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A Method for Solving the Variational Inequality Problem and

Fixed Point Problems in Banach Spaces
Wongvisarut Khuangsatung and Atid Kangtunyakarn

Abstract. The purpose of this research is to modify Halpern iteration’s process for finding
a common element of the set of solutions of a variational inequality problem and the set of
fixed points of a strictly pseudo contractive mapping in g-uniformly smooth Banach space.
We also introduce a new technique to prove a strong convergence theorem for a finite family
of strictly pseudo contractive mappings in q-uniformly smooth Banach space. Moreover, we
give a numerical result to illustrate the main theorem.

1 Introduction

For the last decades, fixed point theory is a very importance tool for solving the problems in
economic, computer science, physics, etc. Throughout this paper, let E be a Banach space with
dual space of E* and let C' be a nonempty closed convex subset of £. We use the norm of E' and

< »

E* by the same symbol || - ||. We denote weak and strong convergence by notations “ — ” and

— 7, respectively. Let ¢ be a given real number with ¢ > 1. The generalized duality mapping
Jy : E — 27 is defined by

Jo(z) = {z* € B" : (w,2") = [|=]|%, "] = [|l=| """},
forallz € E. If ¢ = 2, then Jy = J is called normalized duality mapping.

Remark 1. If J, is generalized duality mapping of £ into 2F". Then the following properties are
holds:

1. J,(tz) =t 1], (x), forallz € Eandt € [0, 00);

2. Jy(—x) = —Jy(x), forallz € E.
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Definition 1. Let C' be a nonempty subset of a Banach space Eand T : C' — C be a self-mapping.
Then

1. T is called a nonexpansive mapping if
[Tz =Tyl < llz -yl
forallz,y € C.

2. T is called an n—strictly pseudo-contractive mapping if there exists a constant n € (0, 1)
such that

(Tx =Ty, jo(x —y)) < |z =yl =0l = T)a = (I = Ty, (1.1)

for every z,y € C and for some j,(z — y) € Jy(x — y). Itis clear that (1.1) is equivalent
to the following

(I =T)z— (I Ty, jglx—y)) 2 nll(I = T)z — (I - T)ylP*, (1.2)
for every z,y € C and for some j,(x — y) € Jy(z — y).

Definition 2. Let C' C E be closed convex and ()¢ be a mapping of E onto C. The mapping Q¢
is said to be sunny if Q¢ (Qczx + t(x — Qcw)) = Qex, forallz € Fandt > 0. A mapping Q¢
is called retraction if Q% = Q¢. A subset C of E is called a sunny nonexpansive retraction of £

if there exists a sunny nonexpansive retraction from £ onto C.

For more information about (sunny) nonexpansive retraction can be found in [13].

The modulas of smootheness of E is the function pg : [0, 00) — [0, 00) defined by

1
pe(r) = {5 (lz +yl +llz —yl) = 1: llz] < L lly[ < 7} (1.3)

A Banach space E is uniformly smooth iflim,_, pET(T) = 0. Itis well known that E'is g-uniformly
smooth if there exists a constant ¢ > O such that pg(7) < c¢79. Ina Hilbert space, L,(I,) with 1 <
p < oo are g-uniformly smooth. Clearly every g-uniformly smooth Banach space is uniformly

smooth. If F is smooth, then J, is a single valued which is denoted by j,.

An operator A of C into E is said to be accretive if there exists j,(x — y) € Jy(x — y) such
that
(Az — Ay, jo(x —y)) > 0, Yo,y € C.

A mapping A : C — Eissaid to be a-inverse strongly accretive if there exists j, (z—y) € Jy(z—y)
and a > 0 such that

(Az — Ay, j,(x —y)) > a||Azx — Ay||?, Va,y € C. (1.4)
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Remark 2. From (1.2) and (1.4), if T" is an 7-strictly pseudo-contractive mapping, then [ — T is

n-inverse strongly accretive.

