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SOME CLASSES OF L?(0 < p < 1) CONVERGENCE OF
TRIGONOMETRIC SERIES

ZIVORAD TOMOVSKI

Abstract. We study here LP(0 < p < 1)-convergence of complex trigonometric series, i.e.
the extension is made for the V. B. Stanojevic Theorem [3], by considering the class (BV)",
m = 1,2,3,..., r = 0,1,2,3,... instead of (BV)™, m = 1,2,3,.... Applying the Wang-
Telyakovskii class (BV)Z, r =0,1,2,..., 0 > 1 (see [11]), the extension of Uljanov’s theorem
[10] (case r = 0, o = 1) for sine and cosine series with real coefficients is also given. For ¢ =1,
some corollaryes of the main results are obtained.

1. Introduction

Let {c : kK =0,£1,£2,...} be a sequence of complex numbers and the partial sums
of the complex trigonometric series

i .
Z cpettt (1.1)
k=—oc0
be denoted by S (t) = > p__, cke* t € T = R/2nz (1.2).
A sequence {c} belongs to the class (BV)™ (see [3]) if for some integer m > 1,

Z | Amck |< 00,

[k|<oo

where A™¢y, = A(Am—lck) = Am—lck — Am—lck+1'

For m = 1, the class (BV)! is the class of complex sequences with bounded variation.
As an extension of the Uljanov’s Theorem (see [10]), V. B. Stanojevic have obtained the
following theorem for L”, 0 < p < 1-convergence of the series (1. 1).

Theorem A.([3]) If for some integer m > 1, {c,} € (BV)™, then the point-wise
limit f* of the partial sums (1.2) exists in T\{0} and for any 0 < p < %

™

lim [ |S5(t)— ) [Pdt=0

n—oo J_
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On the other hand, Wang and Telyakovskii [11] have considered the following class of
real sequences {a,}. Namelly, a null-sequence {a;} belongs to the class (BV), r =

0,1,2,...,0 > 0if Y ;7 k" | A% |< 00. If 0 = 1, we denote (BV), = (BV), and if
o =1, 7 =0, then we denote (BV), = (BV).

Theorem B.([11]) Let p > 0, 0 > 0. Then for all v > o the following embedding
relation holds,
(BV)Z C (BV)Z.
Let -
Go
> +r;an cosne (@)

Z ap, Sinnx (S)
n=1

be the cosine and sine trigonometric series, and Sy, S, denote the partial sums of the
series (C) and (S) respectivelly.

Wang and Telyakovskii [11] considering the complex form of trigonometric series
a o0
0 in
3 + nil ane™®,  z € (0,7

have proved the following theorem.

Theorem C.([11]) If {ax} € (BV),,r=0,1,2,..., 0 > 0, then the series (C) and
(S) have continuous derivatives of r-th order on (0,n].

The Wang-Telyakovskii class (BV)?,r =0,1,2,..., 0 > 0, motivated me to consider
a further class (BV)", r = 0,1,2,... m = 1,2,3,..., of complex null-sequences {c,}
such that
> K| AT |< o0

[k|<oo

In this paper we shall extend the Theorem A, by considering the class (BV);”, r =
0,1,2,...,m=1,2,3,... instead of (BV)™. In addition we obtain the extension of cor-
responding Uljanov’s theorem [10], by considering the Wang-Telyakovskii class (BV');,
r=20,1,2,..., 0 > 1 instead of BV

2. Main results

For the proof of our new results, we need the following Lemma.
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Lemma 1. I[fm =1,2,3,...,r =0,1,2,3,... and 0 < p < =, then the following
dr eit mp
(G=5) [ 2= 0rmt@),

m+r’
estimate holds .
/777 dtr \eit —

where Oy, depends on r, p and m.

Proof. We denote h(t) = (eﬁil )™. After some elementary calculations, this function

can be written in the form

eim%
h(t) =
®) (2i)™ sin™ L
(r) 1 " r . _mt (k) imt (r—Fk)
Then, h(t) = DR k: (sm 5) (e 2) .
k=0
Py (cos &)

The equality (sin™ ™ %)(’“) = Sow¥rr, Where Py is some cosine polynomial of degree k,
2

can be proved by mathematical induction.

-m L)’ _ (5%)cost  Pi(cosi)

T sinmtL L T sinmtl L

Really, for k = 1, we obtain (sin
Suppose that the equality is true for some k and consider the k + 1-th derivate.

! !
t omtk ot t omtk t
k1 [Pk(cos 5)] sin 5 —Pk(cos 5) (sm 5)

t
so—m
Sin —) = :
( 2 SianJer %

P )\ _Llgp2t) _ mtk ). t

Pk,l(cos2)( 5 sin 2) 5 Pk(cos2) cos 5
- som+k+1 t
sin 5

15 15
—5Piy (cos %) + 5Py (cos %) cos? L — mT'H“QkH (cos %)
sin™th+L %

Ry41 (cos %) - mT'H“ Qk+1 (cos %) Tyt (cos %)

sinm A+l % sinm A+l %

Here ZSk_l, Riy1, Qkt1, Tky1 are some cosine polynomials of degree £k — 1 and k + 1
respectivelly.

