
[ e = [ p(t)dt
0 0

dj(Su,Su’)
< k/ (t)dt
0
dy(uu')
- k:/ o(t)dt. (3.13)
0
Since 0 < k < 1 we have fod‘](“’u/) ©(t)dt = 0 implying that u = v’ O

Corollary 3.6. Let T and S be two commuting self mappings of a complete S7°-metric space (X, J).
Suppose that S is continuous, T'(X) C S(X) and sup{dj(z,Tx) : v € X} < co. Also let T and
S satisfy the following condition for some positive integer p :

dj(TPx,TPy) dj(Sz,Sy)
/ o(t)dt < k / o(t)dt (3.14)
0 0

forallz,y € X, forsomek € [0,1) and p € ®. If there exists xo € X such that §(J, TP, S, xg) <

oo then T' and S have at least one common fixed point in X.

Proof. Clearly TP and S commute with each other and also 77(X) C T'(X) C S(X). So all the
conditions of Theorem 3.4 are satisfied and thus 7% and S have a common fixed point in X, say
z. Then TPz = Sz = z.Since TP(Tz) = Tz = T(Sz) = S(T'2), it follows that T’z is also a
common fixed point of 7" and S in X. By the given condition d;(z,7z) < oo and thus from

Theorem 3.5 it follows that Tz = 2. Hence 2 is a common fixed point of 7" and S. O

Example 3. Let us take the complete S”°-metric space (X, J) given in Example 1. Let T : X —

X be defined by T'x =  forall z € X and ¢(t) = HLI forall t € [0, 00). Then clearly

dj(Tz,Ty) 1 dj(z,y)
/ plt)it < o / ot)dt (3.15)
0 0
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forallz,y € X. Also forany xp € X \{—o00,00},d(J, T, z9) < %|a:0| and we see that 0 is a fixed
point of 7" in X. Other fixed points of 7" are —oo and oo.

Example 4. Let us consider X = RU{—00,00}and J : X3 — [0, 0o] be defined by J (z,y, 2) =
|z — 1|+ |y — 1|+ |z — 1| forall z,y, z € X. Then it is clearly an S7“-metric space which is not
symmetric. Alsolet 7 : X — X be defined by Tz = £t forall z € X. If we take ¢(t) = ¢2 for
all ¢ > 0 then

dj(Tz,Ty) 1 [du(zy)

/ p(t)dt < / o(t)dt (3.16)
0 4 Jo

for any z,y € X. Also for any zg € X\{—o00, 00}, 6(J, T, z0) < 3|zg — 1| and we see that 1 is

the only finite fixed point of 7" in X.

Example 5. Let us consider X = RU{—00,00}and J : X3 — [0, oo] be defined by J(x,y, z) =
ly 4+ 2 — 2z| 4 |z — 2| + |y — 2| forall 7, y, z € X. Then it is clearly a symmetric S7°-metric

space. Alsolet 7' : X — X be defined by Tz = £ + 1 forallz € X. If we take ¢(t) = 1 for all

t > 0 then we see that
dy(Ta,Ty) | pdi(ay)
/ ¢mﬁ§4/ o(t)dt (317)
0 0

|3xo—1]
4

for any z,y € X. Also for any g € X\{—o00,00}, 6(J, T, z9) <
only finite fixed point of 7" in X.

and we have % is the

Example 6. Let us consider the complete S7%-metric space (X, .J) given in Example 1. Let us
define T,S : X — X byTr = ¢ and Sz = 5 forallz € X. Also let us take ¢ defined in
Example 3. Then for any z,y € X, T and S satisty

dj(Tz,Ty) 1 dj(Sz,Sy)
/ ¢@ﬁ§3/ o(t)dt. (3.18)
0 0

Also forany zg € X\{—o00, 00} the sequence {yy, }n>0 is given by y, = 55 foralln € {0}UN
and we have §(.J, T, S, z0) < 3|zo|. Here 0 is the unique finite common fixed point of T and S

in X. Also —oo and oo are common fixed points of 7"and S in X.

4 Coupled fixed point

The notion of coupled fixed point was introduced in 1987 by Guo and Lakshmikantham (See [7]).
In this section we prove a coupled fixed point theorem in the setting of S7-metric space. First

we define coupled fixed point of a mapping.

Definition 6. Let X be a non-empty set and f : X? — X be a mapping. A point (a,b) € X? is
said to be a coupled fixed point of f if f(a,b) = a and f(b,a) = b.
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For any (a,b) € X2 we can construct two iterative sequences using f in the following way

F2(a,0) = f(f(a,b), f(b,a)) , f*(b,a) = f(f(b,a), f(a,b))
fg(a’b):f(fQ(avb)anU)?a)) ’ fg(bva):f(f2(b7a)7f2(a7b))

Proceeding in the similar manner we can get

fra,b) = f(£"(a,0), f* (b)), f"TH(b,a) = F(f"(b,a), f"(a,b))
forany n > 1. So we get two iterative sequences { f"(a, b)} and { f"(b,a)}.
Theorem 4.1. Let (X, J) be a complete S -metric space and f : X2 — X . Also let f satisfies

/dJ(f(I,y),f(u,U)) /é [d(z,u)+d ;s (y,0)]

o(t)dt < k o(t)dt (4.1)

0 0

forallz,y,u,v € X, forsomek € [0,1) and ¢ € ®. If there exists (z9, o) € X2 such that

5(J, f, (0, y0)) = {ds(f (w0, y0), I/ (0, 90)) : 4,5 > 1} < 00

and
§(J, f+ (yo, z0)) = {ds(f*(yo, o), ! (Yo, @0)) 1 4,j > 1} < o0

then f has at least one coupled fixed point in X.