Let C' be a nonemty subset of g-uniformly smooth Banach space F'and A : C' — E bea

nonlinear operator. The variational inequality problem is to find a point * € C' such that
(Ax*, Jy(y —2*)) >0, Yy € C, (1.5)

where J, is generalized duality mapping from F into 2. The set of solutions of the variational
inequality in Banach space is denoted by S, (C, A). If ¢ = 2, then S;(C, A) isreduced to S(C, A),
where S(C, A) is the set of solutions of the generalized variational inequality in Banach spaces
proposed by Aoyama et. al,. [1] in 2005. Many research papers have increasingly investigated
variational inequality problems in Banach spaces, see, for instance, [2], [3], and the references

therein.

In 1967, Halpern [4] introduced the Halpern’s iterative method as follows:
Tnt1 = apu+ (1 — an) Ty, Vn > 1,

where o, € (0, 1) satisfying suitable conditions, for all n > 1. He proved that the sequence {z,, }
converges strongly to a fixed point of mapping 7" in a real Hilbert space, where 7" is a nonexpansive
mapping. In the last decade, many authors have studied and modified Halperns iterative method

for various nonlinear mappings, see, for instance, [5], [6], [7], [8] and the references therein.

In a uniformly convex and 2-smooth Banach space, Aoyama et al. [1] introduced the iterative
method for finding a solution of generalized variational inequality problem for an inverse strongly

accretive operator in a uniformly convex and 2-uniformly smooth Banach space as follows:
Tl = anTp + (1 — an) Qo (zn — \pAxy,),Vn > 1,

where {\,, } is a sequence of positive real numbers and {, } is a sequence in [0, 1], Q¢ is a sunny
nonexpansive retraction from E onto C', A is an a-inverse strongly accretive operator. Under suit-
able conditions, They also proved that the sequence generated by the proposed algorithm weakly

converges to a solution of S(C, A).

In 2013, Kangtunyakarn [9] introduced an iterative scheme for finding a common element
of the set of fixed points of a finite family of nonexpansive mappings and the set of fixed points
of a finite family of strictly pseudo-contractive mappings and two sets of solutions of variational

inequality problems in a uniformly convex and 2-smooth Banach space as follows:

Tni1 = antl + Buy + Qo (I — ad)zy + 6,Qc(I — bB)y, + 1,5 w,, Y0 > 1,
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where A, B are a and [-inverse strongly accretive mappings, respectively, ()¢ is a sunny non-
expansive retraction, S4 is the S”-mapping generated by a finite family of nonexpansive map-
pings and a finite family of strictly pseudo-contractive mappings and finite real numbers. He also
proved a strong convergence theorem of sequence {, } under suitable conditions of the param-
eters {an}, (A}, (i}, {00}, and {1},

Motivated by the results of Aoyama et al. [1], Kangtunyakarn [9] and by the ongoing research
in this direction, we have the following question.

Question Can we prove a strong convergence theorem of two nonlinear mapping in q-uniformly
smooth Banach space ?

The purpose of this manuscript is to modify Halpern iteration’s process in order to answer
the question above and prove a strong convergence theorem for finding a common element of
the set of solutions of (1.5) and the set of fixed points of a strictly pseudo contractive mapping in
g-uniformly smooth Banach space. We also introduce a new technique to prove a strong conver-
gence theorem for a finite family of strictly pseudo contractive mappings in q-uniformly smooth
Banach space. Moreover, we give a numerical result to illustrate the main theorem.

2 Preliminaries

The following lemmas are important tool to prove our main results in the next section.

Lemma 2.1. Let E be a Banach space and let J, : E — 25,1 < q < oo be the generalized
duality mapping. Then for any x,y € E, there exists j,(x +y) € Jy(z + y) such that ||z + y||9 <
21 + a{y, jq(z + ).