1 /r\/im\r—Fk/ . Pk(cos%)
() = im img) P\ "2)
ths 100 = 5> (1) () (@) L
We note that |Py(cos 2)| = Og,m(1).
r—k
Hence, [h7 ()] < 2 Thcg Ok - () (2) gy

Applying the well-known inequality

(Zai)AS(Za?),WhereaiZO, 0<A<, (2.1)
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we obtain

WO < 201« - ( )p(%)("_’“)”;

‘ sin(m P L ‘

Finally, for 0 < p <

m+r, we get

T 1 - r\P N (r—k)p [7/2 dt
() ()P =
/ BN < o kzook,m,pu)(k) (3) / T

1 r T\ P (r—k)p m /2 dt
< W};Ok,m,p(l)(k) (5) = +k>p/0 iy = Orpm(D).

Theorem 1. Let {c,} € (BV)™, for some integer m > 1 and r =0,1,2,3,.... Then
the point-wise limit ) of the r-th derivate of the sums (1.2) exists in T \ {0} and for
any 0 < p <

m+r ’

lim |s*<r>() O @) Pdt = o. (2.2)

n—oo

Proof. We consider the identlty, obtained by V. B. Stanojevic in [3].

[k|<n
it mm=Ll it
e Z e 1 ](Amflfjc ) i(—n+j)
elt -1 ezt
Jj=0
it m—1 it i
e A\" e’ —1 ](Am 1-j,. )eiln+ith)
eit — 1 it ntj+l
Jj=0
—n+m—1 n+m
ptit _ plit
+ Z cje Z cje
j=—n j=n+1

For the r — th derivate of the partial sums of S}, we have:

it

Si(t) = Z:(:) ()57(;—_1)mz— kz K0 (AT ey ettt

[E|<n
i mm—l j X
) Z () ()" S ()G gy
j=0 ¢=0
- it m—1
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X(j —q+n+ 1) vrveitlizatnt ) (Am=l-je )

—nt+m—1 n+m
+ § Cs Jrlrez]t § : Cs Jrlr z]t
j=—n j=n+1

Hence, lim,,_, S*(T)( t) = f*(t) exists in T \ {0}.
Then, we shall prove that S,*L(T) converges to f*(") in L?(T)-metric, for any 0 < p <
1

m+r’
For t # 0, we consider

Sa(t) — *(")( )

T v m .
(v) :litv (elt ) T Z k,rfv(Amck)ezkt
v=0 |k| <00
T
Z ( ) (elt — 1) jirv Z krfv(Amck)ezkt
v=0 \k\<n
T it m—1 j
+ ( ) (elt - 1) ( ) (G=q=m)"vir et (AT e, )
v=0 j=0 q:O
r d ei mm—1 J j o )
5 () () E S (- avwearmmsasmens
j=0 q=0 !
—n+m—1 n+m
(Am—l—jcn+j+1) _ Z C Jrzrel]t + Z Ca Jr r l]t_
j=—n j=n+1

By inequality (2.1), we obtain

1S20(t) — O (1) P

<(SOFEDT)( £ mama)

dtv ezt

v=0 |k|>n+1
T rNp | d? eit m|P m—1 Jj j L P
+ Z( ) w(eit_l) Z( )(]_q_n)r|Am* 7jcfn+j
v=0 v =0 ¢=0 q
r o | dv eit m|P m—1 jJ j . p
darv \eit — 1 j — DA™=,
" vzo(”) dt (elt_l) ‘ j=oz%(‘1)(] a+tn+1) Crtjt1

AS TS

—n+m—1 n+m
+1 DD Al + | DD il

j=—n j=n+1
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Applying the Lemma 1, we obtain

/ TS50 - PO @ P

P
< Orpm(1) Z k"|A™ e

[k[>n+1
i B . ’
+0rpm ) [ D ()G —a=n) 1A ey
i=0 ¢=0 !
m—1 J . P
J . riam—1l—j
+Or,p,m(]-) Z ( )(.7 —qg+n+ ]-) |A Cn+j+1
7j=0 ¢=0 e
—nt+m—1 P n+m P
+ D el A YD el
j=—n j=n+1

The second and thirth sums on the right-hand side of the last inequality are finite sums
of o(1) terms as n — oo.
Since j"|¢;j| < Zf; I"|A¢;| = o(1), j — oo the last two terms are trivially o(1).