Proof. Foranyn € N from (4.1) we have

dy(f" T (z0,y0),S™ 1 (z0,90))
/ o (t)dt
0

dy (fO 1 (@0,90), ™71 (0,0)), £ (£ 71 (0,0), £ 1 (yo,70)) )
/ o(t)dt
0

Q[dJ() ' .('Z‘Ovy())u] j(xf)yy())) dJ() ' i(y()vxo),’ v J(yhx()))]
k:/

IN

o(t)dt  (4.2)
foranyi,j > 1. Let us take

5(J, T, (20,90)) = sup{ds (" (w0, o), f177 (w0, o) : 4,§ € N}

and
5(J> fq+17 (y()vx(])) = sup{dj(fq+i(y07x0)7 fq+j(y0>x0) : Z>] € N}

forany ¢ > 0. Thenforalli,j € N

o(t)dt < k

dy(f"(@o,y0), " (x0,0))
/ o)t (4.3)

/%[5(],)””,(xo,yo))+6(],f",(y(),xo))]

0 0
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for any n > 1. Since §(J, f97, (z0,%0)) < 0(J, £, (w0,30)) < oo for any ¢ > 1 then using

Lemma 3.1 we get

(S(J,fn+l7(:1:0,y0)) %[5(J7fn7($07y0))+6(J7fn7(y07$0))]
/ p(t)dt < k / o(t)dt (4.4)
0 0
for any n € N. Similarly we can obtain for any n > 1
6(J,f"+17(y071‘0)) %[5(J,f"7(:1307y0))+§(‘],f”7(y0’zo))}
/ o(t)dt < k / o(t)dt. (4.5)
0 0

Let M,, = max{0(J, f", (zo,v0)),(J, ™, (yo, o))} for all n € N. Then from (4.4) and (4.5)

we have

Mn+1 Mn
/ o(t)dt < / o(t)dt (4.6)
0 0

for all n > 1. Then we obtain |, M1

0 p(t)dt < k" 0M1 @(t)dt for alln € N. Since M < oo it
follows that

lim o(t)dt = 0.

n—oo 0

This shows that lim,,_,~, M,, = 0 as ¢ € ®. Therefore we get lim,,_,o 6(J, f™, (20, ¥0))

=0 = limy,—00 0(J, f™, (Y0, x0)). Now for any 1 < n < m we get d;(f"(xo0,v0), f™(z0,Y0))
< §(J, f™, (x0,y0)) — 0asn — oo. So {f™(zo,yo)} is Cauchy in X and since X is complete
so there exists z; € X such that f™(zo, yo) — 21 as n tending to co. In a similar way we can find

z9 € X such that f"(yo,z¢) — 22 as n tending to co. Now

dJ(f(ZLZQ)vfn(vayO)) dJ(f(Zl,ZQ),f(fn71(ﬁo,yo),fnil(y07xo)))
/ O | olt)dt
0 0
4.7
3 [dr(z1, 7 (@o,0))+d (22,7 (yo,20))] (4.7)
< k / o(t)dt
0

Since f™(zo,y0) — 21 and f™(yo,xo) — 22 as n — 00 so we obtain

dj(f(z1,22),f™(z0,y0))
lim p(t)dt = 0.

n— oo 0
Therefore it follows that lim,,_,~ f™ (0, y0) = f(21, 22). Then by Theorem 2.1 we get f(z1, 22) =
z1. In a similar manner we have f(z2,21) = z2. Hence (21, 22) is a coupled fixed point of f in
X. O

Theorem 4.2. If (21, 22) and (z}, 2,) are two coupled fixed points of f in Theorem 4.1 such that

dj(z1,27) < 0o and dj(z2,2) < oo then (21, 22) = (2], 25).
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Proof. Now
dy(21,21) dy(f(z1,22).(2],25))
[ ewa = | o(t)dt
0 0
%[d(](zl,zi)—&—d(](zg,zg)]
<k / o(t)dt 4.8)
0
and also

dJ(227zé) dy (f(z27zl)7f(zé7zi))
/ ot)dt = / o(t)dt
0 0

/% [d(21,2])+d(22,25)]

< k o(t)dt (4.9)

0
If we set L = max{d(z1, 2}),d (22, 25)} then from (4.8) and (4.9) we can get

L L
/ o(t)dt < k:/ o(t)dt. (4.10)
0 0

Since k € [0,1) then we obtain fOL @(t)dt = 0 and therefore L = 0. Then dj(z1,2]) = 0 =
dj(z2,7}) thatis zy = 2] and 2z = 2. Hence (21, 22) = (2], 2}). O

Example 7. Let us consider the complete S7°-metric space (X, .J) defined in Example 1 and ¢

as defined in Example 3. Let f : X2 — X be defined by f(z,y) = %‘y forall z,y € X. Then
for any z, y, u,v € X we have

d](f(l’,y),f(uﬂ))) 2 %[dJ (CIZ,U)-FdJ(@/,’U)]
/ / (0 dt. @11)

Hdt < =
o(t) <3

0 0

Forany a,b € X\{—o0, 00} weget§(J, f, (a,b)) < 3|la+b|andalso §(J, f, (b,a)) < 3la+1b|.
Here we see that (0, 0), (—oo, —00) and (00, 00) are all coupled fixed points of f.

5 Conclusion

We proved some fixed point theorems together with common fixed point and coupled fixed point
theorems for a class of integral type contractive mappings in the setting of S7- metric space.
Our results generalized several known resutts. In future we further plan to study fixed point of
multivalued mappings and variational principle in S”°- metric spaces.
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