Lemma 2.2. [10] Let C be a closed and convex subset of a real uniformly smooth Banach space
EandT : C — C a nonexpansive mapping with a nonempty fixed point F(T). If {z,} C C
is a bounded sequence such that lim,_,o ||x,, — Tzy|| = 0. Then there exists a unique sunny
nonexpansie retraction Qp(ry : C — F(T) such that

limsup(u — Qp(ryu, Jo(rn — Qryu)) <0,
n—oo
for any givenu € C.
Lemma 2.3. [11] Let {sy, } be a sequence of nonnegative real numbers satisfying

Sp+1 = (1 — ap)sp + 0n, V0 > 0,

where {«, } is a sequence in (0, 1) and {0, } is a sequence such that

(1) i Op = OO
n=1
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Sy —
2) li — <0 E on .
(2) limsup o, <0or |0n| < o0

n—oo n ne1
Then, lim s, = 0.

n—o0
Lemma2.4. [12] Letq > 1 be a given real number and E be a real Banach space. Then the following
statements are equivalent.
(i) E is g-uniformly smooth.
(ii) There is a constant Cy > O such that for all x,y € E,

2+ yll? < llzl* + q(y, g (x)) + Collyll*-
(iii) There exists a constant d such that for all x,y € E and t € [0, 1],
(X =)z +tyl|? = (L= )[[z]|* + ty[|* = wq(t)dgllz = y]|*

where wy(t) = t9(1 —t) +t(1 — )¢
Lemma 2.5. Let C' be a nonempty closed convex subset of g-uniformly smooth Banach space E.
LetT : C — C be a nonexpansive mapping and S : C' — C be a A-strictly pseudo contractive
mapping with F(T) (" F(S) # 0. For every a € (0, 1), defined the mapping H : C — C by

Hx =T((1—a)l + aS)z, forallx € C and a € (0, u) where ;1 = min{1, (g—i)ﬁ}, Cy is the
best q-uniformly smooth constant of E. Then F(H) = F(T) () F(S).

Proof. 1t is obvious that F(T) (" F(S) C F(H). Letxzg € F(H) and z* € F(T)(F(S), we
have
o —2*||* =T ((1 = a)I + aS)zo — x|
<[lwo — 2 + a(Szo — zo)|*
<llzo = 2™[|* + ag{Sxo — wo, jq (w0 — 7)) + Cya?||Swo — 2ol
=|lzo — z"[|! + ag(Szo — x™, jq(xo — =) + ag{z”™ — xo, jo(zo — x7))
+ Cyal||Sxo — xo||?
<Jlwo — 29 + ag(lzo — 2717 = Mlzo — Szo|l7) — aglls* — zo|*
+ Cyal|[Szo — x|
=|lzo — 2|9 — a(g\ — Cya?Y)||zg — Szol|%. (2.1)
From above it implies that 29 € F'(.S). From the definition of H, we have

xo=Hxo=T((1—a)l +aS)xo = Txo.

Then zg € F(T'). We can conclude that 29 € F(S) () F(T). Hence F(H) C F(S)N F(T).
Applying (2.1), we have H is a nonexpansive mapping. O
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Example 1. Let S : Rt — R™ defined by Sz = :f—jl, forallz € RT andletT : Rt — RT

defined by Tz = 2%, forall z € [0, 5]. Define the mapping H : Rt — R* by Hx = T(1 +
%S)x for all z € R*. From Lemma 2.5, we have F'(H) = F(S)( F(T) = {0}

Lemma 2.6. Let C' be a nonempty closed convex subset of g-uniformly smooth Banach space E. Let
Jydq + B — E* be a normalized duality mapping and generalized duality mapping, respectively.
Let Q¢ be a retraction from E onto C. Then the following are equivalent.

(i) Qc is both sunny and nonexpansive,

(ii) (z —Qcx,J(y—Qcx)) <0, forallz € Eandy € C,

(iii) (z — Qcx, Jy(y — Qcx)) <0, forallz € Eandy € C.

Proof. From [13], we have (i) < (ii). Then we only show that (i) equivalent to (i77). Since

Jy(z) = ||z||7"1J(z), forallz € E. Foreveryx € Eandy € C.
Ify — Qox # 0, we have

(= Qcx, Jy(y — Qox)) <0 & (z — Qox, J(y — Qo)) < 0.