Hence, |7 |Si"(8) = £ (0)Pdt < Oppm()(Xymnss KT 1A™cx])P = 0(1), n = 0.
Theorem 2. Let {a,} € (BV),, where 0 > 1 and r = 1,2,3,.... Then the point-

wise limits f") and f(") of the r — th derivatives of the sums S, and S, exist in (0, 7]
and for any 0 < p < ——, the following limits hold:

o+r’
lim |F7(t) = ST (t)|Pdt = 0 (2.3)
n—oo J_ o
lim |77 (t) = S (t)|Pdt = 0 (2.4)
n—oo J

™

Proof. Let m is integer such that m > o. Then by Theorem B, we obtain {a,} €
(BV).", and by Theorem C, the point-wise limits ) and f) of the r — th derivatives
of the sums S,, and S, exist in (0,7]. Applying the same technique for series (C') and
(S) as in the proof of Theorem 1, we obtain (2.3) and (2.4).

3. Some Corollaryes for o =1

A null sequence {a, } belongs to the class Hyor, 0 < ¢ <1, a > 0,7 €{0,1,2,...,[a]}
if there exists a monotonically decreasing sequence {A} such that .2, k*Aj < co and

Aay|?
nq(ﬂt£?‘)+q ZZ:I ‘ :é‘ = O(l)
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Corollary 3.1. Let {an} € Hyar, 0<q¢<1,a>0,r€{0,1,2,...,[a]}. Then the
point-wise limits f") and f) of the r — th derivatives of the sums S, and S, exist in
(0, 7] and for any 0 < p < 1, the limits (2.3) and (2.4) hold.

Proof. By Theorem 2 (case o = 1), it suffices to show that H,,, is a subclass of
Applying first Abel’s transformation, then inequality (2.1), we obtain:

n n—1 k n
1 | Aaj]
r _ a+1 a 1 r J
Y kAl = 3 R (AA) ka+ Z P | =3 D0
k=1 k=1 j=1 j=1 J
n-1 1 & |Ag] 1 < |Agy
a+1 J a+1 J
S Z k (AA’C) Lo—r+1 Z A +n An no—r+l Z A
k=1 j=1 j= /
. 1/q
— 1 |Aa |2
a+1 J
< kZ: k (AA’“) (a—r)+q Z
=1
1/q
1 " |Ag, |t
a+l J
+n*T A, nala—r)+q ; A;J.
Z oz+1 AAk a+1An
{Z koH—l _ 1)04+1]Ak _ na+1An + na+1An}
k=1

=0, (I; k”‘Ak> :

Letting n — oo, we obtain {a,} € (BV),.

Next, we shall define some known classes of real sequences introduced in [5], [6], [7],
(8], [9]-

A null-sequence {ax} belongs to the class S,, r = 0,1,2,... (see [6]) if there exists
a monotonically decreasing sequence {A;} such that Y~ Jk"Ap < oo and [Aag| < Ay,
for all k.

When r = 0, we obtain the Sidon-Telyakovskii class S (see [4]). It is obvious that
S, C (BV),.

A null sequence {ay} belongs to the class Sy, ¢ > 1, r = 0,1,2,... (see [5]), if
there exists a monotonically decreasing sequence {A;} such that Y~ k"A; < oo and

Ly B = o).
In [5], we proved that S, C (BV),.
Denote by I,,, the dyadic interval [2™~1,2™), for m > 1.
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A null sequence {a} belongs to the class Fy,, ¢ > 1,7 =0,1,2,...if

oo 1/q
> amEn) (2% > |Aak|q> <oo  (see[7])

m=1 kel,,

It is obvious that for 7 = 0, we obtain the Fomin’s class Fy (see [7]).

But, in [7] we verified the embedding relation Fy, C (BV),. On the other hand,
in [8], [9] we defined an equivalent form of the Sheng’s class S;,,, ¢ > 1, a >0, r €
{0,1,2,...,[a]} (see [2]) as follows: a null sequence {ay} belongs to the class Syar, ¢ > 1,
a>0,r€{0,1,2,...,[a]} if there exists a monotonically decreasing sequence {Ay} such
that Y2370, k@A < oo and oot Y, B0 = 0(1).

The following embedding relation holds Syo, C (BV'),.. (see [8]).

However, we can to formulate the following corollaryes of the Theorem 2.

~ Corollary 3.2. Let {an} € S., 1 =0,1,2,.... Then the point-wise limits f") and
f) of the r —th derivatives of the sums S,, and S, exist in (0, 7] and for any 0 < p < 1,
the limits (2.3) and (2.4) hold.

Corollary 3.3. Let {a,} € Syr, ¢ > 1, 1 =0,1,2,.... Then the point-wise limits
F) and f) of the r — th derivatives of the sums Sy, and S, exist in (0, 7] and for any
0 < p <1, the limits (2.3) and (2.4) hold.

Corollary 3.4. Let {a,} € Fyr, ¢ > 1,7 =0,1,2,.... Then the point-wise limits
) and f) of the r — th derivatives of the sums S, and S,, ezist in (0,7] and for any
0 < p <1, the limits (2.3) and (2,4) hold.

Corollary 3.5. Let Sgar, ¢ > 1, >0, 7 € {0,1,2,...,[a]}. Then the point-wise
limits f) and f(") of the r — th derivatives of the sums S,, and S, exist in (0, 7] and
for any 0 < p < 1, the limits (2.3) and (2.4) hold.
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