Ify — Qox = 0, we have

(z — Qcr, Jy(y — Qo)) = (x — Qex, J(y — Qo)) = 0.
From above we can conclude the desire result. O

Remark 3. Let C' be a nonempty closed convex subset of ¢g-uniformly smooth Banach space E
andletz € E, g € C. From Lemma 2.6, we have

zo = Qe & (x — o, Jy(y — x0)) < 0,Vy € C.

Lemma 2.7. Let C' be a nonempty closed convex subset of g-uniformly smooth Banach space E. Let
Qc be a sunny nonexpansive retraction from E onto C and let A : C' — E be a mapping. Then
S,(C, A) = F(Qo(I — NA)), for all A > 0, where S;(C, A) = {u € C : (Au, J,(y — u)) >
0,y € C}.

Proof. Letz* € F(Qc (I — AA)), forall A > 0. Then z* = Q¢ (I — AA)x™*. From 2.6, we have
(I = MA)x™ — 2", Jy(y — %)) <0,Vy € C.
It follows that
(A", Jy(y — 27)) > 0,%y € C.

Then z* € S,(C, A). Hence F(Qc(I — AA)) € S4(C, A). Similarly, we can conclude that
S4(C, A) € F(Qe(I — AA)).
O
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3 Main results

Theorem 3.1. Let C be a nonempty closed convex subset of q-uniformly smooth Banach space E
and let Q¢ be a sunny nonexpansive retraction from E onto C. Let S : C' — C be A-strictly
pseudo contractive mapping and A : C' — E be a a-inverse strongly accretive operator with F =
F(S)NSe(C, A) # 0. Let {x,,} be the sequence generated by x1,u € C and

Tn+l = QpU + (1 - an)QC(I - pA)(aI + (1 - a)S)xn,Vn €N, (3.1)
where oy, € [0, 1], a € (0,1) and p > 0 satisfy the following conditions:
(i) limy o0y =0 and Y 07 | oy = 005

1
(ii) a € (0, n), where p = min{1, (%—f‘l)ﬁ }, where C,, is the q-uniformly smooth constant of E;

1
see qa — .
(iii) 0 < p < (*Cq)q 1;

(iv) D0 |ang1 — ap| < 0.

Then the sequence {x, } converges strongly to zo = Q ru, where Q r is a unique sunny nonexpansive
retraction of C onto F.

Proof. First, we show that Q¢ (I — pA) is a nonexpansive mapping. Let z, y € C, we have

|Qc(I — pA)x — QeI — pA)yl|? <[|z —y — p(Az — Ay)||*
<[lz =yl — pg(Az — Ay, jo(z — y)) + Cyp?|| Az — Ay]|?
<|[lz — y[|! — pgar|| Az — Ay||? + Cyp?|| Az — Ay
<|lz = yll? = plga = Cop? )| Az — Ayl|?
<[l —yl|%.

Then Q¢ (I — pA) is a nonexpansive mapping. Next we show that the sequence {z,, } is bounded.
Put Wz = Qc(I — pA)(al + (1 — a)S)x, forall z € C. From Lemma 2.5 and 2.7, we have

F(W) = F(Qc(I — pA)) [ F(S) = S,(C, A) [ F(S)
and W is a nonexpansive mapping. From (3.1), we can rewrite that
Tnt1 = apu+ (1 — apn)Way,,Vn € N. (3.2)
Let z* € F and the definition of x,,, we have

[2nt1 — 27| Senflu— 2™ + (1 = an)[[Wa, — 27|
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<an|lu — 2| + (1 — an)|lzn — 27|

<max{|u — 2", [le1 — 27| }.
Applying induction, we have {z,,} is bounded. From the definition of {z,,}, we have

[Zn41 — 2ol <lan — an—1|llull + (1 = an)[[Wzn — Wap || + |oan — an—1||[|Wzp-1]]

<lan — an-1lllull + (1 = an) |z — Tp1l| + |an — an—1|[|[Wrp_1].

Since {x,, } is bounded sequnce, the condition (iv) and Lemma 2.3, we have

nh_)n;o |Zn+1 — xn|| = 0. (3.3)
From (3.2), we have
Tng1 — T = ap(u—xp) + (1 — apn) (Wa, — ). (3.4)
From (3.3) and (3.4), we have
ILm |\Wx, — x| = 0. (3.5)

From Lemma 2.2 and (3.5), we have

lim sup(u — 29, jq(@n — 20)) <0, (3.6)

n—oo

where zp = Qru. Finally, we show that the sequence {z,,} converges strongly to zyp = Qru.
From the definition of x,,, we have

lnsr = 20l1? < llan(as = 2) + (1 = ) (Wt = o)1
<(1 = an)l[zn — 20[|7 + gom(u — 20, g (Tn+1 — 20))-
From Lemma 2.3 and (3.6), we have the sequence {x,,} converges strongly to zop = Q ru. O
By using the method of proof in Theorem 3.1, we have the following theorems.

Theorem 3.2. Let C' be a nonempty closed convex subset of q-uniformly smooth Banach space E and
let Q¢ be a sunny nonexpansive retraction from E onto C. Let S : C — C be be \-strictly pseudo
contractive mapping and T : C' — E be a nonexpansive mapping with F = F(S) N F(T) # 0.
Let {x,} be the sequence generated by x1,u € C and

Tyl = apu~+ (1 —ap)T(al + (1 —a)S)zy, Vn € N, (3.7)
where ay, € [0,1], a € (0,1) and p > 0 satisfy the following conditions:

(i) limy oo, =0 and Y 00 |y = 005
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(ii) a € (0, p), where jp = min{1, (g—’(\l)qfll }, where C is the g-uniformly smooth constant of E;

(i) D07 [omt1 — an] < oo

Then the sequence {x, } converges strongly to zo = Q ru, where Q r is a unique sunny nonexpansive
retraction of C onto F.

Proof. Applying the method of Theorem 3.1 and Lemma 2.5, we can conclude the desired result.
O

4 Application

In this section, we use the main results to obtain fixed points theorems for a finite family of strictly
pseuso contractive mappings in g-uniformly smooth Banach space. Before prove this theorems,

we need the following results.

Lemma4.1. [14] Let E be a smooth Banach space and C' be a nonempty convex subset of E. Given
an integer N > 1, assume that for each i € A, T; : C — C is a \;-strict pseudocontraction
for some 0 < X\; < 1. Assume that {n;}Y is a positive sequence such that Zfil n; = 1, then
Zi]\il 0T : C — Cis a \i-strict pseudocontraction with A = min{\; : 1 <i < N}.

Lemma 4.2. [14] Let E' be a smooth Banach space and C' be a nonempty convex subset of E. Given
an integer N > 1, assume that for each i € A, {T;}Y., : C — C is a finite family of \;-strict
pseudocontraction for some 0 < \; < 1 such that F' = ﬂf\il F(T;) # 0. Assume that {n;}}\, isa
positive sequence such that Zfil n; = 1. Then F(Zfil nT;) = F

Theorem 4.1. Let C be a nonempty closed convex subset of g-uniformly smooth Banach space E
and let Q¢ be a sunny nonexpansive retraction from E onto C. Let T; : C — C'is a \;-strict
pseudocontraction for some 0 < \; < 1and A : C — E be a a-inverse strongly accretive operator
with F = (L, F(T;) () S(C, A) # 0. Let {x,,} be the sequence generated by x1,u € C and

N

Tnt1 = apu+ (1 — an)Qo (I — pA)(al + (1 —a) ZmTi)xn,Vn €N, (4.1)
i=1

where {n;}Y, is a positive sequence such that "~ ;i = 1, ap, € [0,1], @ € (0,1) and p > 0
satisfy the following conditions:
(i) limy oo 0y =0 and Y 07 | oy = 005

1
(ii) a € (0, ), where = min{1, (g—)l‘l)ﬁ }, where C is the q-uniformly smooth constant of E;
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1

see E — .
(iii) 0 < p < (Cq)q 1;
(iv) D07 ot — agl < oo,

Then the sequence {x,, } converges strongly to zo = Q ru, where Q r is the unique sunny nonexpan-

sive retraction of C onto F.

Proof. From Theorem 3.1, Lemma 4.1 and 4.2, we can conclude the desired result. O

Lemma 4.3. Let C' be a nonempty closed convex subset of q-uniformly smooth Banach space E
and let S : C — C be k-strictly pseudo contractive mapping with F(S) # (. Then F(S) =
Sq(C, I —8).

Proof. Obvious that F'(S) C S,(C,I —S). Letxg € S;(C,I — S) and z* € F(S). Then
(I —8)z0,4q(y —x0)) >0,Vy € C.

Put A =1 —S. Since § : C' — C'is k-strictly pseudo contractive mapping, then there exists
Jq(xo — *) such that

(Swo — 837, jqg(wo — 27)) =((I = A)wo — (I — A)z™, jg(xo — 27))
=(xo — 2", jo(xo — x¥)) — (Axg — Az™, jo(x0 — 2¥))
=llwo — 2*[|* = (I = S)zo, jq(z0 — 27))
<llwo = 2*||* = £ (I = S)ol|*.

It implies that
Rl = S)zo|* < (I = S)o, Jg(wo — 7)) <0.

Then zg € F(S). Hence S,(C, I — S) C F(95). O

Corollary 4.2. Let C be a nonempty closed convex subset of q-uniformly smooth Banach space E
and let Q¢ be a sunny nonexpansive retraction from E onto C. LetT; : C — C'is a \;-strictly
pseudo contractive mapping for some 0 < \; < land S : C — E be a a-strictly pseudo contractive
mapping with F = ﬂzj\il F(T;)NF(S) # 0. Let {xy,} be the sequence generated by x1,u € C

and

N

Tn1 = o+ (1= an)Qc(I — p(I = S))(al + (1 —a) > niTi)an,Vn €N,  (42)
=1

where {1;}¥, is a positive sequence such that "N i = 1, a, € [0,1], @ € (0,1) and p > 0
satisfy the following conditions:
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(i) limy ooy =0 and Y 00 | oy = 005

(ii) a € (0, n), where p = min{1, (%—’(\z)ﬁ }, where C,; is the g-uniformly smooth constant of E;
1

e E .

(iii)) 0 < p< (Cq)q 1

(i) D07 oy — ag| < oo

Then {xy} converses strongly to zo = Q ru, where Q r is a unique sunny nonexpansive retraction
of C onto F.

Proof. From Theorem 4.1 and Lemma 4.3, we can conclude the desired result. O

5 Example and Numerical results

In this section, we give numerical results to illustrate the main theorem.

Example 2. Let R be a set of real number. Let S : [0,10] — [0, 1] be a mapping defined by

Sz = ff;m, forall z € [0,1] and let A : [0,10] — R defined by Az = 322 for all x € [0, 10].
1 1

Suppose the sequence {x,, } generated by (3.1), where «;, = ﬁ, p = 155> and a = g5. Then the

sequence {x,, } converses strongly to 0.

Solution. 1t is obvious that S is %—Strictly pseudo contractive mapping and A is %—inverse
strongly accretive operator with F'(S) () S2(C, A) = {0}. Since {x,} generated by (3.1), we

have

1 1 1 1 1

where u, z; € [0, 10]. Itis easy to see that cv,, foralln > 1, a, p satisfied all condition in Theorem
3.1. From Theorem 3.1, we have the sequence {x,,} coonvergence strongly to 0.

Puttingu = 0.55 and z; = 0.99 in (5.1), we have the numerical results as shown in the following
Figure 1 and Table 1.
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n Tn

1 0.990000
2 0.649212
3 0.430824
4 0.287969
5 0.193551
46 0.000650
47 0.000635
48  0.000621
49 0.000607
50  0.000594

Table 1: The values of the sequences {x,, } with initial values u = 0.55, x; = 0.99andn = N =
50.

Figure 1: The behavior of the sequences {x,, } with initial values v = 0.55, z;1 = 0.99 and n =
N = 50.
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